Differential

Equations
INnverse and
Lirect Problems

Copyright © 2006 Taylor & Francis Group, LLC



PURE AND APPLIED MATHEMATICS

A Program of Monographs, Textbooks, and L ecture Notes

EXECUTIVE EDITORS

Earl J. Taft
Rutgers University
Piscataway, New Jersey

Zuhair Nashed

University of Central Florida

Orlando, Florida

EDITORIAL BOARD

M. S. Baouendi
University of California,
San Diego

Jane Cronin

Rutgers University

Jack K. Hale
Georgia Ingtitute of Technology

S. Kobayashi
University of California,
Berkeley

Marvin Marcus
University of California,
Santa Barbara

W. S. Massey
Yale University

Anil Nerode
Cornell University

Copyright © 2006 Taylor & Francis Group, LLC

Freddy van Oystaeyen
University of Antwerp,
Belgium

Donald Passman
University of Wisconsin,
Madison

Fred S. Roberts
Rutgers University

David L. Russell
Virginia Polytechnic Institute
and State University

Walter Schempp
Universitat Segen
Mark Teply

University of Wisconsin,
Milwaukee



LECTURE NOTESIN
PURE AND APPLIED MATHEMATICS

Recent Titles

G. Chen et al., Control of Nonlinear Distributed Parameter Systems

F. Ali Mehmeti et al., Partial Differential Equations on Multistructures

D. D. Anderson and I. J. Papick, Ideal Theoretic Methods in Commutative Algebra
A. Granja et al., Ring Theory and Algebraic Geometry

A. K. Katsaras et al., p-adic Functional Analysis

R. Salvi, The Navier-Stokes Equations

F. U. Coelho and H. A. Merklen, Representations of Algebras

S. Aizicovici and N. H. Pavel, Differential Equations and Control Theory

G. Lyubeznik, Local Cohomology and Its Applications

G. Da Prato and L. Tubaro, Stochastic Partial Differential Equations and Applications
W. A. Carnidlli et al., Paraconsistency

A. Benkirane and A. Touzani, Partial Differential Equations

A. lllanes et al., Continuum Theory

M. Fontana et al., Commutative Ring Theory and Applications

D. Mond and M. J. Saia, Real and Complex Singularities

V. Ancona and J. Vaillant, Hyperbolic Differential Operators and Related Problems
G. R Goldstein et al., Evolution Equations

A. Giambruno et al., Polynomial Identities and Combinatorial Methods

A. Facchini et al., Rings, Modules, Algebras, and Abelian Groups

J. Bergen et al., Hopf Algebras

A. C. Krinik and R. J. Swift, Stochastic Processes and Functional Analysis: A Volume of
Recent Advances in Honor of M. M. Rao

S. Caeneped and F. van Oystaeyen, Hopf Algebrasin Noncommutative Geometry and Physics
J. Cagnol and J.-P. Zolésio, Control and Boundary Analysis

S. T. Chapman, Arithmetical Properties of Commutative Rings and Monoids

O. Imanuviloy, et al., Control Theory of Partial Differential Equations

Corrado De Concini, et al., Noncommutative Algebra and Geometry

A. Corso, et al., Commutative Algebra: Geometric, Homological, Combinatorial and
Computational Aspects

G. DaPrato and L. Tubaro, Stochastic Partial Differential Equations and Applications— VI
L. Sabinin, et al., Non-Associative Algebraand Its Application

K. M. Furati, et al., Mathematical Models and Methods for Real World Systems

A. Giambruno, et al., Groups, Rings and Group Rings

P. Goeters and O. Jenda, Abelian Groups, Rings, Modules, and Homological Algebra

J. Cannon and B. Shivamoggi, Mathematical and Physical Theory of Turbulence

A. Favini and A. Lorenz, Differential Equations: Inverse and Direct Problems

Copyright © 2006 Taylor & Francis Group, LLC



Differential

Equations
INnverse and
Lirect Problems

Edited by
Angelo Favini

Universita degli Studi di Bologna
Italy

Alfredo Lorenzi
Universita degli Studi di Milano
Italy

* Chapman & Hall/CRC

Taylor &Francis Group

Boca Raton London New York

Chapman & Hall/CRC is an imprint of the
Taylor & Francis Group, an informa business

Copyright © 2006 Taylor & Francis Group, LLC



Published in 2006 by

Chapman & Hall/CRC

Taylor & Francis Group

6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

© 2006 by Taylor & Francis Group, LLC
Chapman & Hall/CRC is an imprint of Taylor & Francis Group

No claim to original U.S. Government works
Printed in the United States of America on acid-free paper
10987654321

International Standard Book Number-10: 1-58488-604-8 (Softcover)
International Standard Book Number-13: 978-1-58488-604-4 (Softcover)
Library of Congress Card Number 2006008692

This book contains information obtained from authentic and highly regarded sources. Reprinted material is quoted with
permission, and sources are indicated. A wide variety of references are listed. Reasonable efforts have been made to publish
reliable data and information, but the author and the publisher cannot assume responsibility for the validity of all materials
or for the consequences of their use.

No part of this book may be reprinted, reproduced, transmitted, or utilized in any form by any electronic, mechanical, or
other means, now known or hereafter invented, including photocopying, microfilming, and recording, or in any information
storage or retrieval system, without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copyright.com
(http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC) 222 Rosewood Drive, Danvers, MA
01923, 978-750-8400. CCC is a not-for-profit organization that provides licenses and registration for a variety of users. For
organizations that have been granted a photocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used only for
identification and explanation without intent to infringe.

Library of Congress Cataloging-in-Publication Data

Favini, A. (Angelo), 1946-
Differential equations : inverse and direct problems / Angelo Favini, Alfredo Lorenzi.
p. cm. -- (Lecture notes in pure and applied mathematics ; v. 251)
Includes bibliographical references.
ISBN 1-58488-604-8
1. Differential equations. 2. Inverse problems (Differential equations) 3. Banach spaces. 1. Lorenzi,
Alfredo. 1I. Title. III. Series.

QA371.F28 2006

515'35--dc22 2006008692
Visit the Taylor & Francis Web site at
I n O rI I Ia http://www.taylorandfrancis.com
Taylor & Francis Group and the CRC Press Web site at
|stheAcadern|c Division of Informa plc. http://www.crcpress.com

Copyright © 2006 Taylor & Francis Group, LLC


www.copyright.com
http://www.taylorandfrancis.com
http://www.crcpress.com

Preface

The meeting on Differential Equations: Inverse and Direct Problems was held
in Cortona, June 21-25, 2004. The topics discussed by well-known specialists
in the various disciplinary fields during the Meeting included, among others:
differential and integrodifferential equations in Banach spaces, linear and non-
linear theory of semigroups, direct and inverse problems for regular and singu-
lar elliptic and parabolic differential and/or integrodifferential equations, blow
up of solutions, elliptic equations with Wentzell boundary conditions, models
in superconductivity, phase transition models, theory of attractors, Ginzburg-
Landau and Schrédinger equations and, more generally, applications to partial
differential and integrodifferential equations from Mathematical Physics.
The reports by the lecturers highlighted very recent, interesting and original
research results in the quoted fields contributing to make the Meeting very
attractive and stimulating also to younger participants.

After a lot of discussions related to the reports, some of the senior lecturers
were asked by the organizers to provide a paper on their contribution or some
developments of them.

The present volume is the result of all this. In this connection we want to
emphasize that almost all the contributions are original and are not expositive
papers of results published elsewhere. Moreover, a few of the contributions
started from the discussions in Cortona and were completed in the very end
of 2005.

So, we can say that the main purpose of the editors of this volume has con-
sisted in stimulating the preparation of new research results. As a consequence,
the editors want to thank in a particular way the authors that have accepted
this suggestion.

Of course, we warmly thank the Italian Istituto Nazionale di Alta Matematica
that made the Meeting in Cortona possible and also the Universita degli Studi
di Milano for additional support.

Finally, the editors thank the staff of Taylor & Francis for their help and
useful suggestions they supplied during the preparation of this volume.

Angelo Favini and Alfredo Lorenzi

Bologna and Milan, December 2005
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Degenerate first order identification
problems in Banach spaces '

Mohammed Al-Horani and Angelo Favini

Abstract We study a first order identification problem in a Banach space. We
discuss both the nondegenerate and (mainly) the degenerate case. As a first step,
suitable hypotheses on the involved closed linear operators are made in order to
obtain unique solvability after reduction to a nondegenerate case; the general case
is then handled with the help of new results on convolutions. Various applications
to partial differential equations motivate this abstract approach.

1 Introduction

In this article we are concerned with an identification problem for first order
linear systems extending the theory and methods discussed in [7] and [1]. See
also [2] and [9]. Related nonsingular results were obtained in [11] under differ-
ent additional conditions even in the regular case. There is a wide literature
on inverse problems motivated by applied sciences. We refer to [11] for an
extended list of references. Inverse problems for degenerate differential and
integrodifferential equations are a new branch of research. Very recent results
have been obtained in [7], [5] and [6] relative to identification problems for de-
generate integrodifferential equations. Here we treat similar equations without
the integral term and this allows us to lower the required regularity in time of
the data by one. The singular case for infinitely differentiable semigroups and
second order equations in time will be treated in some forthcoming papers.

The contents of the paper are as follows. In Section 2 we present the non-
singular case, precisely, we consider the problem

o' (t) + Au(t) = f(t)z, 0<t<r,
u(0) = uo ,
Qu(t) =gt), 0<t<T,

1Work partially supported by the Italian Ministero dell’Istruzione, dell’Universita e della
Ricerca (M.I.U.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi Inversi
and by the University of Bologna, Funds for Selected Research Topics.
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2 M. Al-Horani and A. Favini

where —A generates an analytic semigroup in X, X being a Banach space,
® e X*, g € CH[0,7],R), 7 > 0 fixed, ug, 2 € D(A) and the pair (u, f) €
C9([0,7]; X) x C9([0,7];R), 6 € (0,1), is to be found. Here C?([0,7]; X)
denotes the space of all X-valued Holder-continuous functions on [0, 7] with
exponent 6, and

C'([0,7]; X) = {u € C'([0,7}; X); v’ € C?([0,7]; X)}.

In Section 3 we consider the possibly degenerate problem

L)) + Lu(t) = f0z. 0<e<r.

(Mu)(0) = Muy,
O[Mu(t)] = g(t), 0<t<r,

where L, M are two closed linear operators in X with D(L) € D(M), L
being invertible, ® € X* and g € C'*9([0, 7];R), for some § € (0,1). In this
possibly degenerate problem, M may have no bounded inverse and the pair
(u, f) € C%([0,7]; D(L)) xC?([0, 7]; R) is to be found. This problem was solved
(see [1]) when X\ = 0 is a simple pole for the resolvent (AL + M)~!. Here we
consider this problem under the assumption that M and L act in a reflexive
Banach space X with the resolvent estimate

IAMOAM + L) zx) £C,  ReA>0,
or the equivalent one
ILAM + L) ey = AT+ D)7 Hexy £C - Rex>0,

where T = ML™!. Reflexivity of X allows to use the representation of X
as a direct sum of the null space N(T') and the closure of its range R(T), a
consequence of the ergodic theorem (see [13], pp. 216-217). Here, a basic role
is played by real interpolation space, see [12].

In Section 4 we give some examples from partial differential equations de-
scribing the range of applications of the previous abstract results.

2 The nonsingular case

Let X be a Banach space with norm || - || x (sometimes, | - || will be used for
the sake of brevity), 7 > 0 fixed, ug, z € D(A), where —A is the generator of
an analytic semigroup in X, ® € X* and g € C'([0,7],R). We want to find a

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate first order identification problems in Banach spaces 3

pair (u, f) € C*9([0,7]; X) x C?([0,7];R), @ € (0, 1), such that

' (t) + Au(t) = f(t)z, 0<t<r, (2.1)
u(0) = o , 2)
Ou(®)] =g(t), 0<t<T,
under the compatibility relation
Dluo] = 9(0). (2.4)

Let us remark that the compatibility relation (2.4) follows from (2.2)-(2.3).
To solve our problem we first apply ® to (2.1) and take equation (2.3) into
account; we obtain the following equation in the unknown f(¢):

¢'(1) + O[Au(t)] = F(D)D2]. (2.5)
Suppose the condition
D[z] £0 (2.6)
to be satisfied. Then we can write (2.5) under the form:
[0 = g g +oLuO)} . Dt (27)

and the solution u of (2.1)-(2.3) is assigned by the formula

wlt) = e—tAy te—(t—s)A {9'(s) + ®[Au(s)]} » ds
(t) ot / o d

t
_ / =4 QAU o ta
0 (I’[Z]

b te_(t_s)A "(s)zds
+<I>[z]/0 g'(s)zds. (2.8)

Apply the operator A to (2.8) and obtain

¢
Au(t) = / e~ (t=s)4 $lAuls)] Azds + e Aug
0 D|z]

1 /t —(t—s)A s
+— e s s)Azds. 2.9
= g'(s) (2.9

Let Au(t) = v(t); then (2.7) and (2.9) can be written, respectively, as follows:

1) = g7 d @+ o)} 0<i<r, (2.10)

o0 :Ate (t—s)A (I)([b[(z])]A ds+ e~ tAAuO

1 /t —(t=s)A 1
+— e s s)Azds. 2.11
= g'(s) (.11)

Copyright © 2006 Taylor & Francis Group, LLC



4 M. Al-Horani and A. Favini

Let us introduce the operator S

i) = [ oo Q)]
Sw(t) /0 g Asds.

Then (2.11) can be written in the form
v—Sv=nh (2.12)
where

1t
h(t) = e ' Aug + m/o e~ =94/ (5) Az ds .

It is easy to notice that h € C([0,7]; X).
To prove that (2.12) has a unique solution in C([0, 7]; X), it is sufficient to
show that S™ is a contraction for some n € N. For this, we note

M q) «
(e < M2 ”X / lo(s)]] | Az]| ds

M q) N
” ”X / ITo(s)] | A2]] ds

(02 ([ o)

< (M”‘I"X”A”) / (t - o)lv(o) | do

IS%v(t)]

| /\

|[@(2)]
M @] x- || A2] ) t2
< (=1 0A TR _
< (e s
where [[0]loo = [[vllc(f0,71:x) -
Proceeding by induction, we can find the estimate
M ||®||x-[|Az|
s < ( e ol
(2] nl T

which implies that

w o (MI®]x]Az]
< (XA ) .
7ol < (PRI ) ol

Consequently, S™ is a contraction for sufficiently large n. At last notice that
f(t) z is then a continuous D(A)-valued function on [0, 7], so that (2.1), (2.2)
has in fact a unique strict solution. However, we want to discuss the maximal
regularity for the solution v = Awu, and for this we need some additional
conditions. We now recall that if —A generates a bounded analytic semigroup
in X, then the real interpolation space (X, D(A))g 00 = Da(6,00) coincides
with {z € X;sup,-qt' 7| Ade~*2|| < oo}, (see [3]).

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate first order identification problems in Banach spaces 5

Consider formula (2.11) and notice that (see [10])
e " Aug € C?([0,7]; X) if and only if Aug € Da(6,00).
Moreover, if g € C1*9([0,7];R) and Az € D (6, 00), then

¢
/ e~ =940 (s) Az ds € C°([0,7]; X)

0
and
¢
/ e~ =944, Blu(s)] ds = (e Az x ®[0]) (t) € CY([0,7]; X).
0
See [7] and [6].
Therefore, if we assume
Aug, Az € D4(6,00), (2.13)
then v(t) € C?([0,7]; X), i.e., Au(t) € C?([0,7]; X) which implies that f(t) €
C?([0,7];R). Then there ex1sts a unique solution (u, f) € C*9([0,7]; X) x
Co([0,7);R).

We summarize our discussion in the following theorem.

THEOREM 2.1 Let —A be the generator of an analytic semigroup, ® €
X* ug, 2 € Da(0+1,00) and g € C19([0, 7];R). If ®[2] # 0 and (2.4) holds,
then problem (2.1)-(2.3) admits a unique solution (u, f) € [CYF9([0,7]; X) N
CO([0,7]; D(A))] x C([0,7]; R).

3 The singular case

Consider the possibly degenerate problem

Di(Mu) + Lu = f(t)z, 0<t<T, (3.1)
(Mu)(0) = Muy, (3.2)
®[Mu(t)] =g(t), 0<t<T, (3.3)

where L, M are two closed linear operators with D(L) C D(M), L being
invertible, ® € X* and g € C'*9([0,7];R) for § € (0,1). Here M may have
no bounded inverse and the pair (u, f) € C([0,7]; D(L)) x C?([0,7];R), with
Mu € C**9(]0,7]; X), is to be determined so that the following compatibility
condition must hold:

B[Mu(0)] = B[Muo] = g(0). (3.4)

Copyright © 2006 Taylor & Francis Group, LLC



6 M. Al-Horani and A. Favini

Let us assume that the pair (M, L) satisfies the estimate
IAMOAM + L) zx) £C,  ReA>0, (3.5)
or the equivalent one
ILOM + L) o) = IOT + D7 ey SC. - ReA20,  (3.6)

where T'= ML™!.

Various concrete examples of this relation can be found in [8]. One may
note that A = 0 is not necessarily a simple pole for (A +T)~!, T = ML~
Let Lu = v and observe that T = ML™! € £(X). Then (3.1)-(3.3) can be

written as
Di(Tv) +v = f(t)z, 0<t<r, (3.7)
(Tv)(0) = Tvg = ML vy, (3.8)
O[To(t)] = g(t), 0<t<r, (3.9)

where vg = Lug.
Since X is a reflexive Banach space and (3.5) holds, we can represent X as
a direct sum (cfr. [8, p. 153], see also [13], pp. 216-217)

X =N(T)® R(T)

where N (T') is the null space of T and R(T) is the range of T. Let T = Ty -
R(T)— =) Pe the restriction of T to R(T). Clearly T is a one to one map
from R(T) onto R(T) (T is an abstract potential operator in R(T'). Indeed,
in view of the assumptions, —7T~! generates an analytic semigroup on R(T),
(see [8, p. 154]).

Finally, let P be the corresponding projection onto N(T') along R(T).

We can now prove the following theorem:

THEOREM 3.1 Let L, M be two closed linear operators in the reflex-
ive Banach space X with D(L) C D(M), L being invertible, ® € X* and g €
C19([0, 7);R). Suppose the condition (8.5) to hold with (3.4), too. Then prob-
lem (3.1)-(3.3) admits a unique solution (u, f) € C?([0,7]; D(L))xC?([0, 7]; R)
provided that

®[(I — P)z] #0, sup || (¢T + 1) il x < 400, i=1,2
t>0

where y; = (I — P)Lug and yo, =T~ *(I — P)z.

Proof. Since P is the projection onto N(T') along R(T), it is easy to check
that problem (3.7)-(3.9) is equivalent to the couple of problems

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate first order identification problems in Banach spaces 7

DI(I—Pw+(I—-Pw=ft)(I-Pz, 0<t<r, (3.10)

T(I — P)v(0) = T(I — P)vy, (3.11)
OT(I - Plt)]=gt), 0<t<T, (3.12)
and
Py(t) = f(t)Pz. (3.13)
Let w = T(I — P)v, so that (I — P)v = T~ w, and hence system (3.10)-(3.12)
becomes
w'(t)+ T 'w=ft)I-P)z, 0<t<rT, (3.14)
w(0) = wy = T(I — P)vg = Ty, (3.15)
Dlw(t)] = g(t), 0<t<r. (3.16)

Then, according to Theorem 2.1, there exists a unique solution (w, f) €
C0([0,7]; R(T)) x C%([0,7];R) with T~ 'w € C%([0,7]; R(T)) to problem
(3.14)-(3.16) provided that

®[(I—-P)2] #0, (I —P)Lug, T-Y(I —P)z € Dz +(h,00).

Therefore, (I—P)v € C?([0,7]; R(T)), Pv € C?([0,7]; N(T)) and hence there
exists a unique solution (u, f) € C?([0,7]; D(L)) x C?([0,7];R) with Mu €
C'*9([0,7]; X) to problem (3.1)-(3.3). a

Our next goal is to weaken the assumptions on the data in the Theorems
1 and 2. To this end we again suppose —A to be the generator of an analytic
semigroup in X of negative type, i.e., [[e7t4|| < ce™*t, t > 0, where ¢, w > 0,
g € C'([0,7];R), but we take ug € Da(0 + 1;X), 2 € Da(fy,o0), where
0 < 6 < 6y < 1. Our goal is to find a pair (u, f) € C1([0,7]; X) x C([0,7]; R),
Au € C?(]0,7]; X) such that equations (2.1)-(2.3) hold under the compatibil-
ity relation (2.4).

THEOREM 3.2 Let —A be a generator of an analytic semigroup in X
of positive type, 0 < 6 < 0y < 1, g € C'T9([0,7];R), ug € Da(0 + 1,00),
z € Da(by,0). If, in addition, (2.4), (2.6) hold, then problem (2.1)-(2.3) has
a unique solution (u, f) € C?([0,7], D(A)) x C?([0,7]; R).

Proof. Recall (see [10, p. 145]) that if ug € D(A), f € C([0,7];R), z €
D 4(0p,00), then problem (2.1)-(2.2) has a unique strict solution. Moreover, if
ug € Da(0 + 1; X), then the solution w to (2.1)-(2.2) has the maximal regu-
larity «', Au € C([0,7]; X) N B([0, 7]; D 4(6o, 0)), where B([0,7];Y) denotes
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8 M. Al-Horani and A. Favini

the space of all bounded functions from [0, 7] into the Banach space Y. In
addition Au € C%([0,7]; X).

In order to prove our statement, we need to study suitably the properties of
the function v and to use carefully some properties of the convolution operator
and real interpolation spaces.

One readily sees that u satisfies

t
Au(t) = / LMU(S)] Ae= 94 2 ds 4+ e Aug
0

D[z]
N 1 /tA —(t=)A g/ )d
— e z2g'(s)ds
@[] Jo

so that v(t) = Au(t) must satisty

/ Ae—(t=9)4 [[(])] ds + e~ Aug

t
+—/ Ae =945 /() ds.
303 Jy )

Let us introduce the operator S : C([0,7]; X) — C([0,7]; X) by

(Sw)(t) = /0 Ae—(t=94 ‘I’[;”[S” ds.

Since z € D4 (6, 00), i.e.,

|Ae~t4z|| < = 90, t>0,
we deduce
Ju(s)]
Iswe < e [ 1ol el SN as,

1S*w(@)] < [ell®]|x-

o] [ I o
z|90,oo}2/0t (t_i;e(, /OS (8_105;3'00 do
Al [ ([ e ) (@)l do

1
dn o
=i \1-2(1—60)
=cf [/0 (1 —77)1_00771_00] (t—o) Nw(o)| do,

2[l6g, 005 || * D 4 (60,00) denoting the norm in D 4 (6, o0).

< [ef| @I~

[el| @]l

where ¢1 = ¢||®|| x~
Recall that

L'(p) I'(q)

1
B(p,Q):/O (L—n)P " n? " dn = F(piq) :
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Degenerate first order identification problems in Banach spaces 9

Then

1 1
dn dn
3 3
HS w(t)|| < 01/0 (1 _n)l—eonl—eo /0 (1 _n)1760n2(1790)71
1
< [ (t= a0 (o) do
0

1
< 4 B(60,00) (B0, 260) | (¢~ 0700 |u(o)| do
0

0,
cf L(8)° £ lwllco,g;x) -
T'(360) 36 A

AN

By induction, we easily verify that

nr(eo)n tneo
1 T(nfo) TQO Hw”C([O,t];X)

[S"w(®)|| < e

Since {/I'(nfy) — oo as n — oo, we conclude that the operator S has spectral
radius equal to 0. On the other hand, since z € D4(6p,0), 6y > 6, and
g € C%J0,7];R), we deduce by [6] (Lemma 3.3) that the convolution

¢
/ g (s)Ae= (=94 2 ds
0

belongs to C?([0, 7]; X).
Moreover, since Aug € DA(0,00), e 4 Aug € CY([0,7]; X). It follows that
equation (2.12), i.e

v—Sv=nh

with

has a unique solution v € C([0, 7]; X). In order to obtain more regularity for
v, we use Lemma 3.3 in [6] (see also [7]) again. To this end, we introduce the
following LP-spaces related to any positive constant 4:

LE(( ={u:( —X: e "uel”(0,7);X)},
endowed with the norms ||ul|50,, = ||e*t5u||Lp((oyT);X). Moreover,

7t69\|c@([o,r];x) .

Lemma 3.3 in [6] establishes that, in fact, if z € D4(6p,00)), 0 < 0 < 6y < 1,
then

H/ Ae= (=94, gy dsH < ¢ §00+0H/P || o[y ()]

Copyright © 2006 Taylor & Francis Group, LLC



10 M. Al-Horani and A. Favini

provided that (6p — )~ < p. Now,

t
-
[ IRE O e it < 1 ol ) < 7 I ol

Choose § suitably large and recall that h € C?([0,7]; X). Then the norm of

S as an operator from C?([0,7]; X) (with norm || - [|56.00) into itself is less
than 1, so that we can deduce that the solution v = Au has the regularity
C%([0,7]; X), as desired. d

As a consequence, Theorem 3.1 has the following improvement.

THEOREM 3.3 Let L, M be two closed linear operators in the reflexive

Banach space X with D(L) € D(M), L being invertible, ® € X* and g €

C'9([0,7];R). Suppose (3.4), (3.5) to hold.

If0 <0 <6y <1and®[(I-P)z] #0, supt®|(tT+1)" (I-P)z|x < +oo,
>0

supt?||(tT + 1)"Y(I — P)Lug|x < +oo, then problem (3.1)-(3.3) admits a
>0

unique solution (u, f) € C?([0,7]; D(L)) x C?(]0, 7]; R) with Mu € C**+9([0, 7];
X).

4  Applications

In this section we show that our abstract results can be applied to some con-
crete identification problems. For further examples for which the theory works
we refer to [8].

Problem 1. Consider the following identification problem related to a bounded
region 2 in R™ with a smooth boundary 02

Diu(z,t) = Z Dy, (aij(x)Deu(x,t) + f(tv(z), (z,t) € Qx[0,7],
u(z, t) =0, 7];(x,t) € 90 x [0,7],
u(z,0) =up(x), x€Q,

Blu(z, t)] = / n(@)ule,t) de = g(t), Vte[0,7],
Q
where the coefficients a;; enjoy the properties

ai; €CQ), ajj=aj, i,j=1,2,..n

n

D aij(@) &&= colé? YreQ, VEERT,

ij=1
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co being a positive constant. Moreover, g € C1([0,7]; R). We take

== Z Dﬁi(aijDﬂCju)’ D(A) = Wz,p(Q) N WOLP(Q)a

ij=1

where 1 < p < 400 is assumed. Concerning 1, we suppose 7 € L1(Q), where
1/p+1/q = 1. As it is well known, —A generates an analytic semigroup in
L?(Q) and thus we can apply Theorem 3.2 provided that ug € D4(0 + 1;00),
ie., Aug € Da(6,00), v € Da(0p;00), 0 < 8 < 0y < 1. On the other hand,
the interpolation spaces D4 (6, 00) are well characterized. Then our problem
admits a unique solution

(u,f) € C"([O,T]; W2P(Q) N W&”’(ﬂ)) x C([0,7];R),

if g € CO([0,7]; R = [on(x) uo(x) dx and [, n(x)v(x)dz # 0.

Problem 2. Let 2 be a bounded region in R™ with a smooth boundary 0.
Let us consider the identification problem

Dyu(z,t) Z Dy, (ai(x)Dyju(, b)) + f(t)v(x), (z,t) € @ x[0,7],

u(z,t) =0, ) (z,t) € 9Q x [0, 7],
uw(x,0) = ug(z), x €9,
Dlu(z,t)] = u(z,t) = g(t), telo,7],

where T € ) is fixed, and the pair (f,u) is the unknown.
Here we take

X =0Cp(Q) ={uelC@),u(z) =0z e},

endowed with the sup norm |ju|x = ||u/|co-
If the coefficients a;; are assumed as in Problem 1, and

Z D, (aij(2)Dy,u(z)), D(A) = {u € Co(Q); Au € Co(Q)},

1,j=1

then —A generates an analytic semigroup in X. The interpolation spaces
D 4(6;00) have no simple characterization, in view of the boundary condi-
tions imposed to Au. Hence we notice that Theorem 3.2 applies provided that
ug € D(A?) and vy € D(A), 0 < 0 < 1, g € C9([0,7];R), ug(Z) = ¢(0) and
v(T) # 0.

Notice that we could develop a corresponding result to Theorem 3.2 related
to operators A with a nondense domain, but this is not so simple and the

Copyright © 2006 Taylor & Francis Group, LLC



12 M. Al-Horani and A. Favini

problem will be handled elsewhere.

Problem 3. Let us consider the following identification problem on a bounded
region 2 in R, n > 1, with a smooth boundary 0f2:

Dim(x)u] = Au+ f(H)w(x), (x,t) € Qx[0,7], (4.1)
u=0 on 9Q x [0,7], (4.2)
(mu)(z,0) = m(z)ug(z), =x€Q, (4.3)
/Qn(x) (mu)(z,t)dz =g(t), Vtel0,7], (4.4)

where m € L>®(Q), A : H}(Q) :— H~1(Q) is the Laplacian, ug € H}(Q),
we HYQ), ne HYQ), g€ CHH([0,7];R), 0 < § < 1, and the pair (u, f) €
C?([0,7); H} (£2))x C9([0, 7]; R) is the unknown. Of course, the integral in (4.4)
stands for the duality between H~1(2) and H{ (). Theorem 3.3 applies with
X = H (), sce [8, p. 75]. We deduce that if g(0) = [, n(z) m(z)uo(z) dz,
w(z) = m(x)((x) for some ¢ € Hg (), [, n(z) m(z)¢(z)dz # 0 and (Aug)(x)
= m(x)¢(x) for some ¢; € H(Q), then problem (4.1)-(4.4) has a unique
solution (u, f) € CY([0,7]; HL(Q))xCY([0,7];R), mu € C**0([0, 7]; H=1(Q)).

Problem 4. Consider the degenerate parabolic equation
Dyv = Afa(@)o] + f(Dw(@), (2,t) € Q2 x [0,7], (4.5)
together with the initial-boundary conditions

a(x)v(z,t) =0, (x,t) € 9Q x[0,7], (4.6)
v(x,0) =vo(zx), =€, (4.7)

and the additional information
[ n@tatdz=g(t), te o7, (4.8)
Q

Here Q2 is a bounded region in R, n > 1, with a smooth boundary 09, a(x) >
0 on  and a(x) > 0 almost everywhere in € is a given function in L°°(2),
w e HYQ), vo € HH(Q), n € H}(Q), g is a real valued-function on [0, 7], at
least continuous, and the pair (v, f) is the unknown. Of course, we shall see
that functions w, vo and g need much more regularity. Call a(z)v = u. Then,
if m(z) = a(x)™! and ug(x) = a(x)ve(x) we obtain a system like (4.1)-(4.4).
Let M be the multiplication operator by m from H{(£2) into H () and let
L = —A be endowed with Dirichlet condition, that is, L : H}(Q) — H~1(),
as previously. Take X = H~1(Q). Then it is seen in [8, p. 81] that (3.5) holds
if
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i) a=!e LY(Q), whenn =1,
ii) a~! € L"(Q) with some 7 > 1, when n = 2,
ii) a~' € L%(5), when n > 3.

In order to apply Theorem 3.3 we suppose ug(x) = a(z)vg(x) € HL(Q). As-
sumption (3.4) reads

= T Uo(2) r =
| @@ e = [ o) dr = g(0).
Take g € C**9([0,7];R), 0 < § < 1. Since R(T) = R((1/a)A™1), let aw =

¢ € Hi(2), aAug = aA(avg) = ¢ € Hy(Q), [, 77(35)28) dx # 0.

)
Then we conclude that there exists a unique pair (v, f) satisfying (4.5)-(4.8)
with regularity

Aav) € CO([0,7]; H-1()), v e (o, 7]; H1(Q)).

In many applications a(x) is comparable with some power of the distance
of z to the boundary 02 and hence the assumptions depend heavily from
the geometrical properties of the domain 2. For example, if Q@ = (—1,1),
a(z) = (1 —22)* or a(x) = (1—2)*(1+2)?, 0<a,B <1 are allowed.
More generally, in R™, one can handle a(z) = (1—||z||*)* for some a > 0 with
Q={zeR": |z|| <r}, r > 0. Precisely, if n = 2, then 0 < a < 1, if n > 3
then 0 < a < 2/m.

Problem 5. Let us consider another degenerate parabolic equation, precisely
Dy = z(1 —2)D2v+ f(Hw(x), (z,t) € (0,1) x (0,7), (4.9)

with the initial condition
v(x,0) =vo(z), =€ (0,1), (4.10)

but with a Wentzell boundary condition (basic in probability theory and in
applied sciences)

lim (1 — x)D2v(x,t) =0, te€(0,1).
We add the additional information:
Dlv(-,t)] =v(z,t) =g(t), tel0,7], (4.11)
where Z € (0, 1) is fixed. Here we take X = H'(0,1), with the norm

el = Ml o0y + 141172 0,1y + [w(0)* + |u(1)*.
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14 M. Al-Horani and A. Favini

Introduce operator (A, D(A)) defined by
D(A) == {ue H'(0,1); u" € L},(0,1) and z(1 — z)u” € Hy(0,1)},
Au = —z(1 —z)u”, ue D(A).

Then —A generates an analytic semigroup in H'(0,1), see [8, pp. 249-250],
[4]. So, we can apply Theorem 3.2; therefore, if 0 < 6 < 6y < 1, g €
C0([0,7];R), vg € Da( + 1,00), w € Da(fy,00) (in particular, vy €
D(A?), w € D(A)), g(0) = vo(z), w(Z) # 0, then there exists a unique
pair (v, f) € C?([0,7]; D(A)) x C?([0, 7]; R) satisfying (4.9)—(4.11) and D;v €
C?([0, 7]; H'(0,1)). Of course, general functionals ® in the dual space H (0, 1)*
could be treated.
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A nonisothermal dynamical Ginzburg-
Landau model of superconductivity.
FExistence and uniqueness theorems

Valeria Berti and Mauro Fabrizio

Abstract A time-dependent Ginzburg-Landau model describing superconduc-
tivity with thermal effects into account is studied. For this problem, the absolute
temperature is a state variable for the superconductor. Therefore, we modify the
classical time-dependent Ginzburg-Landau equations by including the tempera-
ture dependence. Finally, the existence and the uniqueness of this nonisothermal
Ginzburg-Landau system is proved.

1 Introduction

There are some materials which exhibit a sharp rise in conductivity at tem-
peratures of the order of 5° K and currents started in these metals persist for
a long time. This is the essence of superconductivity which was discovered by
Kamerlingh Onnes in 1911 (cf.[1],[2],[5], [6], [7], [15], [16],[17]). He observed
that the electrical resistance of various metals such as mercury, lead and tin
disappeared completely in a small temperature range at a critical tempera-
ture T, which is characteristic of the material. The complete disappearance
of resistance is most sensitively demonstrated by experiments with persistent
currents in superconducting rings.

In 1914 Kamerlingh Onnes discovered that the resistance of a superconduc-
tor could be restored to its value in the normal state by the application of
a large magnetic field. About ten years later, Tuyn and Kamerlingh Onnes
performed experiments on cylindrical specimens, with the axis along the di-
rection of the applied field, and showed that the resistance increases rapidly in
a very small field interval. The value H. of H at which the jump in resistance
occurs is termed threshold field. This value H,. is zero at T = T, and increases
as the T is lowered below T..

In the first part of the paper we recall the London model of superconduc-
tivity, the traditional Ginzburg-Landau theory and the dynamical extension
presented by Gor’kov and Eliashberg [11]. These models are able to describe
the phase transition which occurs in a metal or alloy superconductor, when

17
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18 V. Berti and M. Fabrizio

the temperature is constant, but under the critical value T.. In these hy-
potheses the material will pass from the normal to the superconductor state
if the magnetic field is lowered under the threshold field H.. In this paper we
present a generalization of the Ginzburg-Landau theory which considers vari-
able both the magnetic field and the temperature. Also this model describes
the phenomenon of superconductivity as a second-order phase transition. The
two phases are represented in the plane H — T by two regions divided by a
parabola.

The second part of the paper is devoted to the proof of existence and unique-
ness of the solutions of the nonisothermal Ginzburg-Landau equations. In a
previous paper ([3]) we have shown the well posedness of the problem ob-
tained by neglecting the magnetic field. In this paper, the existence and the
uniqueness of the solutions of the nonisothermal Ginzburg-Landau equations
are proved after formulating the problem by means of the classical state vari-
ables (¢, A, ¢) together with the temperature w = T/T.. The existence of
the weak solutions in a bounded time interval is established by applying the
Galerkin’s technique. Then, by means of energy estimates we obtain the ex-
istence of global solutions in time. Finally, we prove further regularity and
uniqueness of the solutions.

2 Superconductivity and London theory

Until 1933 the magnetic properties of a superconductor were tacitly assumed
to be a consequence of the property of infinite conductivity. Meissner and
Ochsenfeld checked experimentally this assumption and found that such is
not the case. They observed the behavior of a cylinder in an applied uniform
magnetic field. When the temperature is above the critical value T, the sample
is in the normal state and the internal magnetic field is equal to the external
magnetic field. If the cylinder is cooled through T, the magnetic field inside
the sample is expelled, showing that a superconducting material exhibits a
perfect diamagnetism (Meissner effect).

The phenomenological theory of the brothers Heinz and Fritz London, de-
veloped in 1935 soon after the discovery of the Meissner effect, is based on the
diamagnetic approach in that it gives a unique relation between current and
magnetic field. At the same time it is closely related to the infinite conductiv-
ity approach in that the allowed current distributions represent a particular
class of solutions for electron motion in the absence of scattering.

In the London theory the electrons of a superconducting material are di-
vided in normal (as the electrons in a normal material scatter and suffer
resistance to their motion) and superconducting (they cross the metal with-
out suffering any resistance). Below the critical temperature T, the current
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A nonisothermal dynamical Ginzburg-Landau model 19

consists of superconducting electrons and normal electrons. Above the critical
temperature only normal electrons occur. Accordingly we write the current
density as the sum of a normal and superconducting part, i.e.,

J=J,+Js.
The normal density current J,, is required to satisfy Ohm’s law, namely
J, =0oE, (2.1)

o being the conductivity of normal electrons. In the London theory, the behav-
ior of J; is derived through a corpuscular scheme. Since the superconducting
electrons suffer no resistance, their motion in the electric field E is governed
by

mvs = —qE

where m, —q,vs are the mass, the charge and the velocity of the supercon-
ducting electrons. Let ng be the density of superconducting electrons so that
Js = —nsqvs. Multiplication by —ngq/m and the assumption that ng is con-
stant yield

nsq*

J, = E. (2.2)

m
Assume further that the superconductor is diamagnetic and that time vari-
ations are slow enough that the displacement current is negligible. Maxwell’s
equations become
B=-VXE, VxB =y,

Comparison gives
m

nsq

B=—

2VXJ3

whence
B =-aVx(VxB)

where a = m/(uonsq?). The usual identity VX (V) = V(V:) — A and the
divergence-free condition of B give

AB = 1B
8]

Appropriate initial values of B and J, and an integration in time allow B
and J; to satisfy the equations

AB = 1B, (2.3)
[0

B = —ppaVxJs. (2.4)

Equations (2.1) through (2.4) are the basic relations of the London theory.
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Take the curl of (2.1) and compare with (2.4) and the induction law; we
have

aVxJ = —E — oaB.
Ho

Similarly, take the time derivative of (2.1) and compare with (2.2) to have

. 1 .
aJ = —E + acE.
Mo

These equations have the advantage that only the total current density J
occurs rather than J,, and J,. This is appreciated if the separation of the
total current J into the two components J,,, J,; looks somewhat artificial.

Equations (2.3) and (2.4) can be used to evaluate the magnetic induction
(field) in a superconductor. If, for simplicity, B is allowed to depend on a
single Cartesian coordinate, z say, then by (2.3) the only bounded solution as
r>0is

B(z) = B(0) exp(—a//a).
This result shows that, roughly, B penetrates in the half-space z > 0 of a
distance /o = \/m/(ponsq?). That is why the quantity
m

A= —
" ponsg?

is called London penetration depth. This implies that a magnetic field is ex-
ponentially screened from the interior of a sample with penetration depth A,,
i.e., the Meissner effect.

3 Ginzburg-Landau theory

The Ginzburg-Landau theory [10] deals with the transition of a material from
a normal state to a superconducting state. If a magnetic field occurs then the
transition involves a latent heat which means that the transition is of the first
order. If, instead, the magnetic field is zero the transition is associated with a
jump of the specific heat and no latent heat (second-order transition). Landau
[14] argued that a second-order transition induces a sudden change in the sym-
metry of the material and suggested that the symmetry can be measured by a
complex-valued parameter ¢, called order parameter. The physical meaning of
1) is specified by saying that |1|? is the number density, n,, of superconducting
electrons. Hence v = 0 means that the material is in the normal state, T' > T,
while || = 1 corresponds to the state of a perfect superconductor (T = 0).
There must exist a relation between v and the absolute temperature 7" and
this occurs through the free energy e. Incidentally, at first Gorter and Casimir
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[12] elaborated a thermodynamic potential with a real-valued order parame-
ter. Later, Ginzburg and Landau argued that the order parameter should be
complex-valued so as to make the theory gauge-invariant.

With a zero magnetic field, at constant pressure and around the critical
temperature T, the free energy eq is written as

o = —a(T)}f? + SH(T) " (31)

higher-order terms in |t|? are neglected which means that the model is valid
around the critical temperature T, for small values of |¢|. If a magnetic field
occurs then the free energy of the material is given by

1 1
[ et B0 = [ oo T) + GubE 4 5|~ ih% — gAvPldy (32

where A is Planck’s constant and A is the vector potential associated to H,
ie., uH =V x A. The free energy (3.2) turns out to be gauge-invariant.

Assume that the free energy is stationary (extremum) at equilibrium. Regard
T as fixed, which means that quasi-static processes are considered whereby
Js = VXH. The corresponding Euler-Lagrange equations, for the unknowns

1 and A, are
1
5, (ihV + aA)" — ay + by " = 0, (3:3)
 hq - - 2
Iy = =i (WY = V%) — Lp2A, (3.4)
m m
Examine the consequences of (3.3)-(3.4). The boundary condition takes the
form

(—ihV¢ — qA%) -n|,, = 0.

By (3.4) this implies that
Js- n|8Q =0.

Also, letting ¢ = || exp(i6), we obtain from (3.4) that

2
Js = —@W\Zva — Ly = —A‘l(EVG +A). (3.5)
m m q

Hence the London equation
VXx(AJs)=-B (3.6)
follows.

To make the theory apparently gauge-invariant, we express the free energy
in terms of Js rather than of A. As shown in [7], §3.1, we have

[ihV) + gAY [* = B2(V[])® + [¢1*(hV0 + qA)? = 12 (V[3])* + AT,
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Hence we can write the free energy (3.2) as a functional of f = |¢| and T, H
in the form

et miman = [ [ = e+ gom s+ g
h2

1
v 2 - 2
+ 5 (V) = ATZdv, (3.7)

the sign before AJ? arising from the Legendre transformation between A and
H. The term h%(V f)2/2m represents the energy density associated with the
interaction between the superconducting phase and the normal phase.

As is the case in Ginzburg-Landau theory, we restrict attention to time-
independent processes where J; = J = VX H. Hence the functional (3.7) is
stationary with respect to f and H, with HXxn fixed at the boundary 9, if
the Euler-Lagrange equations

h2
~ZAf+

2 _ 3 _
o P —af+bf*=0 (3.8)

_m
2¢% f3
pH = —VxAJ, (3.9)

hold together with the boundary condition

Vf- 0.

0|y =
Equation (3.9) coincides with (3.6) and hence with the Ginzburg-Landau equa-
tion (3.5) or (3.4). Also, equation (3.8) reduces to equation (3.3) when the
phase 6 of 1 is chosen to be zero as is the case for the system (3.8), (3.9).

Since the vector potential A is a nonmeasurable quantity, equation (3.9)
may seem more convenient than (3.4) as long as the relation VXAJ, = —B
may be preferable to (3.5).

4 Quasi-steady model

Starting from the BCS theory of superconductivity, Schmid ([18]) and Gor’kov
& Eliashberg ([11]) have elaborated a generalization to the dynamic case of
the Ginzburg-Landau theory within the approximation that the temperature
T is near the transition value T.. They consider the variables 1, A and the
electrical potential ¢ which, together with the vector potential A, is subject
to the equations

VxA=B, E=-A+V¢. (4.1)
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By adhering to [9] we complete the quasi-steady model of superconductivity
through the equations

(w—z<M0:—~—%mv+qA)+uw—bWFw

o(A - V¢) = ~VXVxXA +J,, (4.2)
h B B 2
I, = =L@V — uve) - LA,
m m

where v is an appropriate relaxation coefficient.
The system of equations must be invariant under a gauge transformation

(Y, A, ¢) e (Y VMX A+ Vy, b+ X)

where the gauge ¥ is an arbitrary smooth function of (z, t). Among the possible
gauges we mention the London gauge

V'AZO, A'H‘QQ:O,
the Lorentz gauge
V-A=—¢

and the zero-electrical potential gauge ¢ = 0. Reference [13] investigates these
gauges and shows that the condition ¢ = 0 is incompatible with the London
gauge V- A = 0.

The system (4.2) is associated with the initial conditions

P(x,0) = o(z) A(z,0) = Ap(x). (4.3)
Equation (4.2)5 follows from the Maxwell equation
VxH=J,+7J,+cE

by disregarding the derivative E and letting J,, = oE. That is why the problem
(4.2) is called quasi-steady.

Moreover, by letting ¢ = fexp(if), from (4.2);, we deduce the evolution
equation for the variable f. In terms of the observable variables f,ps, H, E,
the system (4.2) can be written in the form

2
1= 2ot gty ap b (4)
VXxps = —uH (4.5)
VxH = A"*(f)ps +oE (4.6)
VXE = —pH (4.7)
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along with the boundary conditions
Vf . n|aQ = 0, H x n|aQ =g, Ps n‘gg =0 (4.8)
and the initial conditions

f(2,0) = fo(x),  H(z,0) = Ho(x). (4.9)
Observe that by (4.5) and (4.7) we have

ps = mVs :E_V(bs'
q

This result can be viewed as the Euler equation for a nonviscous electronic
liquid (see [15]), where the scalar function ¢, represents the thermodynamic
potential per electron. The previous relation allows the quasi-steady problem
(4.4)-(4.7) to be written as

h2
2m

vf= f—fpstraf byf?,

1
LV XVXPa = —A"N(f)ps — oPs — oV s
Moreover (4.6) provides
V- (A f)ps) =V -Jy, = -V - (0E) = —op. (4.10)
In the theory of Gor’kov and Eliashberg [11], which is based on the system

(4.2), the function ¢ is assumed to depend on f and on the total electron
density p in the form

bs = A(f)p. (4.11)
The comparison of (4.10) and (4.11) gives
V(AT )ps) = —o AT (f)gs- (4.12)

5 Phase transition in superconductivity
with thermal effects

We present a generalization of the model which describes the phase transition
in superconductivity without neglecting thermal effects. The main assumption
is that the phase transition is of second order and that the effects due to the
variation of the temperature are like the ones shown by varying the magnetic
field. In this sense the temperature T can be considered as the dual variable
of the magnetic field H.
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In order to justify the model here examined, we consider the expression of
Gauss free energy in terms of the variables (¢, T, A)

E(W,u, A)
1 1 1
= [ oDl + Glelt + 51V x AP + o linTu + oav) av

Following [8] and [19] we consider the linear approximation of a(T) in a neigh-
borhood of the critical temperature, namely

a(T) = —ag (; - 1) = —ag(u—1),

where u = Tl > 0. Finally, we suppose constant the coefficient b(T"). By means

of the température u, the critical value u, is now given by u. = 1, while the
domain of definition is R*.
Under these hypotheses the free energy takes the following form

E(p,u, A)

_ vz b0 L 1 )

—/Q[aom DI+ FI+ 519 x AR + 5 1inVY + gAvf] o
(5.1)

which as a function of f,u, H can be written as
b h? 1
_ oy g2 904 My 2, + 2
B H) = [ Jao(u= 1)+ 2+ SH 4 S VP4 AV < HE o

When we use the representation (5.1) as free energy with ag = bp = 1, then
the first Gor’kov Eliashberg equation takes the dimensionless form

1f = S Af (- 1+ w)f - fIA -~ V0P 52)

Ap+ 20— Kp) =0 (5.3)

where k£ > 0 is the Ginzburg-Landau parameter. From (5.1) or (5.2) it is
possible to retrieve the phase diagram, which separates the normal from su-
perconductor zone. This relation is represented by a parabola in the H — T
plane (see [1]), which can be approximated considering the points for which
the coefficient of f is zero. Namely, the points such that

1 2
“l+u+|A-—vo| =0.

The temperature effect will be supposed negligible on the first Maxwell
equation, which we write in the London gauge (V- A =0)

: 1
A—V¢+V><VxA+f2(A—;V9)=0. (5.4)
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Finally, we need to consider the heat equation, which must be related to the

equation (5.2) in order to have a thermodynamic compatibility. Hence let us
consider the first law of thermodynamics or heat equation

ouuy —uf fy = kV - uVu (5.5)

where o and k are two positive scalar constants. From (5.5), under the hy-
pothesis of small perturbations for |Vu|?, we obtain the entropy equation

aur — ffy = kAu (5.6)

6 Existence and uniqueness of the solutions

In this section we prove the existence and the uniqueness of the solutions of the
nonisothermal time dependent Ginzburg-Landau equations. To this purpose
we write the system (4.2) in dimensionless form and the equation (5.6) by
means of the complex variable 1. Therefore we obtain

Y — in6Y) — A+ AV AP+ (Y~ 1+ ) =0, (6.1)
At—V(;SJerVxA—%(i/JV?ZJ—zZVw)+|1/1|2A:(), (6.2)
auy — kAu — %(1/)1@ + i) = 0. (6.3)
The problem is completed by the boundary conditions
Vi-nlgo =0, (VxA)xn|pg =Hxn, Vénlsgg=0, ulsq=1u, (6.4)
where H,, is the external magnetic field, and the initial data
P(x,0) = (), A(z,0) = Ap(z), u(x,0) = up(x). (6.5)

In order to deal with homogeneous boundary conditions we introduce the
new variables © = v —uw and A = A — A_,, where A_, is related to the
external magnetic field by V x A., = H., and satisfies

V'Aerzoa Aer'n|89:0~

By assuming u constant and H,, independent of time and such that VxH,, =
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0, the system (6.1)—(6.5) reduces to

1 20~ ~
YW = iwgu) = 0+ (At M) - Vi + A+ A

K

+([Y)? —1+a+7) =0, (6.6)
A= Vo+VxVx A= (4V) - V) + [$P(A+Au) =0, (6.7)
o, — KO 3 (4 + ) =0, (6.8)
Vi -nlsgq =0, .X~n|ag=0, (VX!&)anQ:O,

V¢'n|a§2 :07 §|aﬂ :07 N (69)
Y(x,0) =o(z), A(z,0)=Ao(z),  U(z,0)="1p(). (6.10)

Let us denote by LP(2), p > 0 and H*(Q2), s € R, the usual Lebesgue and
Sobolev spaces, endowed with the standard norms || - ||, and || - || g=. In partic-
ular, we denote by || - || the norm in L?(Q). Given a time interval [a,b] and a
Banach space X, we denote by C(a, b, X) [L(a, b, X)] the space of continuous
[LP] functions from [a, b] into X, with the usual norms

b
Ifllwas) = sup 1F0)lx (118 = / 1]
Finally let us introduce the following functional spaces
D) ={A:AcH(Q), V-A=0, A-nlpg =0},
H!(Q) = {¢ cp € HY(Q), / pdv = 0} :

Q

DEFINITION 6.1 A triplet (w,fk,ﬁ) such that v € L*(0,7,H*(2)) N
HY(0,7, L*(Q)), A € L2(0,7,D(Q))NH (0,7, H(Q)'), @ € L2(0,, H} ()N
HY (0,7, H71(2)), satisfying (6.10), is a weak solution of the problem (6.6)-
(6.10) with ¢ € L*(0,7,HL (Q)), Acx € D(Q) if

| [t = iwoic+ 590 Vx = oA + Acr) - Vit 1A + A P
FOx(? = 1+ +@)|dv =0, (6.11)
/Q[Kt~b+¢v-b+VxK~V><b—i(wv&—@vw) b
+Ho (A + Ac) -b}dvzo, (6.12)
/Q [aﬂtv +kVa- Vo — %(Wt + 1[_11/)t)v] dv=0, (6.13)

for each x € HY(Q), b € HY(Q), v € H}(Q) and for a.e. t € [0, 7].
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Notice that, since any b € H*(€2) can be decomposed as b = a+ Vi, with
a € D(N) and ¢ € H(), the equation (6.12) can be replaced by

/ [Kt-a+VxK~an—i(wV1/_)—7ﬁVw)-a
O 2K
HP(A + Ac) a|dv =0,

A;PAw—;J¢V&—&VW~V@+hM%K+Jhw-Vwdv=0

The following theorem proves the existence of the local solutions of the
problem (6.6)—(6.10).

THEOREM 6.1 Let b € H'(Q), Ay € D(Q), T € L>(Q). Then there exist
70 > 0 and a solution (1, A, ) of the problem (6.6)-(6.10) in the time in-
terval (0,79). Moreover ¢ € L?(0, 70, H*(2)) N C(0, 10, H'(R)), A € L?(0, 70,
H?(Q))NC(0,70, H(Q)), @ € C(0, 70, L*()).

Proof. The proof is based on the Faedo-Galerkin method. Let x;,a; and
v;, j € N be solutions of the boundary value problems

Vxanj:ujaj

_AXJ = AjXj V-a; =0 { —Avj = &v;

Vx; mlaa =0 a; -nlogg =0 vjlo0 =0

(anj) ><n|ag=0

where the eigenvalues Aj, p1;,&; satisfy the inequalities 0 = A < Ay < ...,
0<pr <pg<..0<& <& < ... and the eigenfunctions {x;};jen, {a;}jen
and {v;};en constitute orthonormal bases of L?(Q). Moreover x; € HL (Q)
for each j > 2.

We denote by

) = D gt (@), A1) = 3 Bim(D)a (),
o7 @ 1) = 3 1m0 (@) B (2.1) = 3 8Dy (@)
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which satisfy, for each j = 1, ..., m, the equations
[ Do —imamimg + 5V Ty = Zum (AT + Ac) - Vg

FA™ + Aol + 0 (0~ 14+ T+ @) dv =0, (6.14)

/ [Af-ajJrV X A™.V x a; — i(meﬁ_}m—&mvyjm) -a;
Q
PR 4 Ay - ay|do =0, (6.15)

. 1 = . ~
/Q [aul"vj — 5(1#7"%" + P v 4+ kYT - Vv]} dv=0, (6.16)

[l e = = @mowr —ymvgm) - vy,
Q K
+|¢m|2(;‘m + Aez) ) VX]:| dv=0. (617)

The function ¢™ is supposed to verify the condition

/¢mdu:o,
Q

for all ¢ € R. Moreover, since x; € H! (Q), j > 2, from the previous equation
we deduce y1,, = 0, for each m € N, so that

" (x,t) Z'ij X;(@

Let (Yom, Aom,%m) be a sequence which converges to (1&0,1&0,@0) with re-
spect to the norm of H*(Q2) x H'(Q) x L?(Q) and denote by

Y™ (x,0) = Yom(x), Am(a 0) = Agm (), u™(x,0) = ugm(x) .

Then the equations (6.14)—(6.16) constitute a system of ordinary differential
equations for the unknowns &, Bjm and d;,, with initial conditions

0 (0 /¢0ngdv Bim(0 /AOm a;dv, Sjm(O):/QUOmvjdv.

Notice that (6.17) allows to express Yjm, j > 2, as a function of aj,, Fjm and
6j7n-

Therefore the standard theory of ordinary differential equations ensures the
existence and uniqueness of the local solutions.

By letting

~ ~ i ~
F =A™ 5 + A + |V x A™|) + I=Ve™ +4™(A™ + A

1
+5 Y™ = 1+ aff@™|* + 1,
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the inequality

dF 9

*+*H¢ I+ 52189 I+ SIve™ | + SIvam|® + | A7

+|V x A2 < cFP (6.18)
can be proved. See [4] for details. An integration in (0,¢) leads to
F < (FO)™ —ct)™/4 t < 7o, (6.19)

where 7y depends on the norms ||tom || g1, [[Aom| g1, [|[4om||- The previous in-
equalities allow to pass to the limit as m — oo and prove the existence of a
solution (¢, A, u) of the problem (6.6)-(6.10) satisfying ¢ € C(0, 70, H' (),
A € C(0,79, H(R)) and @ € C(0, 79, L*()).

The local solutions, defined in the time interval (0, 79) by Theorem 6.1, can
be extended to the whole interval (0,4o00). Indeed we construct a Lyapunov
functional for the system

Vi S AF (P 1 u)f — fIA - VEP =0, (620)

—V¢+V><V><A+f2(A—%V9)=0, (6.21)
264120, — rd) = 0. (6.22)
auy — ffi —kAu =0, (6.23)

by multiplying the equations respectively by fi, Ay — k= V0, —¢ + k™10, U
and integrating in 2. We obtain

1d

1 1 1
2 - 2 S £2 2 - 2 _
107+ 5 g5 | IV 124 7% = 12|+ [ 7721 = 2902 ] av =0,

4P+ 55 (19 A7 =2 [ AxHL, nda)

1 1 1
+/ [fZ(A - =Vo)- (At - vet) + =Vo- vet} dv =0,
Q R K K
2 1 2 1
Vo= + vkl f0: — foI — = | V- Vbidv =0,
K K Ja

2 2 o~
k|Vu dv=0.
S al +kval® - [ afpao
Adding the previous equations, we get

d
g =+ A7+ A + Vel +w\|f( —O)I* + ElIVul* =0, (6.24)
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where the functional G is defined as

1 /1 1 1
6= 5 (1WA 4 307 = 112 + 1A~ LD + 7  AJ?

-2 A x H.; -nda + V||Hw||?{_1/2(am + al|ul)? +/ ﬂf2d11>
o0 Q
and the constant v is sufficiently large in order to make G positive.
The relation (6.24) yields

Gg(t) < 6(0), vt >0,

which guarantees that the local solutions defined in (0,7y) can be extended
in (0,00). As a consequence of last inequality, we can prove some a priori
estimates of the solutions. In particular, if the initial data are chosen such
that the energy is finite, we have

£ + 1Al Z + 10 + [lul® < C- (6.25)
Moreover, by integrating the relation (6.24) in (0,t) we obtain the further
estimate
¢
/O (el + A + IV + [1£6:]1° + [ Vul*)ds < € (6.26)
The inequalities (6.25) and (6.26) lead to an estimate for the variable
¢
0l + [ oleas < c. (6:27)
0
It can be proved ([3]) that if fo(z) < 1 almost everywhere in ), then
Fz,t) <1, (6.28)

for all ¢ > 0. Accordingly, the relations (6.1), (6.25), (6.26) and (6.27) yield

t
/ | Avp||2ds < C. (6.29)
0

THEOREM 6.2  The solution (1, A,u) of the system (6.1)-(6.5), with ini-
tial data (1o, Ao, ug) € H(2) x D(2) x L?(Q) is unique.

Proof. Let (¢1,A1,u1), (12, Aa,uz) be two solutions of the problem (6.6)—
(6.10) with the same initial data (g, Ag, ug) and sources A.,,u. By denoting
by ¥ = ¥1 — 19, A = A1 — Ay, § = ¢1 — ¢2 and u = uy — ug, from the
equations (6.6)—(6.8) and the inequalities (6.25)—(6.29) we deduce ([4])
1d
2 dt

< o1l + e2(O1AIE + Cllul®

1
VI + IVl + A+ 1V x A* + aful®
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where 1, o are L'-functions of time. Therefore, an application of Gronwall’s
inequality proves ¥ =0, A =0, u = 0.
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Some global in time results
for integrodifferential parabolic
inverse problems

Fabrizio Colombo, Davide Guidetti
and Vincenzo Vespri

Abstract We discuss a global in time existence and uniqueness result for an
inverse problem arising in the theory of heat conduction for materials with mem-
ory. The novelty lies in the fact this is a global in time well posed problem in the
sense of Hadamard, for semilinear parabolic inverse problems of integrodifferen-
tial type.

1 Introduction

In this paper we discuss some strategies we can use in the study of parabolic
integrodifferential inverse problems. The choice of the strategy depends on
what type of nonlinearities are involved. We consider the heat equation for
materials with memory since it is one of the most important physical examples
to which our methods apply. Other models, for instance in the theory of
population dynamics, can also be considered within our framework. We recall,
for the sake of completeness, the heat equation for materials with memory.
Let Q be an open and bounded set in R3 and T be a positive real number.
The evolution equation for the temperature u is given, for (¢,x) € [0,T] x Q,
by

Diu(t,z) = kAu(t, z) + /0 h(t — 8)Au(s,z)ds + F(u(t,x)), (1.1)

where k is the diffusivity coefficient, h accounts for the memory effects and F' is
the heat source. In the inverse problem we consider, besides the temperature
u, also h as a further unknown, and to determine it we add an additional
measurement on u represented in integral form by

o(z)u(t,x)de = G(t), Vtel0,T], (1.2)
Q

35
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where ¢ and G are given functions representing the type of device used to mea-
sure u (on a suitable part of the body ) and the result of the measurement,
respectively. We associate with (1.1)—(1.2) the initial-boundary conditions, for
example of Neumann type:

{ u(0,2) = up(z), = €Q, 13)
Dyu(t,x) =0, (t,x)€[0,T] x 09,

v denoting the outward normal unit vector.
So one of the problems we are going to investigate is the following.

PROBLEM 1.1 (The Inverse Problem with two types of nonlinearities):
determine the temperature u : [0,T] x @ — R and the convolution kernel
h:[0,T] x Q — R satisfying (1.1)—(1.3).

In the case when F' is independent of u, but depends only on x and on ¢,
we assume that the heat source is placed in a given position, but its time
dependence is unknown, so we can suppose that

F(t,x) = f(t)g(z),

where f has to be determined and ¢ is a given datum. Then we also assume
that the diffusion coefficient k£ is unknown. The second inverse problem we
will study is as follows.

PROBLEM 1.2 (An inverse problem with a nonlinearity of convolution
type): determine the temperature u : [0, T] x Q@ — R, the diffusion coefficient
k and the functions h: [0,T] — R, f:]0,T] — R satisfying the system

Dyu(t,x) = kAu(t,z) + f5 h(t — s)Au(s, ) ds + f(t)g(z),

u(o,m) = ’U,O({L')7 S Q, (14)
%(tﬁ) =0, (t,x)€[0,T] x 09,

with the additional conditions
/7u(t,:c)#j(dx) =G;(t), vtel0,T], j=1,2, (1.5)
Q

where g, ug, G1, G2 are given data and p; and ps are finite Borel measures
in C(Q).

REMARK 1.1 The additional conditions considered for Problem 1.2 (cf.
(1.5)) is more general than the one considered for Problem 1.1 (cf. (1.2)). This
is due to the fact that in Problem 1.2 we will choose the space of continuous
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functions as reference space. Such a setting has the advantage to allow addi-
tional measurements of the temperature also on the boundary of €2, while in
the LP-setting (if we consider additional measurements of type (1.5)), one is
compelled to make further measurements inside the body. In fact, for Problem
1.2 the measure p; (1 < j < 2) is Borel measure in Q, e.g., concentrated on
the surface 99, while, in the other case, ¢ (cf. (1.2)) is an element of L?'(£2)
with 1/p+1/p" = 1.

Several identification problems involving the heat equation with memory
have been faced and solved in the recent years; see for example [4, 5, 6, 8, 9,
12, 14] and the literature therein. The type of results we find are theorems of
local in time existence and uniqueness for the solution of the inverse problem
considered. What is still an open problem is to find global in time existence
and uniqueness theorems for a sufficiently large class of nonlinearities that
involve the function F(u(t,x)).

Since in this paper we want to show what kind of difficulties we have to over-
come to solve Problem 1.1 (Problem 1.2, even though it has more unknowns,
from a technical view point is a particular case) we make the following classifi-
cation of the difficulties one has to face when dealing with this kind of inverse
problems.

The main difficulty arises because there are two types of nonlinearities:
one is in the convolution term fot h(t — s)Au(s, x) ds, while the second one is
obviously due to the nonlinear function F(u(t, z)).

There are several papers in which nonlinearities of convolution type have
been studied. In particular, in [10, 11] the authors prove global in time results,
in suitable weighted spaces, for convolution kernels that depend also on one
space variable.

Such spaces are the natural tool to face inverse problems in which there are
only nonlinearities of convolution type.

The presence of the nonlinear function F(u(t,x)) of the unknown u leads
us to look for a priori estimates for the unknowns u and h, so that from a
local in time result we obtain a global in time one.

The problem that arises with both nonlinearities is that the weighted spaces
are not suitable in treating the nonlinear term F(u(t,z)). What has been
done in the recent paper [7] is to find methods that allow us to treat both
nonlinearities simultaneously.

In the case where we are looking for a local in time solution there is a
wide class of function spaces in which it is possible to set our problem; see
for example [4, 5, 6, 12, 14, 20, 22|, but in the case we have to find a priori
estimates just a few spaces are useful to this aim.

In this paper we present global in time results in the space of bounded
functions with values in an interpolation space for a problem that involves
only the nonlinearity of convolution type and then we show the very recent
results in the Sobolev setting in the case there are both type of nonlinearities.
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In the literature we can find the recent paper [21], in which the authors prove
a conditioned global in time result for a phase-field model using a different
strategy with respect to ours that suits well for the particular coupling of the
equations of the phase-field system they consider. This is due to the fact that
the two types of nonlinearities belong to two different equations.

Our final target is to generalize the technique developed in [7] to the dif-
ferent phase-field models that we can find in the literature; see for example
[2, 3, 16, 20, 24, 25].

Let us explain what are the main differences in dealing with one or two
types of nonlinearities showing the strategies we use.

In the case when the term F' is a given datum that does not depend on
the temperature u, or as in Problem 1.2 where F' = fg with f unknown, we
use the weighted spaces, to be introduced in the sequel, and we proceed as
follows.

(1) In the case it is possible to formulate our problem in at least two func-
tion spaces, we consider an abstract formulation of the inverse problem
relating it to a Banach space X. This is not strictly necessary if the
results hold just in the case when X can be uniquely chosen.

(2) We choose a functional setting. For example we can take the space of
bounded functions on [0, 7] or the Sobolev spaces on [0,T] with values
in the Banach space X and we select the related optimal regularity
theorem for the linearized version of the problem.

(3) We prove that the abstract version of the problem is equivalent to a
suitable fixed point system.

(4) Since the fixed point system contains integral operators, we have to
estimate them in the weighted spaces we are considering (exponential
weight €%, o € R, ¢ € [0,7] is usually used). The estimates for the
integral operators must be such that suitable constants depending on o
approaches zero as ¢ — 0.

(5) By the Contraction Principle we prove that the equivalent problem has
a unique solution, so we get existence and uniqueness of a solution to
our inverse problem.

(6) We apply the abstract results to the concrete problem.

Let us come to the doubly nonlinear case in which F' depends on u. The
main idea to solve the problem in this case is to prove that there exists a local
in time solution of the inverse problem in Sobolev spaces without weights,
then we linearize the convolution term and we find a priori estimates for u
and for the convolution kernel h. More precisely we proceed as follows.

(a) In this case we do not give an abstract formulation since at the moment
we are able to prove our results only in the Sobolev setting.
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(b) We use the Sobolev spaces W*?(0, T; LP()).

(¢) Analogue to (3), but the concrete system is considered instead of the
abstract one.

(d) The fixed point system contains integral operators; we have to estimate
them in the Sobolev spaces we have chosen.

(e) We apply the Contraction Principle to prove that there exists a unique
local in time solution. Thanks to the equivalence theorem previously
obtained we get local in time existence and uniqueness of the solution to
our inverse problem. We prove a global in time uniqueness result without
the condition that F, be bounded.

(f) We linearize the convolution term thanks to the local in time existence
and uniqueness theorem. We observe that a unique solution (4, ﬁ) exists
in [0, 7] for some T > 0. We set v-(t) = v(r + t) and h,(t) = h(T + t)
and consider, for 0 < ¢t < 7, the splitting

T+t R _
/ h(t 4+t —s)Av(s,x)ds = hy x AD(t,x) + hx Av.(t,x) + F(¢, z),
0

where the symbol * stands for the convolution (see below) and F(t, )
is a given data depending on the known functions (i, iz) This way of
rewriting the convolution term allows us to avoid the weighted spaces
that have a bad behavior when we deal with the nonlinearity F(u).

(g) We deduce the a priori estimates for v, (t) and h,(¢t) for 0 < ¢t < 7 with
the condition F, be bounded. In a finite number of steps we extend the
solution to the interval [0, T].

2 Functional settings and preliminary material

Let X be a Banach space with norm || - || and let 7 > 0. We denote by
C([0,T]; X) the usual space of continuous functions with values in X, while
we denote by B([0,7]; X) the space of bounded functions with values in X.
B([0,T]; X) will be endowed with the sup-norm

lulls(o,7y;x) == sup_[[u(?)]] (2.1)

0<t<T
and C([0,T]; X) will be considered a closed subspace of B([0,T]; X). We will
use the notations C([0,T];R) = C([0,T]) and B([0,T];R) = B([0,T]). By

L(X) we denote the space of all bounded linear operators from X into itself
equipped with the sup—norm, while £(X;R) = X' is the space of all bounded

Copyright © 2006 Taylor & Francis Group, LLC



40 F. Colombo, D. Guidetti and V. Vespri

linear functionals on X considered with the natural norm. We set Ny :=
NU{0}. If s € Z, s > 2 we set WP(Q) := {f € WP(Q) : D, f = 0}. We
denote by B, ,(2) (s > 0, 1 < p,q < +00) the Besov spaces. The symbol
(+,-)o,p stands for the real interpolation functor (0 < 8 < 1,1 < p < +00).
For all h € L*(0,T) and f : (0,T) — X we define the convolution

hx f(t) = /0 h(t — s)f(s)ds,

whenever the integral has a meaning. Let p € [1,+00), m € Ng; if f €
Wm™P(0,T; X) (see [1]), we set

m—1
I fllwmp(o,m;x) = Z 1FD0)]|x + £ )”LP (0,7;X)-
7=0

For the sake of brevity we define the Banach space
X(T,p) = WHP(0,T; LP(Q)) N LP(0, T; WP (Q)),
where T € RT, p € [1,+00]. If u € X (T, p) we set

lullx(r.p) = lullwreo.rLe@) + [wllLeorwe2r @)

We now give the definition:

DEFINITION 2.1 Let A:D(A) C X — X be a linear operator, possibly
with D(A) # X. Operator A is said to be sectorial if it satisfies the following
assumptions:

o there exist 0 € (w/2,m) and w € R, such that any A € C\ {w} with
larg(A — w)| < 0 belongs to the resolvent set of A.

o there exists M > 0 such that |[(A — w)(A — A)"Y|zx) < M for any
A € C\ {w} with |arg(A —w)| < 0.

The above definition of sectorial operator is important to define the semi-
group of bounded linear operators {e4},5¢, in £(X), so that t — e/ is an
analytic function from (0, +o0) to L£(X).

Let us define the family of interpolation spaces (see [23] or [29]) D (6, c0),

6 € (0,1), between D(A) and X by
Da(0,0) = {:c € X : [2|p,(a.00) i= sup t'70Ae | < oo} (2.2)
0<t<1

with the norm
Z[1D4(0,00) = 1Z]] + |Z]D 4 (8,00)- (2.3)
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We also set
Da(l4+0,00) ={x € D(A): Az € Da(0,00)}. (2.4)
Da(1+0,00) turns out to be a Banach space when equipped with the norm

[2llDa(146.00) = 2] + [[AZ([ D1 (6,50)- (2.5)

For Problem 1.2 we will use the following optimal regularity result:

THEOREM 2.1 (Optimal regularity in spaces B(]0,T]; Da(0,0))) Let X
be a Banach space. Consider the Cauchy Problem:

(P { W(t) = Aut) + (1), te[0T], (2.6)
U(O) = Uy,

where A : D(A) — X is a sectorial operator and 6 € (0,1). For any f €
C([0,T); X)NB([0,T]; Da(f,00)), ug € Da(6+1, 00) the Cauchy problem (CP)
admits a unique solution w € C1([0,T]; X)NC ([0, T); D(A))NB([0,T); Da(6+
1,00)).

Proof. See the book [23] or the original paper [27].

As we have discussed in the introduction for Problem 1.1 at the moment we
have the only possibility to choose Sobolev spaces, if we want a global in time
result. For this reason we do not formulate the inverse problem in an abstract
setting. As a consequence the optimal regularity result we are in need of is
formulated just for the concrete case.

THEOREM 2.2 (Optimal regularity in spaces X (T, p)) Let A be the Laplace
operator and kg € R™. Consider the problem

Dyu(t, z) = koAu(t,z) + F(t, ), (t,xz) € [0,T] x Q,
Dyu(t,z") =0, (t,2") € [0,T] x 09, (2.7)
u(0, z) = ug(z), x € Q.

Then, if p € (1,4+00), F € LP(0,T; LP(Q)) and uo € (LP(), WEP())1-1/p.p-
(2.7) has a unique solution u € X(T,p). Moreover, for all Ty € R, there
erists C(Ty) € R, such that, if 0 < T < Ty,

). (2.8)

||u||X(T,p) < C(TO)(HF”LP(O,T;LP(Q)) + ||U’OH(LZJ(Q)}W§W(Q))

1-1/p,p

Proof. It is that of Theorem 8.1 in [15].
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From Theorem 3.5 in [17], we have that, for p € (1, +00):
s il (9)) if 1<p<3,

{feBYP(Q): D, f=0Vif 3<p<+o0.
(2.9)

(LP(Q)v Wéyp(ﬂ))l—l/p,p =

3 The main results

We present in the following subsections the results we have obtained in the
case we deal only with the nonlinearity of convolution type and the case in
which both nonlinearities are involved. The space of bounded functions is used
in the first case, while the Sobolev setting is used in the second case.

3.1 The case of one nonlinearity of convolution type

We give the Inverse Problem 1.2 an abstract formulation and then we apply
the abstract Theorem 3.1 to the concrete case.

PROBLEM 3.1 (Inverse Abstract Problem (IAP)) Let A be a sectorial
operator in X . Determine a positive number k and three functions u, h, f,
such that

u € C*([0,T]; X) N CH([0, T]; D(A)),
{ Dyu € B([0,T];Da(1 +0,00)), D?u € B([0,T]; Da(6,0)),
(8) h € C([0,T]),
(7) f € C'([0,1]),
satisfying the system

{ (1) = kAu(t) + [) h(t — s)Au(s)ds + f(t)g, t € [0,T], 51)
u(0) = uy, .
and the additional conditions:

<u(t)v¢j> = Gj(t)a te [OvT]a j = 1727 (32)

where ¢; (j =1,2) are given bounded linear functionals on X, and G;, ug, g
are given data.

We study the (IAP) under the following assumptions:

(H1) 6 € (0,1), X is a Banach space and A is a sectorial operator in X.
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H2) ugp € Da(1+ 6+ ¢, 00), for some ¢ € (0,1 —0).
H3) g € Da(f + €, 00), for some ¢ € (0,1 — 6).

(H2)

(H3)

(H4) ¢; € X', for j =1,2.

(H5) G, € C?([0,T)), for j =1,2.
(H6)

H6) The matrix

M o— <<AUO,¢1 > <g7¢1 >) (33)

< Aug, 2 > < g, ¢ >

is invertible and its inverse is defined by

air a2
M= . (3.4)
a1 a2
(H7) We require that the linear system

{k‘o < AUO,¢1 > +f0 < g7¢1 >= G/l(o)’

(3.5)
kO < AUO,¢2 > +f0 < g7¢2 >= G/Q(O)a
has a unique solution (kg, fo) with ko > 0.
(H8) wo := koAuo + fog € Da(l+0,00).

(Hg) < Uo,gf)j >= G](O), < ’Uo,d)j >= G;(O), j = 1,2.

REMARK 3.1 Owing to (H6) the first component kg of the solution (ko, fo)
is positive if and only if

1
det M

[G1(0) < g,¢2 > —G5(0) < g, ¢1 >] > 0.
The main abstract result is the following;:

THEOREM 3.1 Assume that conditions (H1)-(H9) are fulfilled. Then
Problem 3.1 has a unique (global in time) solution (k,u,h, f), with k € RT,
and u, h, f satisfying conditions (a), (8) and (7).

Proof. See Section 4 for the main steps of the proof or Section 5 in [13] for
all the details.

An application to the concrete case. We choose as reference space

X =c®), (3.6)
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where  is an open bounded set in R™ (in the introduction we have considered
the physical case n = 3, but the result holds for any n € N) with boundary of
class C2(1+0+2) for some 6 € (0,1/2), € € (0,(1/2) — ). We define

D(A) = {u c ﬂ W2P(Q) : Aue C(Q), D,ulsn = 0}7
1<p<aoo (3.7)
Au = Au, Yu € D(A).

It was proved by Stewart (see [28]) that A is a sectorial operator in X. Then
we recall the following characterizations concerning the interpolation spaces
related to A (see [23]):

C*(Q), if 0 1/2,
){ @), if 0<g<1/ .

DA(&,OO — .
{ue C¥(Q): Dyulpo =0}, if 1/2<&<1.

Consequently, if 0 < £ < 6 + ¢, we have
Da(1+€,00) = {u € C*IH)(Q) : Dyulsq = 0}. (3.9)
So we consider the Inverse Problem 1.2 under the following assumptions:

(K1) € is an open bounded set in R™ with boundary of class C2(1T0+¢)  for
some 0 € (0,1/2), € € (0, (1/2) — 0).

(KQ) Ug € 02(1+0+6) (ﬁ), DVUO‘QQ =0.
(K3) g € C?0+a)(Q).

(K4) For j = 1,2, p; is a bounded Borel measure in Q. We set, for ¢ € X,
<0y >i= [ ol (da). (3.10)

(K5) Suppose that (H5) holds.

(K6) Suppose that (H6) holds with ¢; (j = 1,2) defined in (3.10) and A
defined in (3.7).

(K7) Suppose that (H7) holds.

(K8) vo := koAug + fog € C*H(Q),  D,wolan = 0.
(K9) Suppose that (H9) holds.

Applying Theorem 3.1 we immediately deduce:

THEOREM 3.2  Assume that conditions (K1)-(K9) are satisfied. Then the
Inverse Problem 1.2 has a unique (global in time) solution (k,u,h, f), such
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that _
u € C*([0,T];C(R2)) N C([0, T]; D(A)),

Dyu € B([0,T]; C*H9(Q)),  Dju € B([0,T}; C**(Q)),
h € C([0,T)), feci(o, 1)), k€ R,
A being defined in (3.7).

3.2 The case of two nonlinearities
We solve the Inverse Problem 1.1 under the following conditions on the data:

(I1) Q is an open bounded subset of R™, lying on one side of its boundary
09, which is a submanifold of R™ of class C?.

(12) p € (1,+00), n € N, with n < 2p.
(13) wo € WHP(Q)
(14) ¢ € W2P' (Q). We set ¢ := Ag¢
(15) F € C*(R)
(16) wo := Aug + F(ug) € (LP(Q), WEP(2))1-1/p -
(I7) g € W?P(0,T).
(18) @(uo) = g(0) and ®(vo) = ¢'(0).
(19) ®(Aug) := [, ¢(x)Aug(z)dz # 0.
(I10) F, is bounded

THEOREM 3.3 (Global in time). Let the assumptions (I1)-(110) hold. Let
T >0 and p > 2. Then Problem 1.1 has a unique solution

(u, h) € [W2P(0,T; L*(Q)) N WP(0,T; WP (Q))] x LP(0,T).

Proof. See Section 5 for the main steps of the proof or Section 7 in [7] for
all the details.

4 The strategy for nonlinearity of convolution type
in weighted spaces

We now want to show in a more explicit way how we obtain our results
sketching some proofs. We follow the list in the introduction.
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Step (1). The abstract formulation is Problem 3.1.

Step (2). The functional setting is the space of bounded function with values
in an interpolation space, see («) for the function wu.

Step (3). We reformulate Problem 3.1 in terms of the equivalent nonlinear
fixed point system (4.10). In proving Theorem 4.1 we find out a set of regular-

ity and compatibility conditions on the data that makes the inverse problem
well posed. To this aim, we start by introducing some notations. We set

A() = k()A (41)

As kg > 0, see (HT), Ay is a sectorial operator in X . Next, we set, for ¢t € [0, T,

El(t) = allG’ll(t) + algG/Q/(t), (42)
@1(0 = aglai/(t) + CLQQG/Q/(t), (43)
T(t) == et ouy. (4.4)

We immediately observe that h; and w; belong to C([0,T]) and, owing to
Theorem 2.1, 7 € C([0,T]; D(A)) N B([0,T]; Da(1l + 8,00)). Next, we define,
again for ¢ € [0, 7],

E(t) : E1 (t) — koar1 < A@(t), ¢1 > —koaio < A@(t), ¢g >, (45)

W(t) = w1 (t) — koaor < AT(t), ¢1 > —koage < AT(t), P2 >.  (4.6)
Of course, h and W belong to C([0,T]). Finally, we introduce the follow-
ing (nonlinear) operators, defined for every (v,h,w) € [C([0,T];D(A)) N
B([0,T];Da(1 4 6,00))] x C([0,T]) x C([0,T1]):
R (v, h,w)(t) := e x (hAug + wg + h * Av)(t), (4.7)
Ra(v, h,w)(t) := —kolarr < AR1(v, h,w)(t), p1 >
+arz < AR1(v, h, w)(t), P2 >]
—ay1 < hx Av(t), p1 >
—a1s < h* Av(t), po >
—aj; < h*x AR (v, h,w)(t), 1 >
—aj2 < h* AR (v, h,w)(t), pa >, (4.8)
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Rs(v, h,w)(t) := —kolaor < AR1(v, h,w)(t), $1 >

+a09 < AR4 (1}, h, ’U))(t), o) >]
¢ >

P2 >

—ag1 < h* Av(t),

—ags < hx Av(t),
—ag1 < h* AR1(v, h,w)(t), $1 >
—age < h* AR (v, h,w)(t), p2 > . (4.9)

We observe that R, and R3 are well defined, because

Ri(v, h,w) € C([0,T); D(A)) N B([0,T); Da(l 4+ 6,00)).

Moreover, Ra(v, h,w) and R3(v, h, w) both belong to C([0,T]).

Now we can introduce the following problem:

PROBLEM 4.1 Determine three functions v, h, w, such that

() ved([0,T]; D(A) N B([0,T}; D(1 + 6,00)),

(8") heC((o,T]),

(v) w e C([0,T]),

satisfying the system

v =T+ Ri(v, h,w),
h = h+ Ra(v, h,w), (4.10)
w =7+ Raz(v, h,w).

THEOREM 4.1 (Equivalence) Let A be a sectorial operator in the Banach
space X and 0 € (0,1). Let us assume that the data g, vy, ¢; and G (j = 1,2)
satisfy the conditions (H1)-(HY9). Suppose that k, u, f, h satisfy Problem 3.1,
with k € Ry and u, f, h fulfilling the regularity conditions (), (8), (7). Then

(1) k = ko, the triplet (v, h,w), where v =u', w = ' satisfies the conditions
(o), (8", () and solves Problem 4.1;

(II) conversely, if (v, h,w), with the above regularity, is a solution of the
Problem 4.1, then the triplet (u, h, f), where u = ug+1%v, f = fo+1*w,

satisfies the regularity conditions (a), (8), (v) and solves Problem 3.1
with k = ko.

Proof. It is Theorem 4.2 in [13] and it is based on Theorem 2.1.
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Step (4). Fundamental estimates for the integral operators R;, j =1,2,3, in
the weighted space.

We introduce some crucial estimates that will be essential to obtain global
in time existence and uniqueness of a solution to our inverse problem. Let
A>0,T7>0,0€(0,1). If f € B([0,T]; X), we set

|l ox) i= sup e M [u(t)]]. (4.11)
0<t<

We denote by C\([0,T]; X) the space C([0,7T]; X) equipped with the norm
Il o7l

We will use the notations Cy([0,T];R) = C\([0,T]) and Bx([0,T];R) =
Bx([0,T]). We now state some useful estimates in these weighted spaces for
the solution of the Cauchy problem given by Theorem 2.1. We will list in the
following theorems what kind of estimates we are in need of.

THEOREM 4.2 Let A : D(A) — X be a sectorial operator, 8 € (0,1).
Let us suppose that f € C(]0,T); X)NB([0,T];Da(0,00)). Then the following
estimates hold:

Co
e fllestorix) < 75 1F lexdo.rix (4.12)
ifO<E<1+0,
c(9,¢)
e % £l By (0.77:Da (6100)) < W||f\\BA([O,T];DA(a,OO)), (4.13)

with Cy and C(6,&) independent of f and A.
Proof. It is that of Theorem 4.3 in [13].

THEOREM 4.3 Let A >0, h € C([0,T]) and v € C([0,T]; X) N B([0,T];
Da(0,0)). Then there exists C' > 0, independent of T, A\, h, u, such that, if

¢
hxu(t) := / h(t — s)u(s)ds, (4.14)
0
hxu e C([0,T]; X)NB([0,T];Da(0,0)) and satisfies the following estimate:

(| * UHBA([O,T];DA(AOO)) < Cmin { THh||B)\([07T]) HU||BA([07T};DA(0,00))’
(L4 N HI2l 5 0,21 11l B0, 77504 (8,00))

1+ ||h||5<[o,:r1)HUIIBA([O,TJ;DA(e,oo))}'
(4.15)

Proof. It is that of Theorem 4.4 in [13].
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The above theorems give us the possibility to estimate the operators R;,
ji=1,23.

LEMMA 4.1 Assume that conditions (H1)-(H9) are satisfied. Let R1, Ra,
Rs be the operators defined in (4.7), (4.7), (4.8), respectively. Then there ex-
ists C > 0 such that, for all A > 0, v,v1,v2 € C([0, T]; D(A))NB([0,T); Da(1+
0,00)), hyhi,hy € C([0,T]) and w,wy,ws € C([0,T]) we have

[R1 (v, hyw) B, (10,1104 (140,00)) < ClIIB % AT 5, (j0,77:Ds (6,00))
1+ X" (IRll By o,y + llwllB,(jo,7))
+(1+ X)) ||k = Blls, 0,17

v =5, (0,714 (146,00)))

+Hh = Rllsy o, llv — WHBA([O,T];DA(Hef)L

16)
[R1(v1, hi,wi) — Ra(v2, ha,w2) |5, (0,774 (146,00))
< C[l[h1 = halls, o, V1 = Dl B, (j0,77:D 4 (146,00))
+ [|ha = Rlls, (o, lv1 = v2llB, ((0,71:Da (146,00))
+ (1 + X)) (lhr = hallsyjo,r)) + llwr — w2lls, (0,17))
+ (14 X)) or = v2llB, (0,130 (140.000); (4.17)

and, if i € {2,3},

IR (v, b, w) |5, (0,77)
< ClIR1(v, hyw) |, ((0.17:D4 (1+6,00)) T (1 + X) " |Bl 85 f0.17)
+ (1 = hllBy o, IR (v, by )l 8, (0,17:Da (140,00p s (4.18)
|Ri(v1, hi,wi) = Ri(v2, ha,w2) |5, (0,1
< C[lIR1(v1, haywr) — Ra(vz, ha, wa)| B, (j0,77:D 4 (146,00))
+ (14 X)7Hh1 = halls, o7
+ [|h1 = ha||s, (o, 7)) IR (v1, by, wi) 8, (0,77 4 (146,00))
+llh2 = hlls, o, IR (1, hay wi) = Ra(va, ha, wa) |5, (10,7104 (146,00))]- (4:19)

Proof. It is that of Lemma 5.1 in [13] and it is based on Theorems 4.2 and
4.3.
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Step 5. By the Contraction Principle we prove Theorem 3.1. Let A > 0. We
set

Y (A) == (Cx([0, T]; D(A)) N BA([0, T); Da(1 + 6,00)) x Cx([0,T])?,  (4.20)
and we endow it with the norm

[ (v, hy w)ly (x) := max{|[v]| 5, (jo,75:D4 (1+0,00)): 1Bl 85 ([0,71) ||w\|zsx([o,T]<)}7 |
4.21
with v € Cy([0,T]; D(A)) N BA([0,T]; Da(l + 0,0)), h € Cx([0,T]) and w €
Cx([0,T7). With the norm (4.21) Y'(\) becomes a Banach space.
Let A >0, p > 0 and set

Y(A p) = {(v,h,w) € Y(N) : ||(v, h,w) — (T, E,E)Hy()\) < p}. (4.22)

Then, for every p > 0, Y(A, p) is a closed subset of Y(\).
Now we introduce the following operator N: if (v, h,w) € Y (X), we set

N(v,h,w) := (0 + Ri(v, h,w), h + Ra(v, h,w), W + Ra(v, h,w)).  (4.23)

Clearly N is a nonlinear operator in Y (A).

Now we show that Problem 3.1 has a solution (k,u, h, f), with the regularity
properties (a), (3), (7).

Applying Theorem 4.1, we are reduced to looking for a solution (v, h,w) of
system (4.10), satisfying the conditions («'), (8'), (v'). This is equivalent to
looking for a fixed point of N in Y (X), for some A > 0. For the details see
Section 5 in [13].

Step (6). An application of the abstract result is Theorem 3.2.

5 The strategy for the case of two nonlinearities
in Sobolev spaces

We show the main ideas on which is based the global in time result for the
doubly nonlinear problem.

Step (a)—(b). We consider in this case the concrete formulation of the prob-
lem since the correct functional setting is the Sobolev space

X(T,p) = WHP(0,T; LP(Q)) N LP(0, T; WP (€)).
Step (c). An equivalent reformulation of the problem is the following;:
THEOREM 5.1 Let the assumptions (I1)-(19) hold. Let w and h verify
the conditions

u € W2r([0,T]; LP(Q)) nWHP([0,T]; W*P(Q)), h e LP([0,T]), (5.1)
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and solve the system (1.1)—(1.3). We set v := Dyu, so v and h satisfy the
conditions

ve Whe(0,T; LP(Q)) N LP(0, T; W2P(Q)),  he LP(0,T)).  (5.2)

Then v and h solve the system (5.4) and (5.6). On the other hand, let v, h
satisfy the conditions (5.2) and solve the system (5.4) and (5.6). If we set
u = ugp + 1 * v, then u, h verify the conditions (5.1) and solve the system

(1.1)-(1.3).

Proof. We split the proof into two steps.
Step 1. Suppose that the problem (1.1)—(1.3) has a solution
u € W2P(0,T; LP(Q)) nWhP(0,T; W?P(Q)), he LP(0,T).

We set
Dyu(t,x) :=v(t, ), (5.3)
and we differentiate the first equation in (1.1) to get
Du(t,z) = Av(t, z) + h(t)Aug + h * Av(t, x)
+ By (uo(z) + 1 xv(t, z))v(t, z),
v(0,2) 1= vy = Aug(x) + F(up(z)), x € Q,
Dyv(t,z) =0, t€[0,T], z € Q.

(5.4)

If (I1)—(19) hold, obviously we have v € WP (0, T; LP(2)) N LP(0,T; WP (L))
and h € LP(0,T). Apply now functional ® (cf. (I9)) to the first equation and,
keeping in mind that ®(D;u)(t) = ¢'(t) and ®(D?u)(t) = ¢ (t), we get

g"(t) = ®[Av(t, )] + h(t)2[Aug(-)]
+h ok B[A(E, )] + B[, (uo(-) + 1+ v(t, )v(t, ). (5.5)
We can write, setting x =% := ®[Aug(-)] # 0,
h(t) = xg" (t) = x®[Fu(uo() + 1+ v(t,))o(t, )]
—X®[Av(t, )] — xh * B[Av(t, )] (5.6)

Step 2. Suppose now that v € WLP(0,T; LP(Q)) N LP(0,T; W2P(Q)) and
h € LP(0,T) satisfy system (5.4) and (5.6). Since D;u(t,z) = v(t,x) we
observe that the first equation in (5.4) can be rewritten as

Dy[Dyu(t, ) — Au(t,z) — h * Au(t,z) — F(u(t,z))] =0,
which gives

Diu(t,x) — Au(t,z) — hx Au(t,z) — F(u(t,z)) = C(x). (5.7)
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Setting t = 0, we have

vo(x) = Aug(x) — f(uo(z)) = C(a),

so we get C = 0. So, from equation (5.7) we deduce the first equation in (1.1).
Consider the equation for A in (5.5), it can be written as:

Dig'(t) = D[®[Aul(t, )] + h * ®[Aul(t, )] + P[F(u(t,-))]]. (5.8)
This gives
c+ g (t) = ®[Au(t, )] + h x P[Au(t, )] + P[F(u(t,-))].

At t = 0 we have
¢+ 9'(0) = ®[Aug(-) + F(uo(-))]-

Since Aug(z) + F(ug(x)) = vy and ¢'(0) = ®[vg] we get ¢ = 0. Then the
equation
Dy ®[u(t, )] = g'(t)

becomes
d + ®lu(t,-)] = g(t).

Setting ¢ = 0 and recalling the compatibility condition ®[u(0)] = g(0), we get
¢’ =0 so that
Olu(t, )] = g(t).

Step (d). We get the preliminary lemmas that are necessary to estimate the
operators entering in the equivalent reformulation of the problem.

THEOREM 5.2 Let X be a Banach space, p € (1,+x), 7 € RY, h €
L?(0,7), f € LP(0,7; X). Then hx f € L?(0,7; X) and

1h fllzeo,r) < 772 [Pl oo ) 11l o 0,7:) -
Proof. It is that of Theorem 3.2 in [7].

THEOREM 5.3 Let X be a Banach space, T € RT, p € (1,400), 2 €
WP (0,7; X), with 2(0) = 0. Then

1-1/p

2l Lo o,mx) < T lzllw e 0,7:%)> (5.9)

||ZHLP(0,T;X) < Pil/pT ||Z||Wl=p(0,T;X)' (5.10)
Proof. It is that of Theorem 3.3 in [7].
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THEOREM 5.4  Under the conditions (I1) and (12), W2P(Q) is continu-

ously embedded in C(Q)) and is a space of pointwise multipliers for WP (L),
fors=0,1,2.

Proof. It is that of Theorem 3.4 in [7].

THEOREM 5.5 Under the assumptions (I11),(I12) and (I3), if S € C*(R),
then the map v — S o v is of class C° from W2P(Q) into itself. Moreover,
for all k € Ny, (S o)) is bounded with values in LF(W?P(Q), W?P(Q)) in
every bounded subset of W2P(2).

Proof. It is that of Theorem 3.5 in [7].

THEOREM 5.6 Assume that (I1) and (I2) are satisfied, S € C*(R),
uy € W2P(Q). Let R € RY, 0 < 7 < T and let V; and Vs be elements of
X(1,p) such that

] el T 5P S .
jg?f;} IVillLeo,rw2r )y < R
Then
1S (uo + 1% V1)Vi — S(xo0 + 1 % V2)Va| e 0,700 (0))
< C(R, T)7.(p—1)/(2p)|W1 _ VzHX(T,p)-
Proof. It is that of Theorem 3.6 in [7].

THEOREM 5.7 Let p € (1,400), Q satisfying (H1), ¢ € L (Q), 7 € R,
We define in LP(0,7; LP(Q)) the operator

B(f)(0)i= [ ole)f(t. )
Q
If u € X(7,p), we consider the map u — ®[Au]. Then ®[Au| € LP(0,7) and

H(I)[AU]HL”(O,T) < w(T)HuHX(T,p)v (511)

with w(7) > 0, independent of u, and lin%)w(T) =0.

Proof. It is that of Theorem 3.7 in [7].

Step (e). The local in time existence theorem and the global in time unique-
ness theorem without the condition F,, bounded.
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THEOREM 5.8 (Local in time existence and uniqueness). Let the assump-
tions (11)—(19) hold. Then there exists T € (0,T], depending on the data, such
that the inverse problem (1.1)-(1.3) has a unique solution

(u, h) € [W2P(0, 73 LP(Q)) 0 WP (0, 7: W2P(Q))] x LP(0, 7).

Proof. It is that of Theorem 2.1 in [7] and its proof is based on Theorems
2.2 and 5.2-5.7.

THEOREM 5.9 (Global in time uniqueness). Let the assumptions (I1)-
(19) hold. If T € (0,T), and if the inverse problem in Definition 1.2 has two
solutions (uj,h;) € W2P(0,7; LP(Q)) N WHP(0, 7; W2P(Q)) x LP(0,7), j €
{1,2}, then uy; = us and hy = hs.

Proof. It is that of Theorem 2.2 in [7] and its proof is based on Theorems
2.2 and 5.2-5.7.

Step (f). We linearize the convolution term. From the local in time existence
and uniqueness theorem we observe that a unique solution u, T exists in [0, 7]
for some 7 > 0. So we can consider the equations:

Dyo(7 +t,2) = Av(T + £, 2) + h(T + t) Aug

+ fT+t (T +1t—s)Av(s,z)ds + Fy(uo(z) + 1 xo(1 +t,2))o(T + t,2),
o(r,z) = ur(z), z€Q,

Dyu(r +t, a?):O te [0 T), z € 0%,

Dlu(r +t,-)] := [qd(x)v(r +t,x)de =g (T +1), tel0,T].
(5.12)
We define the new unknowns
vr(t) =v(r+1t), h(t)=h(r+1t), g-(t)=g(T+1), (5.13)

and we observe that

1*u(7+t,x):/0T+tv(s)ds:/OTa(s)dH/:Hv(s)ds

- /0 o(s)ds + /Ot v, (s")ds'

where we have set s — 7 = s’ and defined

Uo(x) :=up(z) + 1 x0(t, x).
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So we can rewrite
FU(UO(x) +1x U(T + t7x)) U(T + t,l‘) = Fu(ﬂO(x) +1x ’UT(t,Jf)) ’UT(ta'r)'

Let now 0 < t < 7. Thanks to the splitting

T+t
/ h(t +t—s)Av(s,z)ds
0
T t+7
:/ h(T—I—t—s)Aﬁ(s,x)ds—F/ h(T 4+t — s)Av(s,z)ds
0 T
t T
:/ hT(t—s)Aﬁ(s,x)ds+/ BT+t — $)AT(s, 2)ds
0 t

t+TA
+/ h(T 4+t —s)Av(s,z)ds (5.14)
and setting s — 7 = s/, we have

t+r t
/ h(T 4+t — s)Av(s,z)ds = / h(t — s")Av, (s, x)ds’.
T 0

Consequently, the convolution term becomes linear in the unknowns involved
in the convolution so that the system becomes:

Dy, (t,x) = Av,(t,x) + he (8)Aug + hy * AD(L, x)
+hx Avp(t,2) + Fy(tio(x) + 1% v-(t, 2))v- (8, 2) + F(t, )

vr(0,2) =ur(z), z€Q, (5.15)
DVUT(t x):O te[0,T], x € 09,
v = [ o(@)v.(t,x)dx = g.(t), tel0,T],

where we have set

F(t,z) = [E(T +t— s)AD(s, z)ds.

Steps (g) and (h). We deduce the a priori estimates for vy and h..

The idea is to get — thanks to the fact that F, is bounded — the a priori
estimates for the unknowns v, and h,. The proof is based on the following
lemma.

LEMMA 5.1 Assume that the assumptions (11)-(110) are fulfilled, p > 2.
Let (v, h) € X(r,p) x LP(0,7) be a solution of (5.4)—(5.6) in [0,7] x £, with
0 <7 <T. Then, there exists C > 0, such that, for all 6 € (0,7 A (T T)], if
(v,h) € X(T+9,p) x LP(0,7 +0) is a solution of (5.4)—(5.6) in [0, + 0] x 2,
then

||UT||X(T+5,p) + ||hT||LP(O,T+5) < C.
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Proof. It is that of Lemma 7.3 in [7].

Now, in a finite number of steps we can extend the solution to the interval
[0, T]. For all the details see Section 7 in [7].
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Fourth order ordinary differential
operators with general Wentzell
boundary conditions '

Angelo Favini, Gisele Ruiz Goldstein,
Jerome A. Goldstein and Silvia Romanelli

Abstract
We consider the fourth order ordinary differential operator Au := (au)” with
boundary conditions

Au() + B (au’)' (5) + vju(d) =0, =01

and one of u'(j),u”(5) vanishes for 5 = 0, 1. Here 8o < 0 < f31.
Then A is essentially selfadjoint and bounded below on the Hilbert space
H = L?*(0,1) ® C2, the completion of C[0, 1] under the inner product

(ol = [ u@p@ de+ 3 wu()

where w; := (—1)7T1/3; for j = 0,1. Applications to partial differential
equations are given.

1 Introduction

In some previous papers (see, e.g., [5], [6], [4]) we showed how to solve linear
parabolic equations of the form D;u = Au (A a second order elliptic operator)
with boundary conditions of the form aAu + 5% + yu = 0 on 052, provided
that 8,7 € C1(09), 3 > 0 on 99. Here we find the corresponding results for
the fourth order operator A of the type Au := (au’)”, where we assume that

(A1) a€C*0,1], a(x)>0 in [0,1],
with general Wentzell boundary conditions of the type

(BC); Au(§) + B;(au) (§) +vu(j) =0 j=0,1,

I'Work partially supported by the GNAMPA-INdAM.
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where 8y < 0 < 1, and v; € R, for j = 0,1. In order to study positivity and
essential selfadjointness of A in suitable Hilbert spaces, obtained as comple-
tions of C[0,1] with respect to an inner product depending on 3;, j = 0,1,
additional boundary conditions must be imposed. Notice that boundedness
below and essential selfadjointness of an operator B guarantee the existence
of an analytic semigroup and of a cosine function generated by the closure of
—B (see, e.g., [10], Theorem 6.12, Theorem 6.6, Theorem 7.4, Theorem 8.5).
For the treatment of the higher dimensional case we refer to [7]. A classifi-
cation of general boundary conditions for symmetry, boundedness below and
quasiaccretivity of the operator Au = u”” will be studied in the paper [8]. Ex-
amples of fourth order elliptic operators with classical boundary conditions
can be found, e.g., in [11], Chapter 2, Section 9.8.

2 The main results

We consider the case when the coefficient a is sufficiently regular and strictly
positive, i.e.,

(A1) a€CY0,1, a(x)>0 in [0,1].
Then we assume that
(A2) w= (wy,w2) €ER?* w; >0 for j=0,1.

(A3) H := L*0,1) ® C2 denotes the completion of C[0, 1] with respect to
the norm associated with the inner product

1

(u,v) g ::/0 u(x)@dx—l—iju(j)v(j), u,v € H.

=0

Note that if w € H*(0,1), then v € C[0,1] and u can be identified with
(u,ulg0,13) € H.
Let us introduce the following additional boundary conditions:

BC), @(0) =0 =u"(1),
BO)s w'(0) = 0 = u/(1),
BO), W(0) =0 = u/(1),
BO)s u"(0) = 0 = u”(1).

Let us consider u,v € C*[0, 1] which verify (BC);, where 8, < 0 < 1, and
v; € R, for j = 0,1. We start by studying the symmetry, if A is defined on

Dy(A) :={ue C*0,1]: (BO);, j=0,1, and (BC); hold}
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for some k = 2,3,4,5, where w; := (—1)J*1/3; for j =0, 1.
Let us evaluate

1 1
(u.0pn = [ @) @@ de+ Y w Al 21)

§=0
and denote by
1 [—

Cr =Y w;Au(j)v(j). (2.2)

j=0

Integration by parts in (2.1) gives

1 [
(Au,v)g = / (au”)"(z)v(z) dz + Cy (2.3)
0

S / (a"Y (&)o' (@) da + (2]} + C

- /O 1(au")(x)mdx —au"V'|§ + By + C4
(where By = (au”)v]})

= — /01 o (x)(av”) () do + u'av”|§ + Ba + By + Cy
(where By = —(au”)v'[})

— /01 u(z)(av”)" (x) dz — u(av”)' |y + By + By + By + Cy

(where Bs = u'(av")[})

1 4
= /0 u(z)Av(z) dx + Z B, +Cy

i=1
(where By = —u(av”)'[})
4 —
= (u,Av)g + Y Bi+C1 - C
i=1

1
(where Cp = iju(j)Av(j)) .
3=0
We show that if we add one of the additional boundary conditions (BC)
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for k =2,3,4,5, then
4 —
Z B;+C;—Cy=0, (24)
i=1
and, consequently, (A, Dy (A)) is symmetric.

Let us examine all the cases corresponding to (BC), k = 2,3,4,5.
Case (BC)y. Assume that u, v satisfy (BC)a,, i.e.,

W'(0)=0=1u"(1) and 2'(0)=0=12"(1).
This implies
By = By = 0. (2.5)
Moreover, from the boundary conditions (BC);, j = 0,1, it follows that

Au(j) = =B;(au”) (j) — vjulj), 7=0,1
Av(j) = =Bj(av”) (§) — vv(d), J=0,1.

Hence

~C = _ijAu@)@ — > wyu(j)Av(j)

On the other hand

Bi+ By = (au”)' (1v(1) — u(1)(av")'(1)

+u(0)(av")'(0) — (au”)’(0)v(0). (2.7)
Thus, plugging (2.5), (2.6) and (2.7) in the left hand side of (2.4), we obtain

(1 —w1B1) - [(au”) (1)v(1) — u(1)(av”)(1)]

+(1 4 wof) - [u(0)(av”)(0) — (au”)’(0)v(0)] = 0, (2.8)

and assertion (2.4) holds.
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Case (BC)3. Assume that u,v satisfy (BC)s, i.e.,
u’(0) =2"(0) =0, «(1)=2(1)=0.

Thus, as in case (BC)2, Bo = B3 = 0 and similar arguments as in case (BC')s
allow us to conclude that assertion (2.4) holds.

Case (BC)4. Suppose that u,v satisfy (BC)y, i.e.,
' (0) =v'(0) =0, «'(1)=2'(1)=0.

Then again By = Bs = 0 and similar arguments as in case (BC)3 lead to the
conclusion that assertion (2.4) holds.

Case (BC)s5. Assume that u, v satisfy (BC)s, i.e.,
u”(0) =2"(0) =0, «’(1)=2"(1)=0.
Therefore, Bo = B3 = 0 and as before the assertion follows.

In order to prove positivity, let us consider v € C4[0, 1] and observe that,
according to calculations in (2.3), we have

1
(Au,u)y = /0 alu”)? de — au" @' | + (au”) @l
1 —
+ w;Au(f)u(j).
=0

If, in addition, u satisfies (BC');, j = 0,1, and (BC)j, for some k = 2,3,4,5,
then au”u'|} = 0 and we obtain

1
(Au,u)g = / alu" > dz + (au") al} (2.9)
0
1 PR
+YwiAu(j)ulj).
§=0
Now, by taking into account (BC);, j = 0,1, we have
1
(Au,u)yg = / alu”|? dx + (au”) al}
0
1 PR

+ > wil=Biau) () = ~v5u(i)]ulj)

Jj=0

1
= /0 alu”|? dz + (1 — Brw)(au”) (1) u(1)

—(1+ Bowo) (au")' (0)u(0) — yowolu(0)[* = yrwifu(1)[*. (2.10)
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This is the reason we assume w; := (—1)7*!/8;, j =0, 1. Then this choice of
(wo, w1 ) uniquely determines H. It follows that

1
(Au,u) gy :/ a\u"|2d:c—*yowo|u(0)|2 771w1|u(1)|2. (2.11)
0

Thus, if we add the assumption v; <0, j = 0,1, it yields that

1

1
(Auu)s = [ alu P+ Y byl 20 (2.12)
0

=0

In particular, if v; < 0, j = 0,1, then

1 1
(Au,u) = / alu[2 dz + 3 Pyl u(i) 2 > 0, (2.13)
0

=0

unless u = 0.
Now we prove the following result which is of independent interest.

LEMMA 2.1 Given wg > 0,wy; > 0, there exists € > 0 such that for any
u € C?0,1] we have

/ @) ds +§wj|u<j>|2 = u(o)? da +§wju<j>|2).

Proof. Let us consider u € C2[0,1] and z¢ € [0, 1] such that

u(l) —u(0) = /0 o' (z) dz = ' (z9).
Then

) = | " () dy + u(0)

— /Oz (/Iy u”(2) dz + u’(xo))dy +u(0)

0

_ /0 (/: " (2) dz) dy + 2 (a0) + u(0).

0

Since (a + b)? < 2a? + 2b2 for any a,b € R, we deduce that

1 1 1
/ lu(z)|? de < 2/ |u” () |? dw+2/ |z’ (z0) + u(0)|? d.
0 0 0

Therefore, for any = € [0, 1]:
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|z (20) +u(0)]* < 2[u’ (z0)[* + 2|u(0)|*
= 2(Ju(1) — u(0)[*) + 2Ju(0)*
< Afu(1)]* + 4Ju(0)]* + 2[u(0)|*
< 6(|u(1)]* + [u(0) ).

This gives

1 1 1
[ @ de <2 [ @R de 123 )P
0 0 j=0

or, equivalently,

! " 2 1 ! 2 : -\ 12
| @k ae =g [ ) =63 i)

It follows that for any 0 < o < 1, we have

1 1 o 1 1 -
/ P dot )P > / o) e + 32 ) vy — )

Choose a := min{1,wo/12,w; /12}, thus w; — 6a > w; /2, for j =0, 1. Hence

1 1 1 1
| W@+ S w ) = 5 [ @R de+ 3 ).
7=0 7=0
Then the assertion is true with e = a/2.

Let us state our main result.

THEOREM 2.1 Under the assumptions (A1) ——(A3), the operator A with
domain

Di(A) :={u € C*0,1]: u satisfies (BC);, j=0,1, and (BC)y}

is essentially selfadjoint and bounded below on the space H for any k =
2,3,4,5, provided that By < 0 < 31, w; := (=1)71/B;, and H is the cor-
responding Hilbert space. In addition, we have A > el ande > 0 (resp. € > 0)
if v; <0 (resp. v; <0), for j=0,1.

Proof. Let us define Ay the realization of A in H with domain Dy (A) for
k=2,3,4,5. If u € Dg(A), then by (2.10) we obtain

1 1
(Aku,u)H:/ a|u”|2dac—2'ijj|u(j)|2.
0

=0
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Thus, if 7; <0, 7 = 0,1, then Ay > 0. In general, we have

1 1
(Apu,u)pg > ao/ " da = > yjw; fu(j))?
0

=0

1 1
> =Y puglu(i)? - / ul? de
7=0 0

2 min{—’Ym -7, _1}H’U’||%I

This yields that Ay is bounded below. Moreover, if v; < 0, for 7 = 0, 1, then
Lemma 1 allows us to find an €9 > 0 such that

1 1
A = = [l do+ 3" wsluli)?) = zollul.
0 o

Thus the second assertion of the theorem holds. Now, according to previous
calculations, we already know that Ay is symmetric for any k = 2,3,4,5. In
order to prove that A is essentially selfadjoint, it suffices to show that the
range of A\l + Ay is dense for sufficiently large real A. To this end, let us
consider for each h € C?[0,1] the equation

M+ Agu=h in [0,1]. (2.14)

We seek a solution u € Dy (A) which satisfies (2.14). From (BC); and (2.14)
we deduce that

—Bj(au”) (j) + (A = v;)u(j) = h(5), Jj=0,L (2.15)

We begin by finding a weak solution of (2.14). Let v € C?[0, 1], multiply
(2.14) by v and integrate to get
1 1 1
A wdzx —|—/ (au")"vdx = / hv dz. (2.16)

0 0 0

Integration by parts gives
1 1
)\/ ut dx + (au’)'v|} —/ (au')v" dx
0 0

1
= / hvdx. (2.17)
0
From (2.15) we deduce that

(A — vj)iiﬂ(j) - h(j)7 j=0,1,

(") (j) =
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and we obtain that (2.17) becomes

b A —)uM)o(1) A =20)u0)s0) (1
)\/0 uwodr + - —/(au)vdx

ﬁl 60 0
v R(1)5(1)  h(0)T(0)
/0 ho dx + T A (2.18)

Again integrating by parts gives
! — 1)w(1 - v
[ e 4 QZWUHY O )OO
0

B Bo
1
_ 1\=/1 llflld
(au)v0+/0 au'v" dx
Y h(1)u(1) — h(0)v(0)
_/0 hodr + = o (2.19)

Now, for any k = 2,3,4,5, let us introduce
Vi i={u € C*0,1]: u satisfies (BC);, j=0,1 and (BC):},

and observe that for any & = 2,3,4,5 and any u,v € Vg, the equality (2.19)
reduces to

- (A =y)u@)v(1) (A= 0)u(0)v(0) L
)\/0 uv dx + 3 — 5o +/O au'v" dx

N ) A(O)(0)
_/0 Wode + =4 o (2.20)

For k = 2,3,4,5 let us denote by K} the completion of Vj, with respect to the
norm || - ||k given by

1/2
lullx = (lullE + w122 0,1),0.d0))

Let L(u,v) be the left-hand side of (2.20) and let F'(v) be the corresponding
right-hand side. Thus L is a bounded sesquilinear form on Kj and F' is a
bounded conjugate linear functional on Kj: indeed for any u,v € K we have

[ L(u, v)| < max{[Al, H[ul[ g [0l + (1Al + max{]yol, [} lullzllvf| o
< W) lullky (vl

and
[F)] < |hlla o]k,
provided that h € H. Also

Re L(u,u) > min{A\, A — y1, A — 70, 1}||7.LH%(I€
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By the Lax-Milgram lemma, for any k = 2,3,4,5, for any A > max{vy1,70,1}
and for any h € H there is a unique u € K}, such that

L(u,v) = F(v), ve€ K.

That is, (2.20) holds and this u € K}, is our weak solution of (2.14) which
satisfies (BC)yg, if sufficiently regular. For h in a dense set, we want to show
that our weak solution is in Dy(A). If h € C*+€[0,1], then we know that
u € H1(0,1) satisfies (in the weak sense)

M+ (au”)” = h € C*F[0,1],

together with the boundary conditions in Vj, when sufficiently regular. More-
over u satisfies the uniformly elliptic problem

A+ (av”)" =h in (0,1), (2.21)

U(j) :Tl(.j)a Ul(j) :T2(j)a Jj=0,1, (2'22)

where 71(j) = u(j), 2(j) = ¥/ (j), for 7 = 0,1. This implies that v = u €
H?(0,1). Next, if we define z := au”, it satisfies

2" =h— e H?*0,1)

and
Z/(j):7—3(j)7 j:0717

where 73(j) = ﬁ;l()\v(j) —v;jv(j) — h(4)), for j = 0,1. Then v € H*(0,1) and
sou € C3%90, 1]. This implies 2" € H*(0,1) and we obtain that z € H%(0,1).
Then by Sobolev’s embedding theorems (see, e.g., [3], [9], [12]), u € C*[0,1]
and, as u belongs to K}, it satisfies (BC); for j = 0,1. This yields u €
Dy (A). Hence Ay is essentially selfadjoint. This shows our assertion for any
k=2,3,4,5.

REMARK 2.1 Notice that in the previous theorem everything works pro-
vided that a € H3(0,1). Indeed, for the symmetry of Ay it suffices that
a € C?[0,1], while for the range condition of the closure of Ay it suffices
(see the last four lines of the proof) that u” € H3(0,1), what follows from
a € H3(0,1). In addition, if we denote by D := D, then similar arguments
as before can work also for B2, with B := D(aD), and operators of the type
D?(aD?*)+D(bD)+-cI acting on H, provided that a satisfies (41), b € C3[0, 1],
¢ € C?[0,1], and suitable additional boundary conditions are considered. Ex-
tensions to dimension N work well provided that D is replaced by V (see

[7])-
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REMARK 2.2 Let Au := u"” on an interval (o, 3) CC R. Associate any
linear boundary condition with A (e.g., general Wentzell boundary conditions
or Robin boundary conditions). We have

(e, B) € D(A).

We know that, in many cases, A is accretive on L? (or H), i.e., —A is dissi-
pative. We show that A is not quasi-accretive on Cla, ]. For convenience we
take € > 0 and [a, ] = [—2¢, 2¢]. Assume that £ < 1/2, and take n be an even
positive integer sufficiently large, in such a way that

4
2 n—4 < =
22yt < 2

If we define
u(z) = 2™ — " +b,

with n > 10, then it follows that @ is even and positive in [—2¢, 2¢], provided
that (2¢)* < b.
Moreover we obtain

" (x) = =24 +n(n—1)(n —2)(n — 3)a" ™.

Let u := up, where ¢ € C°(—2¢,2¢), ¢ even, ¢ = 1 in [0, ], and decreasing
in (g,2¢). Hence v € D(A) (no matter which boundary conditions we use)
and u(”) =" on [—¢,¢], for any 7 € N.

Notice that u is even and we have

' (7) = na" "t — 42% = 42® (gﬂ“‘l - 1) <0 on [0,2¢].

Therefore w is decreasing in [0,2¢] and [mgXQ ]ﬂ(x) = u(0) = b. Since we
xe|—2¢,2¢

have v’ = @@ + uy’, it follows that w is decreasing in [0, 2¢] and
[ull o[-2e.2e) = b = u(0).
In addition we have
n(n—1)(n—2)(n —3)n*" < 1.

Hence
u""(0) = Au(0) € [—24, —23].

On C[—2¢,2¢] = Cla, 8], we consider the mapping
’l/) = bdg = ||u||0050 S J(U),

where J is the duality map and dp(u) := u(0) (see, e.g., [2], Chapter II Ex-
amples 3.26). Observe that

< Au,p >=bu""(0) € [—-24b,—23b].
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Consequently < Au,1 > cannot be nonnegative for all ¢ € J(u).
Does exist w € R such that A + wI is accretive?
The answer is no. Indeed, if it were yes, then we should obtain

< Au+ wu,p > = bu"" (0) + wl|ul|,
= bu"(0) + wb?
= b(u""(0) + wb)
< (=23 + wb)d.
Thus, given w > 0, if we choose b € (0,23/w), we should get the contradiction

< Au+wu,p > < 0.

We worked on C[—2¢,2¢], but we could rescale to make things work on
[0, 1]. For other relations between boundary conditions and accretivity when
Au = u"" see [7].

REMARK 2.3 Let us consider the operator Aju := (au”)"” on C*[0,1],
where
a € C*0,1], a(x)>0 forall zel0,1].

We equip A; with general Wentzell boundary conditions (BC);, for j = 0,1,
where 7, € R, By < 0 < 31, and with (BC)y, for k = 2,3,4,5. Then A; is
essentially selfadjoint and A; > €I on H. In addition, € > 0 if vy, < 0 and
e > 0 if 79,71 < 0. Also, for a = 1, let us consider the operator B := D2 on
C?[0,1]. It is essentially selfadjoint in H if the boundary conditions are

Bu(j) + Bju'(§) + vju(j) =0, j=0,1.

Then Ay := B2 on H has its boundary conditions
W (5) + B (§) + yu” () =0, j=0,1 (2.23)
W (j) + B (5) +vu(i) =0, j=0,1. (2.24)

All of these operators, i.e., A; for a = 1 with (BC);, j = 0,1 and (BC)y
for 2 <k <5, and Ay = B? with (2.23) — —(2.24) agree on the same domain

CH0,1) :={uecC*0,1] : u'7(j)=0,0<7<4, j=0,1}.
Moreover, for any of these A’s we have
dim D(A)/C;(0,1) < oo
(see [7], Appendix). Thus, if A € p(A41) N p(Az), then
A=A = (A =49

is a finite rank operator. Since A, = B2 has a compact resolvent (since B
does by [1]), so do all of our Ay.
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Study of elliptic differential
equations in UMD spaces '

Angelo Favini, Rabah Labbas, Stéphane Maingot,
Hiroki Tanabe and Atsushi Yagi

Abstract Some new results on complete abstract second-order equations of
elliptic type in a UMD Banach space are described.

Invoking properties of operators with bounded imaginary powers and using the
celebrated Dore-Venni Theorem on the sum of two closed linear operators, exis-
tence, uniqueness and maximal LP regularity of the strict solution are proved.
Some applications to partial differential equations are indicated.

This work completes the results obtained very recently in the framework of
Holder-continuous functions.

1 Introduction and hypotheses

Let us consider, in the complex Banach space X, the abstract differential
equation of the second order

u’(x) + 2Bu'(z) + Au(z) = f(x), x€(0,1), (1.1)
together with the boundary conditions
w(0) = ug, u(l)=wuy. (1.2)

Here, A, B are two closed linear operators in X with domains D(A) and D(B),
respectively, f € LP(0,1; X), 1 < p < oo and ug, u; are given elements in X.
We seek for a strict solution u to (1.1)—(1.2), i.e., a function w such that

u€ W2P(0,1; X) N LP(0,1; D(A)), u' € LP(0,1; D(B)),
and satisfying (1.1) and (1.2).

Generally, more regularity is required for f to obtain a strict solution, unless
X has some particular geometrical properties. This is why we assume in all

IThe research was partially supported by Ttalian MIUR and by the University of Bologna,
using funds for selected research topics. It fits the program of GNAMPA.
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this study that
X is a UMD space. (1.3)

We recall that a Banach space X is a UMD space if and only if for some p > 1
(and thus for all p) the Hilbert transform is continuous from LP(R; X) into
itself (see Bourgain [1], Burkholder [2]).
Moreover we suppose that
B2 — A is a linear closed densely defined operator in X,
R_Cp(B?—A)and 3C >0:VA >0, (1.4)

[T+ B2 = )7 ) SC/A+N),

(it is well known that hypothesis (1.4) implies that —(B? — A)'/2 is the in-
finitesimal generator of an analytic semigroup X), ([11], p. 119)

D(A) C D(B?), (1.5)
B(B? — Ay = (B? - A)™'By, Yy € D(B), (1.6)
D((B® - A)'/?) C D(B). (1.7)

Under these hypotheses, we will study (1.1)—(1.2) in the two following cases

1. first case:

B generates a strongly continuous group (e””B)me]R on X, (1.8)
and
Vs €R, (B*— A)* € L(X) and 19)
. 1.9
aC > 1, 0y €]0,71[: Vs € R, H(B2 - A)’SH < Cefolsl
one writes B2 — A € BIP(6y, X) (bounded imaginary powers).
2. second case:
A is boundedly invertible, (1.10)
D(BA) c D(B?), (1.11)

+B — (B? — A)'/? generates an analytic semigroup on X,  (1.12)

and )
Vs € R, (£B + (B% — A)Y/?)" € L(X) and

aC =1, 04 €]0,7/2[: (1.13)

Vs € R, H(iB (B2 - A2 < cetelel,

Copyright © 2006 Taylor & Francis Group, LLC



Elliptic differential equations in UMD spaces 75

In the last decades many researchers focused their attention to the reso-
lution of (1.1)—(1.2), when X is any complex Banach space and f is a given
X-valued function whose regularity in = depends on the functional ambient,
usually

fec?(0,1;X) or feW’?(0,1;X), 0<f<1, 1<p< oo

A very extensive study of (1.1)—(1.2), with B = 0 even with more general
boundary conditions can be found in Krein [11]. Other approaches, always
concerning B = 0, are used in the famous Da Prato-Grisvard paper [3] on the
sum of linear operators. Such a method yields interesting results by Labbas-
Terreni [12], [13], on more complicated situations, for instance, the case of
variable operator coefficients A(z) and B = 0.

The case B # 0 seems more difficult to be handled. Very interesting ap-
proaches to (1.1)—(1.2), where A is even substituted by A + AI, with A a
complex parameter, are described in the recent monograph by S. Yakubov
and Y. Yakubov [21]. They have worked in a Hilbert space H, —A is sup-
posed to be a positive operator in H, D(A) being compactly embedded into
H, and B is a closed linear operator in H satisfying at least a condition like

Ve >0, 3C(e) > 0:Vue D(A)  |[Buly <ellullpiaymy,,a, +CE) llully -

Here, we recall that for all 6 €]0,1[ and p € [1,00], (D(A), H), , is the well
known real interpolation space, see Lions-Peetre [14].

Extending the case when A and B are two scalars, in last years, Labbas
and co-authors have considered (1.1)—(1.2) under the expected positivity as-
sumption

B? — A is a linear closed operator in X

R_Cp(B?—A)and 3C >0:YA >0 (1.14)
O+ B~ 4, < /15 0

where the domain D(B? — A) may be not dense. More precisely El Haial and
Labbas [6] proved that if (1.14), (1.6) and (1.8) are satisfied, together with
some resolvent estimates, then (1.1)—(1.2) has a unique strict solution fulfilling

ue C*([0,1];X) N C([0,1]; D(4)), «" € C([0,1]; D(B)),

provided that f is Holder continuous, ug,u; belong to a suitable subspace in
X and verify conditions of compatibility with respect to equation (1.1).

More recently, by using a quite different approach, extending the semigroup
techniques by Krein [11], Favini, Labbas, Tanabe, Yagi [8] have proved that
if (1.4)~(1.8) hold, then (1.1)—(1.2) has a unique strict solution for f Holder
continuous, ug,u; € D(A).

To avoid the group assumption (1.8), in a very recent paper, Favini, Labbas,
Maingot, Tanabe and Yagi [7] show that if (1.4)~(1.7) and (1.10)~(1.12) hold

Copyright © 2006 Taylor & Francis Group, LLC



76 A. Favini, R. Labbas, S. Maingot, H. Tanabe and A. Yagi

then problem (1.1)-(1.2) has a unique strict solution for f € C?([0,1]; X),
0 <6 <1, up,u; € D(A). Moreover, if

f(i), Au; € (D(A), X)5_g) /206> 1=0,1,

then u has the maximal regularity property v”, Bu', Au € C?([0,1]; X).

Here, we study the case f € LP(0,1;X),1 < p < oo, X being a UMD
Banach space, using the representation formula of the solution given in Favini,
Labbas, Maingot, Tanabe and Yagi [7].

The main new result in this paper, see Theorem 4.2, affirms that under
assumptions (1.3)~(1.7) and (1.10)~(1.13) problem (1.1)—(1.2) has a unique
strict solution in LP(0,1; X) provided that uo,u1 € (D(A), X);(p) -

Our techniques are based upon the celebrated Dore-Venni Theorem [4] on
the sum of two closed linear operators and on the reiteration Theorem in
interpolation theory, [14], [20].

Let us give some remarks about our assumptions

REMARK 1.1

1. If we assume (1.3) then X is reflexive, hence (1.4) is equivalent to (1.14);
see Haase [9], proposition 1.1. statement h), p. 18-19.

2. It has been shown in Favini, Labbas, Maingot, Tanabe and Yagi [7] that
if we assume (1.4)~(1.7), and (1.10) then
(1.11) <= B + (B% — A)Y/? is boundedly invertible
= B — (B? — A)Y? is boundedly invertible.

Moreover in this case, we have

{ (B_(BQ_A)l/Q)*l = (B+ (B2 — A)/2) A~

(B +(B? — A)l/z)*l _ (B (B2 - A)1/2) AL (1.15)

3. From (1.8) we deduce that B? generates a bounded holomorphic semi-
group in X (see Stone [19]) and if we assume (1.4)~(1.6) together
with (1.8), the Da Prato-Grisvard sum’s theory [3], applied to opera-
tors —(B? — A) and B2, gives

-1 —1
(A=) € L(X), [(A-AI) HL(X) < K/(14)),
for all A > 0. In particular (1.10) is fulfilled.

4. Under assumptions (1.4)~(1.8) and if in addition we assume (1.11) then
(1.12) is satisfied and

_ 2 4y1/2 _ _ 2 aN\1/2 _(R2_A\1/2 _ 2 aN\1/2
e z[B+(B“—A) ]:e :cBe z(B*—A) , e:c[B (B*—A) ]:e:cBe z(B*—A)

)

see Favini, Labbas, Tanabe and Yagi [8].
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The plan of the paper is as follows.

In Section 2 we recall the representation formula of the solution wu.

Section 3 is devoted to the case B = 0 which is a good model to clarify
the techniques used in this study. Theorem 3.1 furnishes an extension of S.
Yakubov and Y. Yakubov [21], p. 291-292 (when in fact a complex parameter
is added to A, too), from Hilbert spaces to UMD spaces.

Section 4 completes our work in the general case. In a first approach we
assume that B generates a group. In a second approach, in order to avoid this
group assumption we suppose that =B — (B2 — A)'/? generates an analytic
semigroup.

Finally in Section 5 we give some examples of application to partial differ-
ential equations.

2 Representation of the solution

We assume here (1.3)~(1.7) and (1.10)~(1.12). Let us denote (Tp(z)),>, and
(T1 (), the analytic semigroups generated by

—B—(B>-A)Y? and B-(B%*-A)'2

Then a representation formula of the solution of Problem (1.1)—(1.2) is given
by

w(z) = To(x)éo + Th (1 — )&

73(32 — A2 / To(z — s)f(s)ds (2.1)

0

1 B 1
LB ayve / Ti(s — ) f(s)ds,

for x € (0,1), where
50 = (I - Z)il(UO — Tl(l)ul)

1 B B 1
+5(0=2) (B2 - A) 1/2/0 Ti(s)f(s)ds (2.2)

1

1
3= 27 B =P [T )

& = (I —2) Hur — To(1)uo)

1] N-1(B2 _ A)-1/2 1T1 d 2.3
=27 @ -7 [ Bl 23
1

50— 27 B = 7 [T s,
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and
Z _ 6_2(BQ_A)1/2

(see [7]). Notice that since the imaginary axis is contained in the resolvent set
p(=(B? — A)Y/2), I — Z has a bounded inverse (see Lunardi [15], p. 60).

3 Study in the case B =0

In this case, our previous Problem becomes

u'(z) + Au(z) = f(z), x€(0,1), (51)

w(0) = uo, u(l) =uy. .

Assumptions (1.4)~(1.9) reduce to
A is a linear closed densely defined operator in X, Ry C p(A)
3.2
and 3C' > 1:YA >0, ||()\I—A)—1HL(X) <C/(1+N), (32
and )

3C > 1,0 €0, 7| : Vs €R, ((—A)“ < Ceflsl, (3.3)

REMARK 3.1 Assume (3.2). Then
1. —v/—A generates an analytic semigroup (e‘V _A“') o in X.
2. For any g € C
(—4)'/%)f = (-A)7?

(see Haase [9], Proposition 2.18, statement e, p. 64) from which we
deduce that (3.3) is equivalent to

AC =1, 0 €0, n[ : VsER, H(\/—A)iS < Celf/2sl,

Due to assumptions (1.3), (3.2), (3.3) and the previous remark, statement
2, the Dore-Venni Theorem [4] gives directly, for g € LP(0,1; X),

x+— L(z,g) =V fA/ e~ @=IV=A4(5)ds € LP(0,1; X), (3.4)
0
and consequently

1
xr— L(x,g) =V —A/ e~ @EIV=Ag(s)ds € LP(0,1; X), (3.5)
0
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since
L(z,9) = L(z,g1) + e *VAL(1 — 2,9(1 - .)),

where g;(s) = e~25V=4g(s).
We also have the following Lemma.

LEMMA 3.1  Assume (3.2). Then, for any w € (D(A), X)),

z— M(z,w) = Ae 2V~ 4y
belongs to LP(0,1; X).

Proof. If w e (D(A4),X) then

1/(2p).p>

1
/ HAefz wH dx*/ 2p P
+oo )
g/ TR
0

< C ||w||(D(A)7X)1/(2p),p ’

v da

T

( — \/j)zefm —Aw

v da

T

( - \/j)Qefx‘/jw

in view of Lions-Peetre Theorem, see [14].

The main result in this section is

THEOREM 3.1 Assume (1.3), (3.2) and (3.3). If f € L?(0,1; X) with
1 <p < oo, and uo,ur € (D(A), X);(ap),,+ then Problem (5.1) has a unique
strict solution w, that is

u € W2P(0,1; X) N L*(0,1; D(A)),
and satisfies (3.1).

Proof. We can suppose, without loss of generality, that u; = 0. The repre-
sentation formula (2.1) reduces to

u(a) = eV Tigy (Vg Sy [V A ()
0

1
—%(—A)*W/ e~ (=IV=AL(6)ds

with
foz(I—Z)l{uo—i—Q 1/2/ Ff()

(A /0 1 e‘@‘s)mf(s)ds} :
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1
6= (1-2)" {4 G2 [ T gas
0

1 _ P
—5(=A)2 /0 e (1 )”ﬂs)ds},
where Z = ¢=2V=4, Hence
1 1
Au(z) = A=Y= Agy + A0V 4 S, ) + 3L -, f(1- ).

Now from (3.5) and Lemma 3.1 we deduce that z — Ae=*V~=4¢; € LP(0,1; X)
since

e~V TGy = (1 2)7 M(a,uo) — 5 (1~ 2)7 £(x. f)
% (I=2)" e Y= Lz, f(1 - ).

Similarly  — Ae~(=2)V=4¢ ¢ LP(0,1;X). Then, due to (3.4), Au €
Lr(0,1; X).

4 General case

4.1 First approach: B generates a group
In this paragraph we assume (1.3)~(1.9).

THEOREM 4.1 Assume (1.3)~(1.9). If
feLr0,1;X), 1<p<+oo, andug,us € (D(A),X),
then Problem (1.1)-(1.2) has a unique strict solution u, that is
u € W2P(0,1; X) N LP(0,1; D(A)), ' € L?(0,1; D(B)),
and satisfies (1.1)-(1.2).

2p),p

Proof. Replacing A by A — B2 in Theorem 3.1, we see that Problem
V(@) + (A= B*)u(z) = e"P f(z), 2 €(0,1),
{U(O) = ug, v(1) = ePuy,
has a strict solution
v e W2P(0,1; X) N LP(0,1; D(A — B?)).

Then, we set
u(z) = e " Bo(z), x€(0,1),
and it is easy to check that u has the desired properties.

Copyright © 2006 Taylor & Francis Group, LLC



Elliptic differential equations in UMD spaces 81

4.2 Second approach

In this case, we assume (1.3)~(1.7) together with (1.10)~(1.13). Let us recall
that (To(z)),>o and (T1(z)),, are the analytic semigroups generated by

—B—(B>-A)Y? and B-(B*-A)'/2

Let g € LP(0,1; X). Set

Lo(z,9) = (B +(B? - A)1/2 ) /OZ To(z — s)g(s)ds

Li(z,9) = (B— (B* - A)l/2 ) /Ow Ty (x — s)g(s)ds,

and for 7,5 € {0,1}

Lij(x.g) = (B+ (B2 — A)Y2) (B2 — 4) 7'/

x(B —(B* - A)l/z)ﬂ(x) /01 T;(s)g(s)ds.
Applying again the Dore-Venni Theorem, as for (3.4), we get
Lo(,9), L1(-,9) € LP(0, 1; X).
We have also, for any ¢,5 € {0,1}
L;;(-,g) € LP(0,1; X),
since, for example
Loa(z,9)

— (B— (B> - A)V/?)(B>— A) "/

Lo(x, To(-)T1(-)g(-))

+(B+ (B2 — A)V2) (B2 - )2

To(x)Ti(z)Ly (1 —2,9(1—-)).
Moreover, replacing v/—A by £B — (B? — A)'/? in Lemma 3.1 we obtain
Mo(-w) = (B+ (B* = 4)?) "Iy (Jwo € L7(0,1; X)
My(-,w) = (B — (B? = A)Y2)Ty (Y € LP(0,1; X),
provided that

wo € (D((B+ (B2~ 4)"%)*),X)

/

1/(2p)p

wy € (D((B - (32 N A)1/2)2)’X)1/(2P)’P.
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Note that, by the well known Reiteration Theorem, we have, taking into ac-
count (1.5) and (1.7),

(D((B +(B* - A)l/2>2)’X)1/(2p),p = (D(A4): X)), 3y

The main result in this paper is the following.

THEOREM 4.2 Assume (1.83)~(1.7) and (1.10)~(1.13). If
ferLP0,1;X) withl <p < +oo, and ug,u; € (D(A),X)l/(
then Problem (1.1)-(1.2) has a unique strict solution u, that is
u€ W>P(0,1; X) N LP(0,1; D(A)), «' € LP(0,1; D(B)),
and satisfies (1.1)—-(1.2).

2p),p’

Proof. We can suppose that u; = 0. Due to (1.15) and (2.2) we get, for
z € (0,1),

ATy ()¢ = (B + (B> = A)Y?)(B — (B> — AY*) ™ (1 — 2)"* My(=, uo)

1 1
+§(I - Z) ' Loa(x, f) - 5(1 —Z)"' Ty (1) Lo (=, f(1—)),
hence ATy()é € LP(0,1; X). Similarly AT;(1 — )& € LP(0,1; X). Finally,
using (2.1), we can deduce that
A'LL((E) = ATO($)£0 + ATl(l — {E)gl
%(B — (B = A)Y2)(B* - ) Lo(a, f)
1
2
thus Au € LP(0,1; X). To conclude we show that Bu' € L?(0,1; X) by writing

Bu/(z) = —B(B — (B> — A)"/?) " ATy ()4

(B+ (B2 = A)V2) (B> — A) Ly (1 —a, f(1 - ),

—B(B+ (B> — A)Y?) T AT (1 - 2)¢,

—1/2

+%B(32 —A) VLo, f) + %B(BQ — AL (1 —a f1 =),

5 Examples

Example 1. Let X = L1(2), 1 < ¢ < oo, where  is a domain in R,
n > 1, with C?-boundary 9. More precisely € is either R™, or the half space
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R?, or a bounded domain with C?-boundary, or an exterior domain with a
02 boundary. Take as A the operator in X defined by

D(A) = W21Q) N W, %(Q), A= ( >5, §>0,
(4) = W2(0) Z (g
7, 1
 Dagy, :
where a = (a;) and by = — ) k=1,2,...,n, fulfill assumptions (A1) ~

=1 0y;’
(A3) in the paper of Priiss-Sohr [17], i.e

(A1) a(z) = (aje(z)) is a real symmetric matrix for all € Q and there is
ap > 0 such that ag < a(x)¢- € <ap’' forallz € Q, £ € R™, €] = 1;

(A2)  a;, € C*(Q)) for some a € (0,1) and, when Q is unbounded, a5} =
lim| 4| o0 ajx(z) exists and there is a constant C' > 0 such that

|a;k(x) fajo-m <Clz|~* for all x € Q with |z| > 1, 7, k=1,...,n
daje _ . .
(A3) oz eLk(Q)vpgrkgoo,Tk>n,j,k:].,...,n
k

In addition, it is supposed that either € is bounded or § > 0. Then —A
has bounded imaginary powers with estimates (3.3). Therefore Theorem 3.1
applies and we get

PROPOSITION 5.1 Under the assumptions above, let p,q €]1,00[, f €
LP(0,1; L9(Q2)) and

Up, U1 € (WQ’q(Q) N W()LQ(Q))L(I(Q))l/(Qp)_’p'
Then Problem

0? no 0 0
G+ 5 o (gt ) () - uGey
= f(z,y), (z,y) € (0,1)xQ, (5.1)

w(0,y) = uo(y), u(l,y) =wily), yeQ,
u(z,0) =0, (z,0) € (0,1)x09,

has a unique strict solution wu, that is
w e W*P(0,1; L4(9)) N LP(0, 1; W9(2) N Wy (Q)),
and satisfies (5.1).

Note that here the interpolation space

(W29(0) N Wg(9), LY), 5,
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is, for bounded domain, the Besov space
{u € Bg;l/p(Q) CUpo = O} ,

see Triebel [20], p. 321 (for the case = R™ or R"} one applies Triebel, again,
Theorem 5.3.3. p. 373).

Example 2. Take X = LP(R),1 < p < +0c0. Define the operators A, B by
D(A) = W2P(R), Au=au” — cu,
{ D(B) = W'(R), Bu=b,
where a — b* > 0 and ¢ > 0. Then
D(B? — A) = W?P(R) and D((B? — A)Y/?) = WIP(R),

so (1.5)~(1.7) are verified. Moreover a simple computation shows that (1.4)
holds. Assumption (1.8) is also satisfied. At last, in virtue of Theorem C, p.
167, in Priiss-Sohr [17] again one sees that B? — A has bounded imaginary
powers with estimates (1.9).

Applying Theorem 4.1 of the first approach, we get

PROPOSITION 5.2 Let p €]1,+00[, f € LP(0,1; X) and ug,uy €

(W?P(R), LP(R))l/@p),p' Then Problem

0%u 2 0%u

0%u

= f(z,y), (2,9) €]0,1[xR, (5:2)

u(0,y) = uoly), u(l,y)=wily), yeR,
has a unique strict solution u, that is
ue W?P(0,1; LP(R)) N LP(0, ; W*P(R)), o' € LP(0,1; WP (R)),
and satisfies (5.2).

Note that here the interpolation space (WQ”’(R),LP(R))U(QP) , coincides

with the following Besov space Bg_l/p(R), see Grisvard [10], Teorema 7, p.
681. Of course one could establish a more general result in the space

LP(0,1; LY(R)), 1<p,q < +oo,
(cf. Example 1).

Example 3. Let Q be a bounded domain in R™, n > 1, with a smooth bound-
ary 00 and X = LP(2), 1 < p < 4o0. Define the operators A, B by

D(A) = {U, S W4(Q) tUjpn = AU‘C’)Q = 0}, Au = bAQU,
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where b < 0 and
D(B) = W2P(Q)nWy?(Q), Bu=Au.

Then B generates a bounded analytic semigroup and 0 € p(B). We deduce
that (B2)"/* = —B, and

+B— (B>~ A)V2=+B+(1-b)'/?B= ((1 AL 1) B,

which generates an analytic semigroup. On the other hand, the results from
Seeley [18] guarantee that (1.13) holds. Then Theorem 4.2 runs and we can
handle the boundary value problem

@
0x?
u(0,y) =uo(y), yeL,
u(ly) =ui(y), ye,
u(z,§) = Ayu(z, &) =0, (x,€) € (0,1)x 09,

(,0) + 285" (@0) +6A%(e,) = f(0), (2,0) € (0,10,

provided that f € LP(0,1; LP(2)) and uo, u1 € (D(A), L ()1 /(2p) p -

We need to describe this interpolation space. To this end, we recall from
[14], Théoréme 3.2, p.59, that if A generates a bounded Cy-semigroup in the
Banach space X, m € N, 0 € (0,1), 1 <p < o0, (1 —8)m = j+n, where j is
an integer > 0 and 0 < 7 < 1, then

(D(A™), X)g,p = {a € D(A); Ma € (X, D(A)a—oym—jp}-
In our case, A = B, m =2, 6 =1/(2p), so that j =1, n =1 —1/p. Therefore,
(D(A), LP(2))1/(2p)p = {u € WQ’p(Q)ﬂWOl’p(Q); Au e (LP(Q), D(B))1-1/p,p}-
On the other hand, by using [20], p. 321, we have
(LP(Q), D(B)hi-1/pp = Byl 7 /P(Q), i 1 < p < 3/2,
and
(LP(2), D(B))1-1/pp = {v € B2L7YP)(Q); vjpq = 0}, if p > 3/2.

If p = 3/2, then (by [20], p. 319-321)
(@), DB s = {0 € B2 [ ) @2 < oc),

where d(z) denotes the distance of the point x € Q to the boundary and
B;’q(Q) are the Besov spaces, s > 0, p,q > 1. Thus we have fully characterized

(D(A)7 LP(Q))l/(Zp),zr
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Example 4. (Periodic boundary conditions).
Take X = L?(0,1) and consider the operator T in X defined by

D(T)={f e H'(0,1): f(0)=f()}, Tf=if"

It is well known that 7" is self-adjoint and its spectrum is o(T') = 27Z (see
Miklav¢ic [16], p. 75). Then

D(T%) = {f € H*(0,1): f(0) = f(1), f(0) = f' (1)}, T*f=—f",

and T? is positive, self-adjoint. We take B = —iT (generating a strongly
continuous group) and introduce A by

D(A) = D(T?), Af=(-2T*—al)f =2f"—af

(with @ > 0).

Then B2— A = T?+al, with domain D(T?), is a positive self-adjoint opera-
tor. Thus D(T') coincides with the complex interpolation space [ X, D(T?)]
(see Triebel [20], p. 143) and (T2 + al)'/? is positive self-adjoint.

Hence Theorem 4.1 enables us to solve the boundary value Problem

1/2°

2 2 a2u

0“u u
:f(xay)a (a:,y) € (0,1))((0,1),
u(0,y) = uo(y), uw(l,y) =w(y), 0<y<l,
ou ou
u(x,O)fu(x,l),a—y(x,O)f 6—y(m71), 0<x<1,
provided that f € LP(0,1;L?(0,1)) and uo,u; € (D(A), L*(0, 1))1/(2p) - We

can then apply the preceding argument, reducing such a space to an interpo-
lation space between D(T) and L?(0,1).

Example 5. Let H be a Hilbert space and B a strictly positive, self-adjoint
operator in X. Take A = —B3. Then B? — A is strictly positive self-adjoint,
and

D((B* - A)Y/?) = D(B%?).

Moreover +B — (B2 —A)l/ 2 generates an analytic semigroup in X and we have
also D(A) ¢ D(B?) (for details see Example 3 in [7]). Since +B+(B?—A)!/?
is a positive operator, Theorem 4.2 works.
As an example, we take A, B defined in X = L%(Q) by
D(B) = HY(Q) N HA(Q), B=-A,

D(A) = {u S Hﬁ(Q) PUpn = Au|5g = AQu‘QQ = 0}, A= A3,
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where € is a bounded domain in R?, ¢ > 1, with a C?-boundary 09 and we
can then handle the boundary problem

0%u ou .

Ot wy) 282 ) + A%l g) = f(y), () € (0,1)x0,
u(0,y) = uo(y), u(l,y) =w(y), ye,
u(x,0) = Au(z,0) = A%u(x,0) =0, (z,0) € (0,1)x09,

provided that f € L?((0,1) x ) and ug,u1 € (D(A), L*(2))1/4,2. This inter-

polation space can be characterized using [20], Theorem 4.4.1 (6), p.321 and
[14], p.59, again. Precisely, (D(A), L*(£2))1 /4,2 coincides with

{u € H4(Q) : ujpq = Aujgg = 0, A%y e (LZ(Q),H(}(Q) N HQ(Q))1/4)2}
= {u S H4(Q) SUjpo = A'LL|3Q =0, A%y € B;,/ZQ(Q),

/Qd_l(as)|A2u(gc)|2dx < oo},

where B;)/; (Q) is a Besov space and d(z) denotes the distance of z € 2 from
the boundary 0.

Here we have taken advantage from self-adjointness property of the involved
operators guaranteeing the boundedness of imaginary powers. More sophisti-
cated examples can be described using the perturbation results by Dore-Venni
[5] and Priiss-Sohr [17].
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Degenerate integrodifferential
equations of parabolic type

Angelo Favini, Alfredo Lorenzi and Hiroki Tanabe!

Abstract We consider the initial value problem for a possibly degenerate in-
tegrodifferential equation in L?(€2)

Dy(M(t)u(t)) + L(t)u(t) + /Ot B(t,s)u(s)ds = f(t), 0<t<T,
M(0)u(0) = Muo,

where M (t) = MoMi(t) is the multiplication operator by the function m(z,t) =
mo(z)ma(z,t), mo(z) > 0,m1(z,t) > ¢ > 0, L(t) is the realization in L?*(Q) of a
second-order strongly elliptic operator in divergence form with Dirichlet or Neu-
mann boundary conditions for all ¢, and B(t,s) is a linear differential operator
of order < 2 for each (¢,5), 0 < s <t < T, Q being a bounded open set in R"
with a smooth boundary.

We also establish a corresponding result in LP(2),1 < p < 3/2, related to Dirich-
let boundary condition, only.

1 Introduction

This paper is concerned with the initial value problem of the following degen-
erate integrodifferential equation

Dy(M(t)u(t)) + L(t)u(t) —l—/o B(t, s)u(s)ds = f(t),
M (0)u(0) = M(0)ug.

Here, M (t) = MyM; (t) is the multiplication operator by the function m(x,t) =
mo(x)my(z,1):

(1.1)

(M(t)u)(z) = m(z, t)u(z),
(Mou)(z) = mo(z)u(x),
(My (D)) (x) = ma(z, t)u(z),

1Work partially supported by the Italian Ministero dell’Istruzione, dell’Universita e della
Ricerca (M.I.LU.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi In-

VErsi.
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92 A. Favini, A. Lorenzi and H. Tanabe

L(t) is the realization of a second order strongly elliptic operator in divergence
form

0
3%—’

L(t)=— z": Dy, (aij(x,t)Dy;) +ao(x,t), te€[0,T], Dy =

ij=1

in L2(£2) with the Dirichlet or Neumann boundary condition for each t € [0, T
and B(t, s) is linear differential operator of order not exceeding two for each
(t,s) such that 0 < s <t < T, where Q is a bounded open set of R"” with
smooth boundary 9. The sesquilinear form associated with £(t) is denoted
by a(t;u,v).

ASSUMPTIONS

(D) palél? < 32000 aig(@, )88 < pelé]?, for all (2,t,€) € @ x [0,T] x R”
for some positive constants 1 and po, g1 < po;

(I1) ag(z,t) >~ >0 for all (z,t) € 2 x [0,T);

(III) mg € L*®(), mo(z) > 0 a.e. in

(IV) my € CL°([0, T); WH°(Q)) and inf,cq e, M1 (2, t) > 0;

(V) for each u,v € H*(Q), a(t;u,v) is differentiable in ¢, and
la(t;u,v)| < Cllulla o] a,
|a(t; u,0) — a(s;u,0)| < Clt = sl?llull g f[ollar, s € (0,T),

where a = D;a;

(V) 1/2<p<1;

(VID) the coefficients of B(t,s) are continuous in Q x [0,7] and uniformly
Holder continuous of order p.

It is also assumed that the coefficients of L(t) are sufficiently smooth, and
0 € p(L(t)) for all t € [0,T].
We stress that, according to assumptions (I) and (IT), the zeros of m are time

independent.

Before solving (1.1) the problem without the integral term
Dy(M(t)u(t)) + L(t)u(t) = f(t), 12)
M (0)u(0) = M(0)ug '

is considered. By introducing the new unknown variable v(t) = M (¢t)u(t) this
problem is transformed to

V() + A(t)u(t) 3 f(1),

o) — ot (1.3)

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate integrodifferential equations of parabolic type 93

where A(t) = L(t)M(t)~! is a possibly multivalued operator and vy = M (0)uo.
According to the result of [2] —A(t) generates an infinitely many times differ-
entiable semigroup for each ¢ € [0, T] in L?(£).

In order to construct the fundamental solution U (t, s) in L?(Q2) to the problem
(1.3) it is convenient to consider the same problem in the space of negative
norm H~(Q) = H(Q)* or H'(Q)* according as the boundary condition is
of Dirichlet type or Neumann type. Let L(t) be the operator defined by

(L()u,0) -1y = a(t;u,v), w0 € HY(Q)

in case of the Dirichlet condition, and

(Lt 0) gy = altiu,v), v € HY(Q)

in case of the Neumann condition. Let A(t) = L(t)M(t)~. It is shown in [3]
that A(t) satisfies the parabolicity condition with & = § = 1. Making use of
the fact that

- { H(Q) in case of the Dirichlet condition

D(L(t)) =
(L) H'(Q) in case of the Neumann condition

is independent of ¢ the fundamental solution U (t,s) to the problem

V'(6) + A)u(t) 3 (1),

o (1.4)
v = Vo

can be constructed applying the method of Kato and Tanabe [4]. The desired

fundamental solution is obtained by U(t,s) = U(t, 5)|12(q)-

The norms of H=1(Q), H'(Q)*, L(H~1(Q2)) and L(H'(Q)*) are all simply
denoted by || - ||+

2 Equations without integral term
It was shown in [3] and [2] that the following inequalities hold:
IO+ A@) e = IMEOAM @) + L) < Co(L+ A (2.1)
IO+ A@) " e
= [IM(&)AM(t) + L) fll2 < Co(L + )21 f (2.2)
for A\ € ¥ = {X € C; ReA > —¢o(|ImA| + 1)}, ¢t € [0,7] and some positive

constants Cy and c¢o. Hence —A(t) generates in H~1(Q) or in H*(2)* an
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94 A. Favini, A. Lorenzi and H. Tanabe
analytic semigroup exp(—rﬁ(t)) satisfying

lexp(~TA®))[l < O, [lexp(=TA(t))fllr2 < CT 12 f].

(2.3)
1D exp(=r A < CT=*2|| ]
D(A(t)) is not dense unless mg(x) > 0 a.e. Therefore
lim | exp(—TA(t))v — v||, =0
holds only for v € D(A(t)) = D(A(0)).
LEMMA 2.1 ForAe X, t€]0,T]
o C
1D+ AO) . < 57 (2.4)
1 C

Proof. As is casily scen
Dy(A+ A1)t = DM () (AM(t) + L(t) "}
= M(t)(AM(t) + L(t))~*
— M()(AM(#) + L(£) " (AM (1) + L) AM () + L), (2.6)
where M (t) = DyM(t) and L(t) = DyL(t).
Note that M (t) is the multiplication operator by the function

Dymi ()

Dym(t) = moDymi(t) = mi(h)

momi (t)

and

L(t) = L)L)~ L(¢).
The multiplications by Dtml( x,t)/my(z,t) and z(t)z(t)*l define uniformly

bounded operators from H~(Q) or H'(2)* to itself. Hence the result is es-
tablished by using (2.1) and (2.2).

LEMMA 2.2 ForO0<7<t<T and A€ X

| De(X+ A(t) ™ — Do (A + A(1) 7Y, <c(tw7)p.
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Proof. The assertion can be proved by the argument of the proof of the
previous lemma, and the Holder continuity of the function Dymy (t)/m(t) in

W1(€2) and of the operator valued function L(¢)L(t)".

With the aid of Lemmas 2.1 and 2.2 one can construct the fundamental
solution to the problem

V() + A(t)o(t) 3 f(t), 0<t<T,

2.7
v(0) = wo, @7
by the method of [4]:
Ult,s) = exp(—(t — s)A(t)) +/ exp(—(t — 7)A(t))D(r, s)dr,
D(t,s) = Py (t,s) + t Oy (t, 7)®(T, s)dr,
&)1 (t’ 8) = _(Dt + Ds) exp(—(t - S)Av(t))
- /F A9 Dy (A + A1) A,
LEMMA 2.3 For0<s<7<t<T
[®1(t,8)][« < C,  ||®(L,8)] < C, (2.8)
[81(,5) = B (r, )]s < C{ (¢ )7 +log —— . (2.9)
[®1(t,8)flr2 < C(t— )72 ]| (2.10)

Proof. The above inequalities are simple consequences of Lemmas 2.1 and
2.2.

Let 0 < e <t — s. Then, with the aid of the usual argument
Dt/ exp(—(t — 1AWy (7, ) fdr
= exp(—cA(t))D1(t —e,8)f — / (8, 7)1 (7, 8) fdT
t—e a
- [ gt = DAY Ba(r) ~ (e 5) far
— exp(—eA(1)B1 (6, 5)f + exp(—(t — 5)A()1 (1, 5) .
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In view of the inequalities (2.3) and (2.9)
|l exp(=eA(®)®1(t =€, 5)f — exp(~eA() 81 (t,5)f 2
= | exp(—eA[)(D1(t — &, 8) = D1t 9) 12

< Ce V2| (Dy(t—¢,5) — Dy (L,5)) f I

t—s

< CeTV2 (e 4 log Yl =0

t—e—s
as € — 0. Hence one obtains
t

Dt/ exp(—(t—T)Z(t))%l(T,s)de:—/ By (t,7)Py (7, 5) fdr

S

- / D exp(—(t — 7)A(®) (81 (7, 5) — & (1, 5)) fdr

+ exp(—(t — S)g(t))(i;l(t7 S)fa

and
|1 /:exp(—(t—T)Z(t»%l(r, s)deHm <C(t—s)"2f]..  (2.11)

In view of (2.3) and (2.8) it is evident that

/ exp(~(t ~ ) AWNE (7, 5)fr || < Ct— )P pl (212)

By virtue of (2.11) and (2.12) one gets
D / exp(—(t — ) A(0)B(r, ) far
=D, /: exp(—(t — 1) A(t))®y (1, s) fdr
+ / t D, /U t exp(—(t — 7)A(t))®1 (1, 0)dr (0, s) fdo,
and
o [ exp(— (¢~ AWM ) ar]| | <C- 9L (213
With the aid of (2.3), (2.8), (2.10) and (2.13) it is easily shown that

1T (t,s)fllze < C(t— )" 2| f]]s,
IDU(t,s)fllz2 < C(t—s)"*2||f]].
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By using the identity
D, exp(—TA)A(t) ™" = — exp(—TA(t))
it is not difficult to show
A DU, s)f = —U(t, s)f.

This implies B o
DU(t,s)f + At)U(t,s)f 2 0.

Hence the operator valued function U(t, s) defined by
U(ta 3) = ﬁ(t7 5)|L2(Q)

satisfies
DU, s)f + At)U(t,s)f 20, 0<s<t<T,

for any f € L*(Q). It is easy to show that for

vo € D(A(s)) = {m(s)u, u € H}(Q) or H'(Q)}(= D(A(0)))

one has

J exp(—(t — $)A(s))vo — vollzz < C(t = )2 [v0ll p 1oy

[ {exp(—(t — 5)A(t)) — exp(—(t — 5)A(s)) }vo]| 2 < C(t — 5)'/?[lvo]|..

Hence it follows that
U(t, s)vg — vg in L*(£)

as t — s for vy € D(A(s)).

97

Let f € C*([0,T]; H*(Q)) or f € C*([0,T]; H'(Q)*). Arguing as in the

proof of (2.11) and using (2.3) and (2.8) one obtains that

D, / exp(—(t — ) A(t)) f(s)ds = — / By (t,5)f (s)ds

0

- /O Dyexp(—(t — $)A(t)) - (f(5) = J(1))ds + exp(—tA(1) f (1),

and

o [ exp(—(t — ) AB)F (s

L2(Q)

< Ct1/2 sup Hf(s)ll* + Ctp—l/Q sup ”f(t) — f(S)H*
0<s<t o<s<t  (t—35)

+ Ot 2| f (1))

From this and (2.13) it follows that fot Ul(t, s)f(s)ds is differentiable in ¢. Thus

the following theorem is established.
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THEOREM 2.1 Let f € C*([0,T]; L*(Q2)) and vy € D(A(0)). Then

v(t) = U(t,0)vo + /Ot Ul(t,s)f(s)ds
is a solution of the initial value problem
V() + Alt)v(t) 3 f(t), 0<t<T,
v(0) = vp.
In order to show the uniqueness of the solution to the problem
V() + At)o(t) 3 f(t), 0<t<T,

o (2.7)
v = Vo

we construct the operator valued function V (¢, s) as follows:
¢
V(t,s) = exp(—(t — s)A(s)) + / U(t,7)exp(—(1 — s)A(s))dr,

U(t,s) =Wy (t,s)+ /t U(t, )0y (7, s)dr,

Uy(t,s) = (Dy + Dy) exp(—(t — 5) A(s)).
Just as in Lemma 2.3 it is seen that
10t 5)l. < C, [T, s)]l < C.
It is not difficult to show that
D,V(t,s)-A(s) P =V(t,s).
Let v be a solution of (2.7). Then
Dy(V(t,s)u(s)) = DV (t,s) - v(s) + V(t, )0/ (5)
D V(t,s) - A(s) 7} (f(s) = /() + V (£, 5)0/ (s)

V(t,s)(f(s) — V() 4+ V(t, ) (s) = V(t,5)f(s). (2.14)

Since

exp(—(t — s)A(s))v(s) — v(t)
= {exp(—(t — 5)A(s)) — exp(~(t — s)A(t)) }v(s)
+exp(—(t — 5)A())(v(s) — v(t))

+exp(—(t —s)A))v(t) —v(t) — 0
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as s T t, one has _
V(t,s)v(s) — v(t)

as s T t. Hence integrating (2.14) from 0 to ¢ one concludes

o(t) — V (£, 0)vp = /O V(t, 5)f(s)ds

3 Equations with integral term

Let A = {(t,5);0 < s < t < T}. Assume that the coefficients of B(t,s) be-
long to C?(Q x A) and are uniformly Holder continuous functions of (¢, s)
in A. Let K(t,s) = B(t,s)L(s)"! € L(L*(Q)). By assumption K(-,-) €
CP(A; L(L*())). The problem

D (M (t)u(t)) + L(t)u(t) +/0 B(t, s)u(s)ds = f(t), (3.1)

M (0)u(0) = M(0)uq (3.2)

is rewritten as

Dy(M(t)u(t)) + L(t)u(t) + / K(t,s)L(s)u(s)ds = f(t),
(

0 (3.3)
M(0)u(0) = M(0)up.

(
Let v(t) = M (t)u(t) be the new unknown function. Then L(t)u(t) € A(t)v(¢),
L(s)u(s) € A(s)v(s). In order to avoid that the multivalued operator appears
in two places, one uses the idea due to Crandall and Nohel [1]. The convolution
F %G of two operator valued functions F' and G and that F'x f of an operator
valued function F and a vector valued function f are defined by

(F * G)( f F(t r, s)dr,
fo s)ds,
respectively. Then (3.3) is briefly rewritten as
(Mu)' + Lu+ K * Lu = f. (3.4)
Let R: A — L(L?*(2)) be the solution of the integral equation
R+K+K+R=0. (3.5)
It is easily seen that R € CP(A; L(L?(f2))) and K * R = R x K. Hence

R+K+RxK =0, (3.6)
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Convoluting R with both sides of (3.4), one gets

R+ (Mu)'+ R+ Lu+ R* K x Lu = f. (3.7)
Adding (3.4) and (3.7), and using (3.6) one obtains

(Mu)' + Lu= f+ Rx* f — R* (Mu)'. (3.8)
Let v = Mu be the new unknown function. Then, in view of (3.8) one has

V+AvS f+Rxf—Rxv

(3.9)
v(0) = vg = M(0)ug.
This problem is transformed into the integrodifferential equation
t
o)) = U000+ [ U3 (F(5)+ (R % £)(s) = (o))} ds
0
=g(t) — U= Rx2'(t), (3.10)

where .
g(t) = U(t,0)vg +/O U(t,s){f(s)+ (R=x f)(s)}ds. (3.11)

Differentiation of (3.10) yields

v@zyw—AQw@wmm (3.12)
where .
Q(t5) = Dy(U + R)(t, 5) = D / U(t, ") R(r, s)dr.

The equation (3.12) is considered to be the integral equation to be satisfied
by v’. Let w be the solution to the equation

w(t) = g/ (t) = /0 ' Q(t, s)uls)ds, (3.13)
with unknown function w instead of v" in (3.12).
Suppose that
up € Hy(Q) or HY(Q), f € CP([0,T]; L*()).
Then vy = M(0)uy € D(A(0)). Hence
lg' ()2 < CE7Y2

With the aid of the differentiability of fot U(t,s)f(s)ds proved just before
Theorem 2.1 it can be shown that

1Q(t, s)|| < C(t —s)~ V2
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Hence the integral equation of (3.13) has a unique solution w satisfying
lw()] e < Ct72.

Define the function v by
t
v(t) = vg +/ w(s)ds.
0
Then (3.12) holds and, by integration, one obtains (3.10). Since
[[(R 5 v)( 8') (R*v")(s)l 2

_H/ (s, 7)v d7+/0 (R(s/,f)—R(s,T))v'(T)dT‘

L2

<0 [ e s = [ 1
s 0

§C/ Tﬁl/2dT+C(s/—s)p/ r~124r
s 0

<CWVs —/35)+C(s —s5)Pst/? = C{\/;_’_f/g + (' — 3)931/2}

for 0 < s < s <T, Rxv is locally Holder continuous in L?(£2) of order p in
(0,T). Hence it follows from (3.10) that v satisfies (3.9).

Let the function u be defined by
u(t) = L&) H{f () + (R * f)(t) — (R x0)(t) =o' (1)}
Then according to (3.9)
Ltyu(t) = f(t) + (R* f)(t) — (R=v)(t) —v'(t)
€ A(t)v(t) = L()M(t) " u(t). (3.14)

Since L(t) is invertible, (3.14) implies

u(t) € M(t)"*o(t) or M(t)u(t) = v(t). (3.15)
From the first half of (3.14) and the second half of (3.15) one derives

(Mu) + Lu+ R+ (Mu) = f+ Rx f. (3.16)
Convoluting K and (3.16)

Kx(Mu) + KxLu+ K+ Rx (Mu) = K* f+ Kx*Rx f. (3.17)
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Adding (3.16) and (3.17), and using (3.5) one obtains
(Mu) + Lu+ K * Lu = f.

Clearly,
}iné M(t)u(t) = %ir% v(t) = v(0) = vg = M (0)uo.

Hence u is a desired solution of the initial value problem (3.1)—(3.2).

THEOREM 3.1 Let f € CP([0,T]; L?(2)) and ug € H} () orug € HY(Q)
according as the boundary condition is of Dirichlet or Neumann type. Then,
a solution to the problem (3.1)-(3.2) such that

u € C((0,T]; L*(R)), M(-)u(-) € C([0,T]; L*(Q)) N C'((0, T1; L*(Q)),
u(t) € D(L(t)) for t € (0,T), L(-)u(-) € C((0,T]; L2())

exists and is unique.

4 Equations in LP spaces

In this section we consider the problem (1.1) in LP(2) in case of the Dirichlet
boundary condition. Assume that

3
L<p<y. (4.1)

Note that (4.1) implies 2 — 2/p < 1/p < 1. Instead of (III), (IV) and (VI) in
Section 1, we assume that

2
m € CHP([0,T]; L=()), 2— ’ <p<1l, m>0 ae, (4.2)
and 9 1
|Dim(x,t)] < Cm(z,t)*, 2— » <a< e (4.3)

The operator M(t) is the multiplication by m(z,t) and L(t) is the realiza-
tion of L£(t) in LP(Q2) with the Dirichlet boundary condition. Let A(t) =
L(t)M(t)~!. According to [2] the following inequality holds:

Alllm (O Pull, + llullg, < CIfIG..  t€0,T], (4.4)

for Am(-,t) + L(t)u=fand A€ L ={\ € C: ReA > —¢p(/ImA| + 1)}. By
virtue of Holder’s inequality and (4.4), for all A € ¥ and ¢ € [0, T, one has

1— —
lm (-, t)*ull e < lm(, )Pl 22 ]|ull " < CIN= | f 2.
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Hence using (4.3), for all A € ¥ and ¢ € [0, 77, one obtains
[Dem (-, tyullpe < Clm(, )% ullr < CIAT[|f 2,

IM()YAM () + L)~ fllze < CIA(If o (4.5)

Furthermore, (4.4) implies for all A € ¥, |\| > 1, and ¢ € [0, 77,
IMEAM () + L) < CIATYP, [AM ) + L)Y < C,  (4.6)
IZE)AM(8) + L)) | < CIAP P (4.7)

LEMMA 4.1 Forte [0,T] and X € &, |\| > 1,

| De(X + At || < Aty (4.8)
HDt(A—i—A(t)) s+ A(s) 7|
< Ot — s|[AP7o7P 4 |t — s[NP (4.9)

Proof. First note that
Di(A+ A(t) "t = Dt{M(t)(AM(t) + L(t))’l}
— M(®)(AM () + (1) |
— M()AM(£) + L(5) " (ANL(t) + L(£) AM () + L()) !
— M(®)(AM () + L(t) "
— M()AM(E) + L(5) AN () (AM (1) + L(t) "
— M()AM(E) + L) L)L) LE)AM(E) + L(t) . (4.10)

The inequality (4.8) is an easy consequence of (4.10), (4.5), (4.6), (4.7) and
the uniform boundedness of LL™!.

To show (4.9) we begin by estimating the increments of the first term in
the last side of (4.10). For this purpose we consider the identity:

L(
L(

M(E)AM () + L(1)) ™" = M (s)(AM (s) + L(s)) ™"
= (M(t) = M(s))(AM(t) + L(t)) ™"
+ M(s){(AM(t) + L))" — (AM(s) + L(s)) "' }. (4.11)
Assumption (4.2) and inequality (4.6) yield

1M () = M () (AM (t) + L(8)) ]| < Clt — /. (4.12)
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Using (4.5), (4.7) and noting that
[(M(t) = M(s))(AM () + L(t)) || < CJt — s, (4.13)
for all A € X, |A| > 1, one obtains
1M (s) {(AM () + L(t)) " = (AM(s) N7
= | M(s)(AM (s) + L(s)) " {AM (s) + L(s) = AM(t) — L(t)}
X (AM () + L()) "
=AM (s)(AM (s) + L(s)) ™" (M (s) = M(£)) AM (1) + L(t)) ™"
+ M(s)(AM (s) + L(s)) " (L(s) = L(£)) L(8) ' L(YAM (1) + L(t)) "]
< CINA 7t — s+ CIA| 7|t = s[[A]* /7
= Clt = s|(IA=* + A" VP) < Ol = sl|A (4.14)
From (4.11), (4.12) and (4.14) it follows
V() (AM (8) + L(£)) ™" = M (s)(AM (s) + L(s)) "
<Ot =P+ [t — s| |\ (4.15)
Then from (4.8) one deduces

IM(E)AM (£) + L) ™" = M (s)(AM (s) + L(s)) "l

N7 dr| < CJt — s||A TP, (4.16)

With the aid of (4.16), (4.5), (4.6) and (4.15) one obtains
M (&) AM(t) + L(£)) " AM () AM (t) + L(£)) ™"
— M(s)(AM (s) + L(s)) "' AM (s)(AM (s) + L(s)) "
= [{M(O)(AM(t) + L(1)) ™" = M(s)(AM (s) + L(s)) "'}
X AM (£)(AM () + L(£)) ™" + M (s)(AM (s) + L(s)) ™"
X MM ()(AM (1) + L(t)) ™" = M(s)(AM(s) + L(s)) "'}
< Clt = s[[A"*TPINAIT + CIATYPIA{[E = sl” + |t = s|[A )
= ClJt — s||AP7207Y2 £ C|t — s|P| A"~ VP 4 Ot — s|| A2 1P
< Cflt = s|IAPT VP [t — P AP (4.17)
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Consider now the following identity concerning the last term of (4.10):

M(£)(AM (1) + L)~ L(t)(AM(8) + L(1)) !

(
— M(s)(AM(s) + L(s)) " L(s)(AM(s) + L(s)) "
(AM(#) + L()) ™" = M(s)(AM (s) + L(s)) "'}
(AM(t) + L(t) L(s)™"
)

x {L(t)(AM(t) + L(t))™* — L(s)(AM(s) + L(s))"'}.  (4.18)

= (Mt

x Lt )4 M(s)(AM(s) +
( (

In view of (4.16) the norm of the first term of the right hand side of (4.18) is
estimated by

M (E)AM(E) + L))" = M(s)(AM (s) + L(s)) "' JLE)AM () + L(1)) |
< Ot — s||IAF T VPNV = Ot — || A2, (4.19)

From (4.16) and

L()(AM () + L(t) ™" — L(s)(AM (s) + L(s)) "
= LOL(t) " L) (AM(8) + L(1)) ™" = L(s)L(s) " L(s)(AM (s) + L(s)) ™"
= (L)L)~ = L(s)L(s)")LOAM (1) + L(t)) ™
+ L(s)L(s)" HL@OAM(t) + L(t) ™" — L(s )(AM( )+ L(s) ™'}
= (L)L) = L(s)L(s) ) L)AM (1) + L(t))
+L(s)L(s) "I — AM(t)(AM (t) + L(1) ™" = T+ AM(s)(AM (s) + L(s)) "}
= (L)L)~ = L(s)L(s) ") L) (AM (1) + L(1))
— AL(s)L(s) " {M (£)(AM (1) + L(£)) ™" — M(s)(AM (s) + L(s)) "'}

one easily deduces

IZ(E)AM (8) + L(t) ™" = L(s)(AM () + L(s)) |
< Ot = slP AP+ CIAJJE — s||A]F7 P
< O{lt = PN P [t — s[4V, (4.20)
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From (4.18), (4.19) and (4.20) it follows
|M(OAM () + L)L) (AM () + L(1) "
— M(s)AM(s) + L(s) " E()(AM(s) + L(s) "
< Clt — |27+ NPt — s 4 [t — s||A2Te )

= Ot — s|[A=P 4 CJt — s|P|A[72/P 4 CJt — ||\ 2P

< C{Jt — s[IAPT272/P |t — s|P| A2} (4.21)
With the aid of (4.10)7 (4.15), (4.17) and (4.21), since [A| > 1, one concludes
| De(A+ A(t)) ™! S+ AGs)

< O{ft = sl? + [t = slIA =} + O{Jt = s|[AP7* 7V 4 [t — 5|7 A7/}
+ O{[t = s|[AP707P 4 |t — |7 A1 72/}
< O{lt = slIAPTo7H7 4 [t — s[NP,

The proof of the lemma is complete.

By virtue of (4.8) and o« +1/p—1 > 1—1/p > 0 one can construct the
fundamental solution to the problem

V() + At)v(t) 2 f(t), 0<t<T,
v(0) = vy
by the method of [4]:

(4.22)

Ul(t,s) = exp(—(t — s)A(t)) + / exp(—(t — 1) A(t))®(r, s)dr, (4.23)

Bt s) = D1 (t,5) + / By (t, 7)D(7, 8)dr, (4.24)
Dy (t,s) = —(Dy + D) exp(—(t — s)A(t)) (4.25)
_ —% /F A9, + A1) LdA. (4.26)

The following inequalities are simple consequences of (4.8):

[@1(t,8)| < Ot —)*F/P=2|@(ts)|| < Ot —s)* /P72 (4.27)

LEMMA 4.2 For s <1 <t the following estimate holds:

. s)a“/i’*“'}. (4.28)

[@1(t,5) = @s(r,8)]| < C{ (2 =7)7(t =)/ 4
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Proof. Consider the identity

Dy (t,s) — D1(7,8)

1
=—— [ D, + A®) ™ = D (A + A1) " A
271 T

27m/{e>\(t ) — AT D (A + A(r ld/\—ZI 8. (4.29)
With the aid of Lemma 4.2 one gets
1Bt ms)] € [ RN PAE N (= A
= C{“ —7)(t— )TV (b= T)P(t - 5) /P2

<C{

— (T ) FP=2 4 (¢t — T)P(t — 5)M/P72). (4.30)

Using (4.8) one derives

Va(t,7, )| = ]

// D, 9drD, (A + A(r )>—1dAH

21

1 t
~ = / / AT D (A + A7) dAdr

<c/ / ReA(r=s) |\ 2o 1/p\d>\|dr<0/ s)*HP=3dy

< C{(r— )72 (1 — )12

=C(r - S)aJrl/P*Q{l — (T - 5)2_a—1/p}

t—s

—
t—s
The assertion of the lemma follows from (4.29), (4.30) and (4.31).

<O =) 2 (12 T2 = (p g2l 2T (4.31)

t—s

Arguing as in the proof of (2.11) one deduces

Dt/ exp(—(t — 7) A1) (7, s)dT:—/ B, (£, 7)1 (7, 5)d7

/ D, exp(—(t — 7)A®)) (D1 (7, 5) — B (1, 5))dr

+exp(—(t — s)A(t))P1(¢, 5). (4.32)
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Then making use of (4.27) and Lemma 4.2 one gets

t
H / e*<t*T>A<t>q>1(T,s)dTH < Ot — 5)0+2/r2, (4.33)

t
HDt/ e*“*ﬂf“(t)@l(ﬂs)dTH

< C{(t — 5)*F2/P73 (¢ — 5)PHHP3Y, (4.34)

Following the proof of (2.12) one can show with the aid of (4.33), (4.34) and
a+2/p—2>0 that fst e~ =AM (1, s)dr is differentiable with respect to t
and

t
HDt/ e (t=DAW g (7, S)dTH

t
/ e~ (t=DAO G (7, s)dTH < Ot — 5)0+2/r2,

S

< O{(t =) P73 4 (1 — )P0,
Thus, arguing as in Section 2, we establish the following theorem.
THEOREM 4.1 Under the assumptions of the present section the funda-

mental solution U(t,s) to the problem (4.22) exists, is represented by (4.26)
and satisfies

Ut 5)] < C(t = )P7Y, DU s)]| < Ot —9)VP72, 0<s<t<T.
If vo € D(A(0)) and f € CY([0,T]; LP(R2)), v > 1 — 1/p, then
¢
o(t) = U(t, 0)vo +/ U(t, 5)f(s)ds
0
is the unique solution to the initial value problem (4.22).

Using Theorem 4.1 one can solve the initial value problem (1.1) in the space
Lr(Q).
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Exponential attractors
for semiconductor equations

Angelo Favini, Alfredo Lorenzi and Atsushi Yagi'

Abstract This paper studies the asymptotic behaviour of solutions to the
classical semiconductor equations due to Shockley. We will construct not only
global solutions but also exponential attractors for the dynamical system deter-
mined from the Cauchy problem. Exponential attractors — such a notion was
introduced by Eden, Foias, Nicolaenko and Temam — are positively invariant
sets which contain the global attractor, have finite fractal dimensions and attract
every trajectory in an exponential rate.

1 Introduction

We are concerned with the initial and boundary value problem for the semi-
conductor equations

Dyu = aAu—uV - {uVx}+ f(1 —uww) +g(z), in Qx(0,+00),
Dy =bAv + vV - {vVx} + f(1 —uv) + g(z), in Q x (0,+00),
)

0=cAx —u+v+h(z), in Q x (0, +00), @)
u=v=yx=0, on I'p x (0,4+00),
Dyu=D,v=D,x =0, on I'y x (0,+00),

u(z,0) =uo(x), v(z,0)=uv(x), in

in a bounded domain  C R?, where d = 2,3, with boundary 09, n and D,
denoting, respectively, the outward unit vector normal to €2 and the normal
derivative.

The semiconductor equations was presented by Shockley [25] almost fifty
years before to describe the flows of electrons and holes in a semiconductor.
For the physical background and the details of modeling we refer to the papers

1Work partially supported by the Italian Ministero dell’Istruzione, dell’Universita e della
Ricerca (M.I.LU.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi In-

VErsi.
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[12, 24, 26].

The unknown functions v and v denote the densities of electrons and holes,
respectively, at a position z in a semiconductor device occupying €2 and at
time ¢t > 0, electrons and holes diffuse with positive diffusion coefficients a > 0
and b > 0. The terms —pV-{uVx} and vV -{vVx} denote the drift-diffusions
of electron and hole, where i > 0 and v > 0 are the positive mobilities, respec-
tively, of electron and hole. The function x stands for electrostatic potential
and is determined by the Poisson equation, where ¢ > 0 is the dielectric con-
stant. In addition, the reaction term f(1—wuv) denotes the effects of generation
and recombination of electrons and holes. After an appropriate normalization,
electrons and holes are generated with a rate f > 0 and are recombined with
a rate fuv. The functions ¢ > 0 and h are given and both represent given
external forces.

The boundary 02 = I is split into two parts I'p and I'y. On I'p, the homo-
geneous Dirichlet boundary conditions are imposed on the unknown functions
u and v and as well on the potential xy. On 'y, the Neumann boundary con-
ditions are supposed to hold for the densities u, v and the potential . For
electrons and holes, nonnegative initial densities ug > 0 and vy > 0 are given
in €.

Many authors have already contributed to the study of semiconductor equa-
tions. The stationary problems were studied, e.g., by [8, 9, 15, 19, 18], [1,
Chapter 6]. The existence of stationary solutions to the system (1.1) was es-
tablished in various situations. On the contrary, the uniqueness of solutions
is known only in a special case (cf. [1, Theorem 6.2]).

The evolution problems were analyzed, for instance, in [5, 6, 7, 10, 11, 16,
20, 21, 23]. In particular, the asymptotic behavior of solutions was studied
in [7, 10, 11, 21]. Mock [21] first proved in a simple case that every solution
converges to the stationary solution at an exponential rate. Gajewski [10] and
Gajewski and Groger [11] generalized this result, but they still assumed some
conditions which guarantee unique solvability of the stationary problem. In
the cases where the stationary solutions are possibly nonunique, Fang and Ito
[7] constructed a global attractor for a dynamical system determined from the
evolution problem (1.1). More precisely, they constructed a global attractor
with finite Hausdorff dimension under the so called spectral gap condition for
the Laplacian in €.

In this paper we are concerned with the existence of exponential attrac-
tors for the dynamical system determined from the evolution problem (1.1)
without any particular spectral condition. The notion of exponential attrac-
tor was introduced by Eden, Foias, Nicolaenko and Temam [3] (see also [27])
as a convenient set which characterizes the longtime behavior of an infinite-
dimensional dynamical system. In fact, the exponential attractor is a posi-
tively invariant compact set including the global attractor, has a finite fractal
dimension and attracts every trajectory in an exponential rate.

For constructing the exponential attractors, two general methods are known.
First one is due to Eden et al. [3]. Their method is based on the squeezing
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property of a nonlinear semigroup which is defined from the Cauchy problem.
The squeezing property means that the nonlinear semigroup is a finite-rank
perturbation of some contraction. Eden et al. [3] gives also some sufficient
conditions for the squeezing property in the case where the nonlinear semi-
groups are defined from semilinear abstract evolution equations in Hilbert
spaces. But, as the estimate (3.7) in Section 3 shows, our semilinear term
determined from (1.1) seems too strong to fulfill the sufficient condition. The
second method is due to Efendiev, Miranville and Zelik [4] which has been
presented more recently. In their method, the compact Lipschitz condition for
semigroup plays a principal role and the condition can be verified directly by
the smoothing effect of solutions for the evolution equations, and therefore
their method is available even in Banach spaces, see Section 6.

We shall show in this paper that the semigroup defined from the semicon-
ductor (1.1) fulfills this property without assuming any spectral gap condition.

Throughout this paper, 2 denotes a bounded domain with Lipschitz bound-
ary (see [14]) in R?, where d = 2 or 3. The boundary I is split into two parts
I'p and I'y, and I'p is a nonempty open subset of I'. Related to the splitting
we assume the same sphere conditions as [1, (1.22)]:

|B(xo; R) N I'p| > yR4! for any ¢ € Ip, (1.2)
|B(zo; R) N Q| > yR? for any xg € I'nv, B(zo; R)NIp =10 (1.3)

with some constant v > 0, where B(xo; R) denotes an open ball centralized
at xo with radius R > 0.

As interested in studying asymptotic behavior of global solutions to (1.1),
we will assume for the sake of simplicity that the mobilities ¢ and v of drift-
diffusions are both constant and the rate f of generation and recombination
is also constant. The function g(x) is a given nonnegative L? function, i.e.,

0<geL*9), (1.4)
and h(z) is a given bounded real function, i.e.,
h e L*(Q). (1.5)

Sections 3-6 are devoted to considering the two-dimensional problem. In
Section 3, we construct a unique local solution for each pair of initial functions
up € L*(Q) and vy € L?(Q2) and show that the local solution is Lipschitz
continuous with respect to the initial functions. In Section 4, we show that
nonnegativity of ug and vy implies that of local solution by the truncation
method. In Section 5, a priori estimates concerning the L? norm are obtained.
In Section 6, we introduce a dynamical system determined from the problem
(1.1) and construct its exponential attractors. In Section 7, we apply these
techniques to the three-dimensional problem.
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2 Preliminaries

Let © be a bounded domain in R? with Lipschitz boundary 09 = I', where
d=2,3.

For s > 0, H*(Q) denotes the usual Sobolev space (see [2, 14, 28]). For
0<s<1, H*(Q) coincides with the complex interpolation space

H*(Q) = [H°(Q), H' ()]s (2.1)

between H°(Q)) = L%(Q) and H'(f2). Indeed, this result is well known in R%;
then, in €, this is verified by using the extending operator of functions in 2
to those in R? which is continuous from H*(2) to H*(R%) for every 0 < s < 1
([28, 4.2.3] or [14, Theorem 1.4.3.1]).

The space H*(2), 0 < s < 1 (when d = 3, s = 1 is included), is embedded
in LP(Q)), where p = 2d/(d — 2s), with the estimate

2d

lells < Cillullas,  we HY(Q), p= -

(2.2)

Similarly, since those embeddings and estimates are valid in R? (see [28]), these
are verified by using the same extending operator mentioned above which is
continuous also from LP(Q) to LP(R?) for every 1 < p < oo.

We denote by H7,(£2) the space

HH(Q)={uec H'(Q); u=0 on I'p}.

Here, I'p is a nonempty open subset of I" which is split into two parts I'p and
I'y with conditions (1.2) and (1.3). Obviously, H}(€2) is a closed subspace of
H'(€2). The antidual space of HL(f2) is denoted by H} ().

Identifying L?(£2) and its antidual space, let us consider a triplet of spaces
HL(Q) C L*(Q) € H5(Q)'. On HE (), we consider a sesquilinear form

a(u,v) = / Vu - Vude, u, v € HH ().
Q

Obviously this form is continuous on H},(Q2) x H5(£2). And, by the Poincaré
inequality (e.g., see [1, (1.30)] or [2, Chap.IV, Sec.7, Remark 4]), the form
is seen to be coercive on H} (). Then, following the usual procedure, we
can define a linear isomorphism A from H} () onto H} ()’ which is also a
sectorial linear operator of H5(£2)'. In fact, A is characterized by

(Au, v) g :/ Vu - Vudz, u€ HhH(Q), ve Hp(Q). (2.3)
Q
Then A is considered as a realization of —A in the space HL(2)' under the

homogeneous Dirichlet boundary conditions on I'p and the homogeneous Neu-
mann boundary conditions on Iy .
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It is known that the domain of the square root A'/? is characterized by
D(AY?) = L2(Q). (2.4)
Moreover, for 1/2 < 0 <1,
D(A%) = [L*(Q), Hp(Q)]20-1 C [L*(Q), H'(Q)]2-1 = H*7H(Q).  (2.5)

The operator /A may not enjoy the optimal shift property that Au € L?(£2)
implies u € H?(£2) due to the boundary conditions of mixed type (as studied
in [17] or [14, Chap. 4]). According to Bensoussan and Frehse [1, Theorem
2.2], however, it is known that the splitting conditions (1.2) and (1.3) provide
the existence of a certain exponent p > 2 for which Au € L?(Q) implies u €
W, (9) with the estimates

lullwy < CllAullz,  ue ATHLA(Q)). (2.6)
In the case when d = 2, we shall make essential use of this regularity.

Let u € H*(Q) and x € H%(Q) = {x € H*(Q); Dux = 0 on I'y}. Then
we easily observe that

V - {uVx} = Vu-Vyx +uldy € L*(Q)
and the formula
({3}, = [ V(T
= / anxidm—/ uVyx-Vudr = —/ uVyx-Vudz for all v € Hp(Q).
r Q

Q

Since x € A~Y(L?(2)) implies D,,x = 0 on Iy in an appropriate weak sense
and since u € H¥?(Q) and y € W;(Q), where d < p < oo, imply that

/QIUVXVﬂ dz < [lull 2o/ -2 VX Lo VOl L2 < Copllull gare IXlwa 0]l 2y,

we are naturally led to define V-{uVx} for u € H¥?(Q) and x € A~1(L*(Q))N
Wz}(ﬂ) also by the formula

(VAuVx},v) iy y oy, = —/ uVyx -Vode  forall ve HH(Q). (2.7)
Q
That is, V - {uVy} is an element of H,(Q)" with the estimate
IV - {uNVxH gy < Cpllullgars Xl

we HYP(Q), x € A7H(LA(Q) NWE(Q), (2.8)

Copyright © 2006 Taylor & Francis Group, LLC



116 A. Favini, A. Lorenzi and A. Yagi

where d < p < c0.

Throughout the paper we shall use the following notation. The symbol n(z)
denotes the outward normal vector at a point x € I' for which the normal
vector is defined.

Let X be a Banach space and let I be an interval of R. C(I; X), C?(I; X) (0 <
6 < 1) and C'(I; X) denote the space of X-valued continuous functions, Holder
continuous functions with exponent 6 and continuously differentiable functions
defined on I, respectively. When [ is a bounded closed interval, these are
Banach spaces endowed with the usual norms.

3 Local solutions

In this section we shall construct local solutions to (1.1) in the two-dimensional
case.

Let Q C R? be a bounded domain with Lipschitz boundary which is split
into two parts I'p and I'y satisfying conditions (1.2) and (1.3).

Our goal is to apply the abstract result of [22, Theorem 3.1]. As an under-
lying space we take the product H} ()’ space:

X = {(z) ¢ € HL(Q) and qpeH}j(Q)’}. (3.1)

Let A be a realization of the Laplace operator —A in the space H5(£2)’
given by (2.6). As noticed, A is an isomorphism from H} () onto H,(Q2)". It
is a sectorial operator of H},(£2)" and its fractional powers have the domains
included in the Sobolev spaces as described in (2.5). The shift property (2.6)
is true.

Using the operator A, we formulate (1.1) as the Cauchy problem for a
semilinear abstract evolution equation

DU+ AU = F(U), 0<t< oo,
U0) =Up = (“0> (3.2)

Vo

in the space X. Here, A is a linear operator in X given by

w8 (e

D(A) = {(jj) cu€ HL(Q) and v € HlD(Q)} . (3.3)

with domain
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The operator F(U) is a nonlinear operator in X given by

F(U) = <_W V() (et o+ ha)}+ f(1—w) + g<x)>
oV {oV(eA)  (—u o+ h()} + f(L - ww) +g(x) )

U= (g) € D(F)

with domain
D(F) = {(Z) cue HYP(Q) and v e HQ/p(Q)} ,

where p > 2 is a fixed number in such a way that (2.6) holds. In view of (2.6),
(2.7) and (2.8), F(U) is well defined. Let n = (1/2) + (1/p) < 1. Then, since
D(A") C H?/?(Q) due to (2.5), we have

D(A") € D(F). (3.4)

We can now apply [22, Theorem 3.1] to the present problem with oz = 1/2
and n = (1/2) + (1/p). In fact, A satisfies [22, (A)] with any 0 < ¢ < 7/2.

From (2.8),
IV A{uVAT (—u+ v+ h@)Hayy < Cllullgem || = w+ v+ hllz2 59
3.5
IV - {oVA™ (~u+ v+ h@) )y < Cllvlgamll = u+v + hllze.
Similarly,
|uvll(gry = sup /uvwdm
Q

HwHHlD <1

<C sup Nullpzeo-n ol 2llwllze < Cllullgz/el|vllz2- - (3.6)

ol <

Therefore, on account of (2.5) and (3.4), we deduce that

IF(U) = F(V)|| < C{(IA°U|| + [ APV + D] A"(U — V)]
+([A"U[ + AV + DA = V)Y, U,V eDA"). (3.7)

This shows that [22, (F)] is fulfilled.
Since, due to (2.4),

D(AP) = D(AV/?) = {(5) L feIXQ) and ge L2(Q)} . (38)
the following local existence result is deduced directly from [22, Theorem 3.1].
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THEOREM 3.1 For any pair of initial data ug € L*(2) and vy € L*(Q),

there exists a unique local solution U = :}L to (3.2) in the function space

u, v € C((0, Tt [; Hp(9)) N C([0, T, Js L2(2)) NCH(0, T J; Hp()'), (3.9)

here Ty, > 0 only depends on the sum of norms ||ug||r2 + ||vol|r2z. Moreover,
the estimate

Vi)l + lo@lly) + a2 + lv@®lze < Cu,, 0 <t < Ty,

holds, where Cy, > 0 only depends on the sum of norms ||ug||r2 + ||voll L2 as
well.

Furthermore, consider a closed ball of initial functions
BR = {Uo = <:}LO> ;U € LQ(Q) and Vg € LQ(Q)
0

with [[uollza + ool 2 < R},

where 0 < R < oo. For each Uy € Bp, there exists a unique local solution to
(3.2) at least on a fixed interval [0, Tr], Tr > 0 only depending on R. We can
then easily obtain the following Lipschitz continuity of local solutions with
respect to initial functions (cf. [22, Corollary 3.2]).

THEOREM 3.2 Let Uy and Uy be in Br and let U and U be the local
solutions to (3.2) on the interval [0,Tr] with the initial values Uy and Uy
respectively. Then,

VHU®) =T, + 1U#) = U®)llx < CrllUs — Uollx,
0<t<Tg (3.10)

where Cr > 0 is a constant determined by R alone.

4 Nonnegativity of solutions

We now prove that the nonnegativity of the initial data implies that the local
solution (cf. Theorem 3.1) is nonnegative as well.

THEOREM 4.1 Let 0 < ug € L*(Q) and 0 < vy € L*(Q). Then the local
solution U obtained in Theorem 3.1 also satisfies u(t) > 0 and v(t) > 0 for
every 0 <t <Ty,.
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Proof. Let U = <ZL> be the complex conjugate of U. Then it is clear that

U is also a local solution to the same problem (3.2); this means that the local
solution U is real-valued.

In order to verify u(t) > 0 and v(¢) > 0, we will use the truncation method
(cf. [13, Theorem 7.8]). Before using the method, however, we need to intro-
duce approximate linear problems.

It is not difficult to construct sequences of Holder continuous functions with
values in L*°(£2) such that

we, ve € CH([0, T, ); L(Q)), 0<p<1 (4.1)

which converge to u(t) and v(t) respectively as k — oo in the space C([0, Ty, |;
L?(2)). Indeed, since v and v are L? valued continuous functions on [0, Ty, ],
such approximate sequences can be constructed by the cutoff of L? functions
and the mollifier acting on the variable ¢.

Using u and vg, we next consider the linear problem

DtUk—l—Aﬁk:Bk(t)ﬁk—‘rF, 0<t<Ty,,
~ 4.2
Ur(0) = (uo) “2)

Vo
in X. Here, By(t) is a family of closed linear operators given by
- —uV - {up Vxg(t)} — urvr () ~ u
B0 = i = (5) e pumaon.
vV {0 Vxe(t)} — uk(t)vg k

where 1 (t) = (cA) 7 (—ug(t) + vk (t) + h), with domain D(By(t)) = D(A"),
while F' is an element of X defined by

+
Fla) = ftglx))
f+g(x)
Since D(A) C D(A") = D(Bg(t)), the operators By(t) are weak linear
perturbations of A; in addition, they enjoy regularity

I{Bk(t) — Bi(s)} A" [c(x) < Crlt — s, 0<s,t < Ty,

due to (3.5) and (3.6). Then, by the theory of linear abstract evolution equa-
tions, it is deduced that the problem (4.2) possesses a unique solution Uy such
that

Uy € C((0, Tt ]; D(A)) N C((0, T ]; D(AM2) NCH((0, iz, J; X).
Furthermore, after direct calculations we verify that

AT — U)Hix < G sup  [|AH{UL() = U®)}]x,

<t<Ty,
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that is, as k — oo, Ug(t) converges to U(t) for every t € (0,Ty,] in D(A").
Therefore if we show that ug(t) > 0 and v (¢t) > 0, then it follows that
u(t) > 0 and v(t) > 0.
Consider a C! function H(u) of u such that H(u) = u?/2 for —oo < u < 0
and H(u) =0 for 0 < u < co. We set the nonnegative function

p(t) = / H(ug(z,t))dx, 0<t<Ty,.
Q
Since H'(uy(t)) € H () (due to [13, Theorem 7.8]), it follows from

p(t+h)—pt) = (ﬁk(t +h) —ag(t), [ H (0ugt+h)+ (1 - G)Hk(t))da)

0 L2

that .
Buk

/ !/~
J(t) = <7H <uk>> .
ot by

Furthermore, since VH'(u(t)) = H"(ur(t))Vug(t) (due to [13, Theorem
7.8]), it follows that

p(t) = —a/ H" ()| Vg |*da
Q
+ ,U/ akVH/(ﬂk) . kad.'];‘ - f/ Uka}gH/(ﬂk)dQ? + / (f —&—g(:ﬁ))H'(ﬂk)dx.
Q Q Q
Here we use Lemma 4.1 below to obtain

/ ﬂkVH/(ﬂk) . kadl‘ = / H’(ak)VH/(ﬂk) . kadl‘
Q Q
1

=— [ (—up + v + h)H,(ﬂk)2dI.
2c Q

Since H'(u) <0, H"(u) > 0 and f + g(z) > 0, we verify that
P <L /Q (—ux + vp + h)E (W (1)) 2de — f /Q ok H' (@ (1))
Furthermore, by (1.5) and (4.1),

o) < Ck/QH’(ﬁk)de < Cip(t), 0<t<Ty,.

In this way we have shown that p(t) < p(0)e“*! = 0 for every 0 < t < Ty,
and hence uy(t) > 0. It is the same for v(t).

LEMMA 4.1 Forue H(Q) and x € A7 (L*(Q)) N W3(Q),

/ uVu - Vyxdr = %/ u? Ay de. (4.3)
Q Q
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Proof. Ifu € HL(Q)NL®(Q), then u? € H5(Q). Therefore, using 2uVu =
V(u?), we verify (4.3) directly from the definition (2.3). For general u €
H}(9), it is sufficient to approximate u by cutoff functions Wy (u) € H(Q)N
L>(Q), where Ui (u) = —k, u < —k; Ug(u) = u, Ju| < k; Up(u) =k, u > k.
Owing to [13, Theorem 7.8], we conclude the desired equality.

5 A priori estimates and global solutions

In this section we shall establish a priori estimates of local solutions, which
will then guarantee the existence of global solutions.

PROPOSITION 5.1 Let 0 < ug € L3(Q) and 0 < vy € L3(Q). Let U =
be any nonnegative local solution to (3.2) on an interval [0, Ty] such that
0 < u e C((0. Tk Hb(@) N (0. Tl L) N e (0. Tk Hb (@)
0 <wveC((0,Ty]; Hp(Q) ne([o, Tyl; L*(Q)) N (0, Tyl Hp(Q)').
Then, with some constant C > 0 independent of U, the estimate
lu@®lzz + lv@®)ll7> < Cluollzz + llvollz +1),  0<t<Ty, (51)

holds.

Proof. Consider the duality product of H}, ()" x H}(£2) between the first
equation of (3.2) and u. Then, by (2.3) and (2.7),

1
th/UQd;v—i—a/ |Vu|2dm—u/uVu-dex+f/ugvdac:/(f—i—g(x))udx,
2 Q Q Q Q Q

where x = (cA)~ (—u + v + h(z)).
Similarly, from the second equation of (3.2),

1
th/UQda:—i—b/ |Vv\2da:+u/UVU~dex+f/uv2dx:/(f+g(:v))vdas.
2 Q Q Q Q Q

We sum up these two equalities after multiplying the first one by v and the
second one by p, respectively. Then, since it follows from Lemma 4.1 that

/w/( uVu - Vx +vVo - Vy)d —/ (v? —u?) Ay da
Q

/;Z (u —v)?(u +v)de + =~ / Y(v? —u?)d,
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we have
1 2 2 2 2 i N2
Dy | (vu® 4+ po?)dz+ | (av|Vul®+bu|Vo|?)dx + (u—v)*(u+v)dx
2 9] 0 2c Q

+f/ﬂ(l/u+;w)uvda:=/Q(f—&—g(m))(uu—&—;w)dx—F% A h(z)(u? —v?)de.

Furthermore, by (1.4),

/Q(f +9(@)(vu + po)de < ||f + gllzzllpw + voll 2 < e(llullfs + vll72) + Ce

with an arbitrary positive number € > 0 and a constant C. > 0 depending on
¢. Similarly, by (1.5),

/Qh(a:)(u? —?)dz < ||| /Q{g(u—v>2(u+v) b O+ v)}da

<Ml [ (elum oot o) + o + 1) + Co)do

with an arbitrary positive number € > 0 and a constant C. > 0 depending on
€. By the Poincaré inequality,

/(aV\Vu|2 + bu|Vv|?)dr > a/ (u? + v?)dx
Q Q

for some positive number o > 0. Therefore, taking ¢ sufficiently small, we
obtain that

1
=D, / (vu? + pv?)de + @ / (u* +v?)dz < C
2 " Ja 2 Jo
for some constant C' > 0. Hence,
[u@®lZ2 + lo@)ll72 < Cle™ (luoll72 + llvol72) + 1], 0<t<Ty (5.2)

for some positive exponent § > 0 and some constant C' > 0.

We can now state the global existence of solutions. As the proof is quite
standard, it is omitted.

THEOREM 5.1  For any pair of initial data 0 < ug € L*(2) and 0 < v €
L2(Q), (3.2) possesses a unique global solution in the function space

0 < € C((0,00); Hp(Q)) NC([0,00); L*(2)) N C((0,00); Hp(2)),

0< v e C((0,50); H(2)) NC([0,50); L2(82)) NC (0,00); Hb(Q)):
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6 Exponential attractors

In this section we shall define a dynamical system determined from the two-
dimensional semiconductor equations (1.1) and shall show that it has exponen-
tial attractors. We begin with reviewing some known results for exponential

attractors.
Let X be a Banach space with norm || - ||x. Let X be a compact subset
of X, X being a metric space with the distance d(-,-) induced from || - || x.

Let S(¢), 0 < t < oo, be a nonlinear semigroup acting on X. Let S(¢) be
continuous in the sense that the mapping (¢, Uy) — S(t)Up is continuous from
[0,00) x X to X. Then S(¢) defines a dynamical system (S(¢), X, X) in X with
the compact phase space X.

As the phase space is compact, it is easily seen that the set

A= () Swx

0<t<o0

is the global attractor of (S(t), X, X). Namely, A is a strictly invariant set,
ie, S(t)A = A for every t > 0, and attracts all the trajectories in the
sense that lim; o h(S(t)X,.A) = 0, where h(By, B1) = supyep, d(U, B1) =
Supyep, infyep, d(U,V) denotes the Hausdorff semidistance of two subsets
By and By of X.

The exponential attractor is then defined as follows. A set M such that
A C M C X is called an exponential attractor of (S(t), X, X) (see Eden,
Foias, Nicolaenko and Temam [3]) if: i) M is a compact subset of X with
finite fractal dimension; ii) M is an invariant set, i.e., S(t)M C M for every
t > 0; and iii) there exist some exponent § > 0 and a constant Cy > 0 such
that

h(SH)X, M) < Coe™®,  0<t< oo, (6.1)

Concerning the construction of exponential attractors we present a method
due to Efendiev, Miranville and Zelik [4]. Assume the following two conditions.
There exists a Banach space Z that is compactly embedded in X and a time
t* > 0 such that the operator S(t*) satisfies a Lipschitz condition of the form

1St )Uo — S(t")Wollz < Lil|lUo — Vollx, Uo, Vo € X (6.2)

with a constant L; > 0. The mapping (¢, Up) — S(¢)Up from [0,t*] x X into
X also satisfies the usual Lipschitz condition

1S®)Uo — S(s)Vollx < Loflt — [ + [|Uo — Vollx},
t, s € [O,t*], Up, Vo € X. (63)

Then, the theorem on construction of exponential attractors in [4] jointed
with [3, Theorem 3.1] provides the following theorem.
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THEOREM 6.1 If (6.2) and (6.3) are satisfied, then the dynamical system
(S(t), X, X) possesses a family of exponential attractors M.

We will now apply the present theorem to our problem (1.1). Let X be the
product space H}(Q) x HAL(Q) given by (3.1), its norm being denoted by
| - ||x. We use also the product spaces D(A'/2?) and D(A), which are given
by (3.8) and (3.3) respectively. We equip D(A'/?) and D(A) with the product
L2-norm and the product H},-norm, respectively, these norms being denoted
by || - lparszy and || - [|p(a)-

We first introduce a set of initial functions given by

K= {Uo (ZS) 0 < up € L3(R) and OgvoeLz(Q)}. (6.4)

Obviously, K is a closed subset of the product Hilbert space D(A/?).
Theorem 5.1 then shows that we can define a nonlinear semigroup acting
on K from the problem (3.2) by setting

S(H)Up = U(t) = (“(t)) . Uhek,

where U denotes the unique global solution to (3.2).

We now notice the fact that estimates (5.2), which have been established
for the local solutions, actually hold for the global solutions. This fact then
shows implicitly the existence of an absorbing set of S(t). In fact, let C* be
the constant appearing in (5.2) and consider the subset

B={UeK; |Ulpae < V2C7} C K. (6.5)

Then this subset is an absorbing set in the sense that for any bounded set B
of I, there exists a time ¢t > 0 such that S(¢)B C B for all t > .

This means that the asymptotic behavior of global solutions to (1.1) is
reduced to that of solutions starting from B. Moreover, since B is also one of
bounded sets of K, all the solutions starting from B themselves enter B after
some fixed time tg > 0. In view of this fact we are led to introduce a new
phase space

X = U S(t)B (closure in the norm of X). (6.6)

t>tp

Several propositions proved below will show some nice properties of X.

PROPOSITION 6.1 The set X is a compact set of X such that X C B,
and is an absorbing set of S(t).

Proof. As D(A'/?) is a separable Hilbert space, B is a sequentially weakly
compact set of D(A/ 2); therefore, B is a closed set of X. So the relation
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Uiz, S(t)B C B implies X C B = B. In addition, since B is a compact set of
X, it is the same for X.
Since B is an absorbing set, it is the same for the set X' by definition (6.6).

PROPOSITION 6.2 The set X is a closed bounded set of D(AY?) as well
as of D(A).

Proof. Since X C B, X is a bounded set of D(A'/?). Tt is clear that X is
closed in D(A'Y/?).

In order to verify X C D(A), we use the estimate established in Theorem
3.1. For any 0 < R < oo, there exist time T > 0 and a constant C'r > 0 such
that

1S(t)Uo|lpay < Crt™ 2, 0<t<Tr, 1Uollpar/zy < R.
Let us use this with R = R* = 1/C*(2C* 4+ 1). By (5.1), we observe that
sup [|[S(#)Uollpearszy < /O*(2C* +1) = R*, Up € B. (6.7)
0<t<o0

So, let T* > 0 be a fixed time in such a way that T* <tz and T* < Tg«.
If Uy € Uysy, S()B, namely Uy = S(to)Up with some to > t5 and some
Uy € B, then B

1ULlpeay = [1S(T*)S(to = T*)Usllp(ay < Cre (T*) 12,
because of ||S(to — T*)Uo||p(a1/2y < R*. Thus we have proved that

| S®B c{U € D(A); |U|lp(ay < Cre(T7)""/2}.

t>tn

As any closed bounded ball of D(A) is sequentially weakly compact, it is a
closed set of X. Therefore we deduce that

X C {U € D(A); ||U|lpcay < Cr+(T*) "2} (6.8)
It is clear that X is closed in D(A).

PROPOSITION 6.3 The set X is an invariant set of S(t), i.e., S(t)X C
X for everyt > 0.

Proof. Let us apply Theorem 3.2 with R = R* = /C*(2C* 4+ 1) to obtain
that

[S()Uo — S(t)Vollx < Cre

Uo — Vollx,

0 <t< TR*, ||U0HD(A1/2) < R*, ||V0HD(A1/2) < R*. (69)
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From this we deduce that
1S(#)Uo = S(t)Vollx < (Cr-)’[IUo — Vol
(j — 1)TR* <t< jTR*, Uy, Vp € B (610)
for every j = 1,2,3,.... Indeed, from (6.7) and (6.9), this holds for j = 1.
Assume that (6.10) holds for j. If jTr« <t < (j+1)Tg~, then 0 <t — jTg- <

TR*. Since ||S(jTR*)UO||D(A1/2) < R* and HS(jTR*)VOHD(Al/Q) < R* (due to
(6.7)), we observe that

1S®)Uo = SE)Vollx = ISt = jTr+)S(jTr-)Uo — S(t = jTr-)S(§Tr=)Vollx

< Cg+

S(jTr+)Uo — S(jTr)Vollx < (Cr-)’ MU — Vol x-

This shows that (6.10) holds for j + 1 also.
Therefore, for any ¢t > 0, the operator S(t) : X — X is continuous with
respect to the X norm. We then observe that

Shx =5t | S)B c S@) | S()B c x.

T>tB T>tB

Hence, S(t) maps X into itself for every ¢ > 0.

PROPOSITION 6.4 The mapping (t,U) — S(t)U is locally Lipschitz con-
tinuous from [0,00) x X into X in a sense that, for any 0 < T < oo, there
exists a constant Cr > 0 such that

1S Uo—S(s)Vollx < Cr{lt—s|+|1Uo—Vollx} t,s€[0,T], Uy, Vo € X.

Proof. Write
St)Up — S(s)Vo = {S#t)Uy — S(s)Up} + {S(s)Up — S(s)Vo }.
By (6.10) we already know that
[S(s)Uo — S(s)Vollx < Crl|Us — Vollx-
In the meantime, for 0 < s <t < T,

/: d5(r)Us dTHX < /: IAS () Us+F(S(F)Uo)| xdr-

Is)0s-s(allx = | [

Therefore, Propositions 6.2 and 6.3 yield that

[1S®)Uo — S(s)Vol|x < C(t = s).
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We have thus constructed a dynamical system (S(¢), X, X) in which the
phase space X is a compact set of X and absorbs every solution starting
from K in finite time. Since the phase space X is compact, the set A =
ﬂogt <400 S(t)X is nonempty and gives the global attractor of the dynamical
system.

We are now in a position to apply Theorem 6.1 by verifying conditions (6.2)
and (6.3). We apply Theorem 3.2 with R = v2C*. As X C B,

HS(t)UQ—S(t)‘/O”D(Auz) < CRt_l/QHUo—Von, 0<t< TR, Uo, Vo e X.

Therefore if we set Z = D(AY?) and t* = Ty (R = v/2C*), then (6.2) is
fulfilled. By Proposition 6.4, the condition (6.3) was already verified. Hence,
by virtue of Theorem 6.1, we conclude the following main result.

THEOREM 6.2 Let Q be a two-dimensional bounded domain with Lips-
chitz boundary I' and let I' be split into two parts I'p # () and I'y satisfying
(1.2) and (1.3), respectively. If (1.4) and (1.5) hold, then the dynamical sys-
tem (S(t), X, X) determined from (1.1) possesses exponential attractors M.

We notice that the basin of attraction of M is the whole space K of initial
data, for, in view of Proposition 6.1, X’ is an absorbing set of (S(t), C, X) and
any bounded set of I is absorbed in X in finite time.

7 Three-dimensional problem

In this section we shall consider the three-dimensional problem. Let Q C R?
be a bounded domain with Lipschitz boundary I" which is split into two parts
I'p # () and I'y satisfying (1.2) and (1.3).

As a matter of fact, we can argue in a similar way as for the two-dimensional
problem. But in view of (2.8) we have to assume a stronger shift property that
Au € L?(Q) implies u € W (Q) with some p > 3 as well as the estimate

lullws < CllAullzz,  we ATHLA(Q)). (7.1)

We do not know any general condition on 2 which ensures this shift prop-
erty. We can only say that (7.1) is valid at least in some particular cases.
For example, if  is a convex domain and if I'p = I (i.e., I'y = 0), then
Au € L2(Q2) implies u € H*(Q) C W{(Q). Similarly, if Q is a rectangular
parallelepiped and if I'p and I'y consist of pairs of face-to-face side surfaces,
then Au € L?(2) implies u € H*(Q) C W (Q).

We set the same underlying space X defined by (3.1). In X, the initial and
boundary value problem (1.1) is written as an abstract problem of the form
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(3.2), where A and F are the same linear and nonlinear operators, respectively,
as in the two-dimensional case. The only difference is that F' has the domain

D(F) = {(Z) cue HYP(Q) and v e H3/p(Q)} ,

where p > 3 is the exponent appearing in (7.1). Then, D(A") C D(F) with
n = (1/2) + (3/2p) < 1 due to (2.5). Then F is shown to fulfill [22, (F)].
Therefore, by the same arguments used in Theorems 3.1 and 4.1, for any

initial value Uy = 50 in the space of initial values K given by (6.4), there
0

exists a unique nonnegative local solution to (3.2) in the function space (3.9).
In addition, by the a priori estimates provided by Proposition 5.1, the local
solution is extended over the whole real semi-axis [0, 00).

Arguments in Section 6 are independent of the dimension. The set B given
by (6.5) is an absorbing set and the set X' given by (6.6) becomes a compact
absorbing and invariant set. In this way, a dynamical system (S(t), X, X) is
defined. This dynamical system has the global attractor A = [ g<t<+00S(t)X.
Finally, we obtain the analogue of Theorem 6.2, that is,

THEOREM 7.1 Let Q be a three-dimensional bounded domain with Lips-
chitz boundary I' and let I' be split into two parts I'p # () and I'ny satisfying
(1.2) and (1.3), respectively. If (1.4), (1.5) and (7.1) hold, then the dynamical
system (S(t), X, X) possesses exponential attractors M.
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Convergence to stationary states
of solutions to the semilinear equation
of viscoelasticity

Stefania Gatti and Maurizio Grasselli

Abstract We consider the equation of viscoelasticity characterized by a non-
linear elastic force ¢ depending on the displacement u and subject to a time
dependent external load. The dissipativity of the corresponding evolution system
is only due to the presence of the relaxation kernel k. Rescaling k(s) — k(oo) with
a relaxation time € > 0, we can find a sufficiently small €9 > 0, such that, if ¢ is
real analytic and € € (0, 0], then any sufficiently smooth u converges to a single
stationary state with an algebraic decay rate, provided that the external load
suitably converges to a time independent one. The proof relies on the well-known
Lojasiewicz-Simon inequality.

1 Introduction

Let Q Cc RN, N = 1,2, 3, be a bounded domain with smooth boundary 9. We
consider the following integrodifferential equation for a function v : QxR — R

400
D2u(t) - /0 k(s)ADyu(t — s)ds + o(u(t)) = f(£), >0,  (L1)

where k : (0,4+00) — (0,+00) is a convex decreasing relaxation kernel such
that k(4+00) > 0, ¢ is a smooth function, and f : Q x (0,400) — R is a
source term. Given the past history @ : (—00,0] — R, we endow (1.1) with
the following boundary and initial conditions

u(t)|aq = 0, VteR, (1.2)

ut) = a(t), t<o. (1.3)

This work was partially supported by the Italian MIUR FIRB Research Project Analisi di
Equazioni a Derivate Parziali, Lineari e Non Lineari: Aspetti Metodologici, Modellistica,
Applicazioni

131

Copyright © 2006 Taylor & Francis Group, LLC



132 S. Gatti and M. Grasselli

Equation (1.1) is a model for a isothermal viscoelastic solid of Boltzmann
type (e.g., a membrane). In this case, interpreting u as the displacement (see,
e.g., [15, 36, 37]), the solid is subject to a nonlinear elastic force represented
by ¢ and an external time dependent load f as well. Here we consider the
scalar equation for the sake of simplicity only.

This kind of equation has been studied in [20] as a dynamical system on a
suitable phase-space. Following the past history approach outlined in [21], the
authors prove the existence of a global attractor assuming ¢ globally Lipschitz
continuous. This result is far from being trivial since the memory term is the
only source of dissipation for the associated dynamical system (compare, e.g.,
with [10, 12, 31, 33]) where (1.1) with an additional instantaneous damping
Dyu is analyzed). In [13], the understanding of the above problem has been
greatly deepened. Indeed, for a time independent source, the authors show the
existence of a global smooth attractor in the case of ¢ with critical (cubic)
growth in three dimensions. Their argument is based on the existence of a
global Lyapunov functional combined with appropriate uniform estimates. As
the authors point out, thanks to their results, one can construct a family
of exponential attractors which is stable (robust) with respect to a certain
relaxation time £ > 0 related to a suitable rescaling of the relaxation kernel
(see below, cf. also [11, 12]).

Here, within the setting of [13], we want to address to the problem of con-
vergence of a single trajectory to a stationary state, i.e., a solution to the
following elliptic problem

—k(+00)Az + ¢(2) = f(+o0),  nQ,
Z|3Q =0.

We recall that, in more than one dimension, the set of stationary solutions
z can have a rather complicated structure and, for physically reasonable ¢
like, e.g., ¢(r) = 7> —ar, a > 0, it can be a continuum (cf., for instance,
[23, Rem.2.3.13]). Hence, for a dynamical system with the above stationary
equation, it is not easy to establish sufficiently general criteria in order to
decide whether a given trajectory does converge to a stationary solution. In-
deed, this can even be false in some cases (see [5, 34, 35]). However, if ¢
is real analytic, a positive answer can be obtained by using the celebrated
Lojasiewicz-Simon inequality (see [29, 30, 39], cf. also [27] for a simplified
proof). Using this inequality, many people have been able to prove conver-
gence results for several types of evolution equations or systems (see, for in-
stance, [1, 2, 3,4, 7, 8, 9, 18, 24, 26, 28, 38, 41, 42, 43]), even relaxing the
analyticity assumption in some rather special cases (see [6, 25]). In particu-
lar, [7] is devoted to the analysis of a semilinear integrodifferential equation
similar to (1.1) (see also [16, 17] for related problems), but characterized by
the presence of a damping term of the form BD;u, where B is a positive
linear operator (for instance, B = I or B = —A) on L?(f2), and with no
external time dependent load. The authors are able to demonstrate the con-

Copyright © 2006 Taylor & Francis Group, LLC



Convergence of solutions to the equation of viscoelasticity 133

vergence of a sufficiently smooth trajectory to a single stationary state under
sufficiently general assumptions on the memory kernel. They also provide an
estimate of the convergence rate to the steady state. However, they regard
the precompactness of the trajectory as an assumption. Here, following [13],
we first state conditions which ensure the precompactness of the trajectory in
the phase space (see Theorem 2.1, cf. also Remark 3.2). This is not a trivial
fact since ¢ can have critical growth if N = 3, so that Webb’s compactness
principle [40] does not apply (see also [24]). Then, we proceed to prove that
results similar to [7] also hold for equation (1.1), provided that the kernel
k(s) — k(+o00) is sufficiently close to the Dirac mass at 0. Of course, this re-
striction is not necessary if, like in [7], an extra damping term is added (see
Remark 3.6 below). In order to do that, we shall follow the mentioned history
space approach and the rescaling procedure devised in [11]. To handle the
time dependent source, we shall use the ideas of [9] (see also [26]) combined
with the further refinements contained in [22]. For the sake of simplicity, we
shall consider only sources f(t) which converge to 0 as ¢ goes to co (however,
see Remark 3.5 below).

We now introduce the abstract formulation of problem (1.1)-(1.3). Set H =
L?(Q) and denote by (-, -) and ||-|| the canonical inner product and the norm in
H, respectively. Define the linear positive operator A = —A : D(A) C H — H
with D(A) = H?(Q) N HE(Q) and set, for any r € R,

V= D(A(r+1)/2)
endowed with the inner product
<U1,U2>vr _ <A(T+1)/2U1,A(T+1)/2u2>.

Identifying H = V! with its dual space H*, we have (V")* = V"2, Also,
we recall that V™ — V" with compact injection for any ry, ro such that

r1 > To.
Let ¢ € C*(R) such that
(;5(0) =0, (14)
6" <cQ+y)),  VYyeR, (1.5)
tmint 20 o
IBIIELHOE ) > —k(4+00)A1, (1.6)

where A; is the first eigenvalue of A. Then, equations (1.1) and (1.2) can be
formulated as a single abstract integrodifferential evolution equation, that is,

D?u(t) + k(+o00) Au(t) + /0+°°(k(5) — k(+00))ADu(t — s)ds
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This abstract equation is endowed with the initial condition (1.3). Notice that
we have implicitly assumed that Au(—o0) = 0.

2 Preliminary results

Let us set
u(s) = —K!(s).

To avoid the presence of unnecessary constants we can assume k(0) = 2 and
k(4+00) = 1 without any loss of generality. Then we suppose that

b e WHRY), (21)
p(s) >0, VseRT, (2.2)
W (s)+du(s) <0, for a.e. s € RT, (2.3)

for some ¢ > 0. Note that (2.1) implies

lim p(s) = pop < 0. (2.4)

s—0

Furthermore, for any relaxation time ¢ € (0, 1], following [11] (see also [12]),

we set
e = —62/1 Z)

“+ o0
/ wu(s)ds =1,
0

We notice that

which entails

+00 1 Foo
/ pe(s)ds = - and / spe(s)ds = 1. (2.5)
0 0

Then, we introduce the weighted Hilbert spaces M. = LZE (RT;V™=1), en-
dowed with the inner products

“+ o0
tmombae: = [ ) (s) (o)) e

We shall make use of the infinitesimal generator of the right-translation semi-
group on M}, namely, the linear operator T. = —9, (9s being the distribu-

tional derivative with respect to s) with domain

D(T.) = {n e ML : d,n € ML, n(0) = 0}.
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On account of (2.3), there holds

d
(Temmaee < —5-lnlliue: Vi€ DITL). (2:6)

Setting now
' (s) = u(t) —u(t - s),

equation (1.7) can be rewritten as the evolution system

—+oo
D2u+ G(u) + / e(s) Ans)ds = £(2),
0
Dy =T+ Dy,

(2.7)

which is subject to the initial conditions
uw(0) = ug, Dyu(0) =uy, n°=no,
where (cf. (1.3))
ug = u(0), wup = Dyu(0), no(s)=u(0) —a(—s).
Here the nonlinear operator G : V! — H is defined by
G(u) = Au + ¢(u).

Note that the formal limit of system (2.7) as £ goes to 0 is the well-known
strongly damped semilinear wave equation (see [32] and references therein).
We now introduce the Banach spaces

Vi=V"x V™ hx MITL W =V" x Vot Lot

where
L1 =M ND(T.)

is equipped with the norm

I, = Il + £ Ten] -+ supa | p1o(5) In(5)|[3—adi.
(0,1/z)U(z,+00)

r>1
Then we recall (see [19, Lemma 5.1], cf. also [33, Lemma 5.5]) that the em-
bedding £IT! € MT is compact. There holds
THEOREM 2.1 Let (1.4)~(1.6), (2.1)~(2.3) hold. If
fewh=([R", H), (2.8)

then (2.7) defines a process U.(t,T) on V2 and, for any (ug,ui,no) € WL,
setting
(U’(t)7 Dtu(t)7 nt) = U&‘(tv O)(u()) Uy, nO)a
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we have that \J >, (u(t), Dyu(t),n') is bounded in W} and precompact in V2.

The proof can be obtained from previous results proved in the case f = 0. In
fact, for the existence of the process one can argue as in [12] (see also [33]).
On the other hand, adapting [13, Lemma 5.3] we can infer that the trajectory
U >0 (u(t), Dyu(t),n') is bounded in V. Moreover, the boundedness of the
second component in £2 comes again from [11, Lemmata 3.3 and 3.4]. The
precompactness then follows from £2 € M.

Let us define the set

S={ve €V': G(vx) =0},

and introduce the energy functional
_ Ly 0
E(v) = S[vlyo +(2(v),1),  VveVs,

where ®(y) = [/ ¢(£)d€. Observe that, due to the assumptions (1.4)-(1.6),
the set S is bounded in V! and, consequently, in L> ().
We can now state and prove a quite standard result of convergence.

LEMMA 2.1 Let (1.4)—(1.6), (2.1)<(2.3), and (2.8) hold. Moreover, sup-
pose that

+oo
/0 I (D)|ly-2 dr < 4o0. (2.9)

Consider (ug,u1,n0) € WL and set (u(t), Dyu(t),n') = U(t,0)(ug,us,no)-
Then, we have

1

“+o0
S R de< (2.10)
0

for some positive constant Cy independent of €. In addition, there hold

, 1121 nt =0, strongly in M}, (2.11)
. hgrn Du(t) =0, strongly in V1, (2.12)

w(ug, ur,mo) € {(whw? w?) eW! t w' €S, w? =0, w? =0}, (2.13)

and E is constant on the set {tuoo € V' 1 (Us0,0,0) € w(ug,u1,m0)}-

Proof. Following [13], we define the functional

+oo
At) = *Iln R+ 5 IIDtu( P+ E(u(t) +/t (f(7), Dyu(r))dr,

and observe that

1 [+
DD~ 5 [ A (s s =
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Thus, on account of (2.3),
DiA(t) < -2 I ;-
= 92 Ml

Hence, owing to Theorem 2.1 and (2.9), A is decreasing and bounded. This
entails the bound (2.10). Set now

h(t) = [In'lie, V>0,
and notice that, using the second equation of (2.7),

W (t) = 2(n",nf) mo = 2(n", Ten + Dyu) aqo.
Hence h' is globally bounded. Thus, on account of (2.10),

lim 7' =0, strongly in MY,
t——+oo

and the precompactness of the trajectory implies (2.11). On the other hand,
from the second equation of system (2.7), using again the precompactness of
the trajectory, we also deduce (2.12). Consequently, any point of w(ug, u1,no)
is of the form (40, 0,0). Let {t,}nen be an unbounded increasing sequence
such that u(t,) — us in VY, as n goes to co. Therefore G(u(t, +7)) — G(uoo)
in V=2, as n tends to oo, for any 7 € (0,1]. Then, using the first equation of
system (2.7) and denoting by ({-,-)) the duality pairing between V=2 and V9,
we have, on account of (2.11) and (2.12),

(G (uso), )
= / G (t1s0), v) )

= lim [ (G(u(ty +7)),v))dr

n—-+o0o 01 .
= lim ((—upe(tn +7) — / pe(8) ANt (s)ds + f(t, + 7),v))dT
0

n—-+oo Jq
= 07
for any v € VY. Thus G(us) = 0 so that (2.13) holds. Finally, it is clear
that lim;_ oo A(t) = Awo, where F(us) = Ay for all us, € V! such that
(uoo7070) € W(UO7U1>770)-

3 Main result

We first report the main tool of this section, namely, the Lojasiewicz-Simon
inequality in the following form (see [24, Thm. 2.2 and Prop. 5.3.1].
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LEMMA 3.1 Suppose that ¢ is real analytic and assume (1.4)—(1.6). Let
Voo € S. Then there exist p € (0, %), o >0, and Cy > 0 such that

IG(0)llv-2 = C1|E(v) — E(ves)[' 7, (3.1)
for all v € VY such that ||v — v ||yo < 0.

REMARK 3.1 If pg < p, then one can always find o9 < o such that
inequality (3.1) holds with p and o replaced by py and oy, respectively.

Our main result is
THEOREM 3.1 Let (2.1)-(2.3), (2.8), and (2.9) hold. In addition, suppose

400
sup ti+? / I £()||? dr < 400, (3.2)
>0 t

for some 6 > 0, and assume that ¢ is real analytic and satisfies (1.4)—(1.6).

Take (ug,u1,m0) € WL and set (u(t), Dyu(t),n') = U-(t,0)(ug,u1,m0), for

all t > 0. Then, there exists eg > 0 such that, for any fivzed ¢ € (0,e0],
w(ug,u1,m0) consists of a single point (ux,0,0) and, as t goes to 400,

u(t) = Uoso, strongly in V°. (3.3)
If
2p
0 3.4
> 13, (3.4)

then one can find t* > 0 and a positive constant Co such that
() — || < Cot=P/(1=20) i > %, (3.5)

Otherwise, one can find pg € (0, p) so that

2po
0> , 3.6
a time t** > 0 and a positive constant C3 such that
() — too || < Cyt—Po/(=200) -y > p**, (3.7)

REMARK 3.2 Consider for simplicity the homogeneous case f = 0. If
(ug,u1,m0) € VY, then the corresponding trajectory z(t) = (u(t), Dyu(t),n')
can be written as z = z4 + 2., where z,4(t) exponentially decays to 0 as t goes
to 400, while z.(¢) is bounded in W for any t > 0 (cf. [13, Secs. 6 and
7]). The trajectory is thus precompact in VY and it can still be proved that
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w(ug, u1,Mm0) = {(teo,0,0)}, and (3.3) as well as (3.5) hold, whenever € > 0 is
small enough.

REMARK 3.3 Since S is a bounded subset of L*°(2), the assumption on
the analyticity of ¢ can be slightly relaxed. Indeed, we can suppose that ¢ is
real analytic on a suitable bounded interval [—M, M| with M > 0 such that
sup,__es [Voollz= (@) < M. In this case, however, instead of Lemma 3.1 we
have to use a localized version of Lojasiewicz-Simon inequality (see [2, 18]).

REMARK 3.4 Notice that, by interpolation, we can get estimates similar
to (3.5) and (3.7) for ||u(t) — teo||vo-

REMARK 3.5 Lemma 3.1 also holds when the nonlinear function ¢ de-
pends on x (see [24]). In particular, this allows to consider a source term F'
which converges to some F, € H as t goes to +oo. Our results still hold
provided G(u) and f are defined as follows

Gu) = Au+ (u) — Fry, [ = F — Fu.

In this case, the energy functional is

B) = gl + (@), 1)~ (F,0)

REMARK 3.6 If equation (1.7) contains a damping term like xDyu, then
Theorem 3.1 holds without any restriction on e. Moreover, assumption (2.9)
in Lemma 2.1 can be replaced by (2.8). Consequently, in Theorem 3.1, we
only need (3.2).

REMARK 3.7 The above results and remarks as well as the main theorem
stated in the next section still hold for the case of a viscoelastic Kirchhoff
plate subject to a nonlinear force depending on the vertical deflection u and
subject to an external time dependent load. More precisely, for u : @ xR — R,
Q C R? being a bounded domain with smooth boundary 9, we consider the
integrodifferential evolution equation

+o0o

Dfu(t)+k(+oo)A2u(t)+/ (k(s)—k(+00)) A% Dyu(t—s)ds+¢(u(t)) = f(t),
0

endowed with the Navier boundary conditions

u=Au =0, on 0N) x R.

Let us define H = L?(2) and introduce the linear positive operator A = A? :
D(A) C H — H with

D(A)={z€ H*(Q): 2= Az =0, on Q}.
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Arguing as above, we can write the corresponding dynamical system that has
exactly the form (2.7). Notice that, in the present case, the growth condition
(1.5) on ¢ can be neglected since the Lyapunov functional implies that w is
globally bounded in  x R*. In fact, here we have V0 = D(A'/?) = H*(Q) N
H}(2) — C°%Q). Thus, in particular, owing to Remark 3.4, an estimate of
the convergence rate in the C°-norm holds. Similar considerations are valid
for the semilinear Bernoulli viscoelastic beam (compare with [7, 16, 17]).

4 Proof of Theorem 3.1

Let (#00,0,0) € w(ug,u1,1n0). In this proof, we will denote with ¢ a generic
positive constant, independent of £, which may vary even in the same line.

In order to prove (3.3) we proceed along the lines of [9, Proof of Thm.2.3].
First let us assume (3.4) and recall that 6 comes from (3.2), while p comes
from (3.1). Then, introduce the unbounded set

5= {t >0 [Ju(t) — uso|lvo < %}
where o is given by Lemma 3.1. For every ¢t € X, define

7(t) = sup {t’ >t osup |Ju(s) — too|lyo < 0}
s€t,t’]

and observe that 7(t) > t, for every ¢t € X.
Let tg € ¥ be large enough such that

IDeu() |+ [0 lpr <1, VE>to,
and set

J = [to, 7(t0)),

+o0 —p
n={rers M pun > ([ 1rera)
Jo = J\ Ji,

Js =120 : BN, D)) < IO}

where 3 > 0 is to be fixed below and

1

N(u, Dy, n)(t) = (|G (u(t) lv—2 + | Deu(t)]] + ﬁllntHM;-
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We now introduce the functional

Bo(t) = 51 Ias + 5 I DI + B(u(t)) ~ Bluao)
7(to)
+ [0 D)) ds

7(to)
v [ (U6 A7) ~ (7)) X(5) s

+ae ((Dyu(t), A7'G(u(t)) — (Dyu(t), 1) me))

for & € (0,1) and every t € J, where yx is the characteristic function of Js.
On account of (2.7), we have

1 [+
Dido=3 [ (s)IA 2 o) s
0

—a| Dyul® = ag||G(w)|[3 -2 + ae(Dyu, [A7'G(u)];)
+(f, Dyu)(1 = x) + oz ((f, A7'G(w)) — (f,m) pmo) (1= x)

2 too
tac| / A (s = ae [ o) n(s). D s
Observe that
(Do, [A7 G (w)]e) = [ Dl + (Do, [A~ p()])- (4.1)
Then, thanks to (1.5) and (2.5), we obtain
(Do, [A~ $(w)],) < el Dy,

2
| [ wetsra e atsias|” < alllie

e / ) ats). D) ds < | Dl = 5 [ )40 ds
Moreover, we easily infer
(f, Deu)(1 — x) < BN (u, Dyu,n)?,
ag(f, A7'G(u))(1 = x) < BeN (u, Dyu,n)?,
as(f.m) pmo(1 = x) < aBeN (u, Dyu,n)>.
Thus we deduce
Do < = (5 = a) I e = al(1-+) - cle + )l Dl - aclG0) 1}

+B[1 + c(a + DN (u, Dyu,n)>.
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Choosing a € (0,1) and S sufficiently small, we can find g > 0 and a positive
constant vy = vyo(«, 3,€0) > 0 such that

DiAo < —yo N (u, Dyu,n)?, Vit >0, (4.2)

for any € € (0,&¢], which henceforth is assumed to be fixed. Inequality (4.2)
implies that Ag is decreasing. Therefore, since

Di(|Ao(1)]” sgn Ao(t)) = plAo(t)|P " DyAo(t),  te€J, (4.3)

the function |Ag|? sgn Ag is decreasing as well.
Using (3.1), for every t € J;, we have

Ao (8)[*° < e N (u, Dyu, ) (2).

Consequently, we infer

7(to)
N (u, Dyu,n)(s)ds < fc/ Dy (|Ao(s)|? sgnAg(s))ds

Jl to

< e(|8o(t0)? + Ao+ (10)]?).

where |Ag(7(to))| = 0 if 7(tp) = +o0.
On the other hand, if ¢t € Jy, by definition of J5 and (3.2), we deduce

+oo 1—
N DO < ([ 17 ds) " <0000 gy
¢
Hence, on account of (3.4), we can integrate N (u, Dyu,n) over Ja to get

N (u, Dyu,)(s) ds < cty *F7H7.
Jo

Thus, in particular, ||D;ul is integrable over J and, due to Lemma 2.1 and
(3.2),

7(to)
0 < limsup / | Deu(s)]| ds (4.5)

to€X, to—+o0 Jitg

<c tmsup  (Aolto)l” + [Ao(r(to))” + 877 ) 0.
to€X, to——+o00

Notice that, for every t € J,
t
[u(t) — oo < / [ Dyu(s)llds + [lu(to) — ucol|- (4.6)
to

Suppose now that 7(tp) < +oo for any ty € 3. By definition, we have

|u(7(to)) — tso|lvr = o, Vip € 3.
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Consider an unbounded sequence {t, }neny C 3 such that

lim |Ju(t,) — too|lvr = 0.

n—-4o0o

By compactness, we can find a subsequence {ty, }reny and an element o, € S
such that ||Geo — Uso||v1 = o and

(T (tn,)) = doolve = 0.

Then, owing to (4.5) and (4.6), we deduce the contradiction

T(t’VLk)
0 < [[iioo — tioo]| < limsup (/ | Deu(r) | dr + utn,) = uscll) =0,
k t

*)+(>O ’VLk

so that 7(tp) = +oo for some ¢y > 0 large enough. We can thus conclude
that ||Dyu(-)|| is indeed integrable over (tg, 00) so that, by compactness, (3.3)
follows. Finally, to obtain (3.5) and (3.7), we follow exactly the argument
devised in [22].

REMARK 4.1 In the linear case, that is, ¢ = 0, we have G(u) = Au.
Thus, recalling (4.1), we now have (Dyu, D;[A~*G(u)]) = ||Dyul|?, and, if
f =0, it is possible to recover from (4.2) the well-known exponential decay
of the solution (cfr. [14]). On the other hand, as a byproduct, here we have
also a decay estimate in the presence of a time dependent body force which
suitably converges to a time independent one (see Remark 3.5).
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Asymptotic behavior of a phase-field
system with dynamic boundary
conditions

Stefania Gatti and Alain Miranville

Abstract This article is devoted to the study of the asymptotic behavior of
a Caginalp phase-field system with nonlinear dynamic boundary conditions. As
a proper parameter € goes to zero, this problem converges to the viscous Cahn-
Hilliard equation. We first prove the existence and uniqueness of the solution to
the system and then provide an upper semicontinuous family of global attractors
{A.}. Furthermore, we prove the existence of an exponential attractor for each
problem, which yields, since it contains the aforementioned global attractor, the
finite fractal dimensionality of A..

1 Introduction

We are concerned in this article with the well-posedness and the longtime
behavior of a one-parameter family of phase-field type equations with non-
linear dynamic (in the sense that the time derivative of the unknowns also
appear) boundary conditions. These have recently been proposed by physi-
cists (see [4], [5], [7] and references therein) to model phase separations in
confined systems, for which the interactions with the walls need to be taken
into account.

To be more precise, we consider a two-phase Caginalp type system, whose
state is described by the temperature w and the phase-field (or order parame-
ter) u, occupying a bounded domain  C R?® with smooth boundary I' = 99.
For each parameter ¢ € [0,1], we will deal with the following problem:

ewy — Aw = —uy, t>0, z€Q

ur — Au+ f(u) = w, t>0, z€Q

Onw|an =0, t>0, zeT

uy — Aru + Au + Opu + g(u) =0, t>0, ze€l

Wli=0 = wo, Ult=0 = Uo, x €,

where Ar is the Laplace-Beltrami operator, 0,, is the outward normal deriva-

149
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tive and A > 0. Notice that, when ¢ = 0 (we will refer to this situation as the
limiting case), the system is equivalent to the viscous Cahn-Hilliard equation
proposed in [11], supplemented with dynamic boundary conditions. In order
to study the problem, it is convenient to introduce, following [10], a further
variable ¥ = u|r and to view the dynamic boundary conditions as a parabolic
equation for 1 on the boundary, namely,

Vi — Arp+ Mp + Opu+g() =0, t>0, zel
ulp = v, t>0, ze€l
¢|t:0 = ¢07 MRS F)

while the other equations remain unchanged.

This model, without the nonlinearity g and with stronger assumptions on f,
has been considered in [1] (see also, e.g., [9] for the case of classical boundary
conditions), where the existence of solutions in H!-spaces is proven, together
with the convergence of the solutions to steady states. Here, the weaker as-
sumptions on the nonlinearities force the choice of more regular phase-spaces
(namely, H? instead of H'). The approach that we adopt has been devel-
oped in several recent articles on the Cahn-Hilliard equation with dynamic
boundary conditions [1, 10, 12, 13, 16]. Following in particular [10], we ob-
tain several a priori estimates which, employing LP-techniques, as well as the
Leray-Schauder fixed point theorem [17], furnish the existence of a solution.
Besides, relying again on the a priori estimates, we prove the Lipschitz con-
tinuous dependence of the solutions on the initial data at any fixed time.
These preliminary results show that the problem generates a dissipative dy-
namical system in a proper phase-space. Next, by suitably decomposing the
semigroup, we obtain the existence of smooth global attractors A.. We recall
that the global attractor is the unique compact and invariant set which at-
tracts the bounded sets of initial data as time goes to +oo. Actually, applying
the procedure devised in [6], we see that the family {A.} is upper semicon-
tinuous at zero. Furthermore, for every € € [0, 1], we can construct, thanks to
an abstract result from [2], an exponential attractor M., which is a compact
and positively invariant set which has final fractal dimension and attracts ex-
ponentially fast the bounded sets of initial data. Unfortunately, we are not
able to construct a robust (i.e., continuous) family of exponential attractors.
Nevertheless, the nondependence of proper constants on € furnishes a uniform
bound on the fractal dimension of M.. Moreover, noting that the global at-
tractor A, is contained in M., it follows that the fractal dimension of A, is
uniformly bounded with respect to € as well.

In order to properly define the phase-spaces, which will depend on the
parameter €, but will always have three components, we need an equation
for w in the limiting case € = 0. For this purpose, we introduce the operator
A=1-A:D(A) — L*(Q), where D(A) = {w € H?(Q) : dpwl|sq = 0}.
Then, from the second equation of our system with e = 0, we have w = J (u),
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where J : H2(Q)) — D(A) is defined by
J(u) = Ail( — Au + f(u)),

and, as in [9], J € CY(H?*(Q);D(A)). Next, setting (u) = \ﬁllfﬂ udz, we
observe that the solutions verify the conservation law

(u(t)) + e(w(t)) = I, vt > 0. (1.1)
We now introduce the phase-spaces, which take into account (1.1), by
S ={(w,u, )€ H*(Q)x H*(Q)x H*(T') : Opwlon =0, ulan = ¥, |I| < M},
when € > 0, while
DY, ={(w,u,¢) € H*(Q) x H*(Q) x H*([') : w = J(u), ulaa = ¥, |Io| < M}.

Besides, D = D(A) x H?(Q) x H*(Q). We finally introduce the spaces V5, €
D5, as
0 = DS, N[HYQ) x HY(Q) x B (D),

with V = H3(Q) x H3(Q) x H3(T'). Concerning the nonlinearities f,g € C3(R),

we assume
llirln inf f/(r) > 0, 1‘1r|n infg'(r) >0 (1.2)
fWv > pl? =, g > plvf> —p”, Yo €R, (1.3)

for some p > 0 and p/, p”” > 0. Here, (1.2) is a dissipativity condition which,
in particular, implies the existence of a positive constant K such that f’,¢" >
-K.

DEFINITION 1.1 For any fited M > 0, T > 0 and any triplet zo =
(wo, ug, o) € DY, a solution to problem Pr on the time interval (0,T) is a
triplet of functions z(t) = (w(t),u(t),y(t)) € C([0,T];D5,) satisfying

cwy — Aw = —uy, t>0, €

us — Au+ f(u) = w, t>0, €0

Y — App + M + Opu + g(¢) = 0, t>0, zel (1.4)
Onwlog =0, ulan = ¥, t>0, xzel

Wlt=0 = wo, Ult=0 = U0, Y|i=0 = o, z € Q.

In what follows, we will denote by ¢ a generic positive constant independent
of € which is allowed to vary even within the same formula; further dependen-
cies will be made precise on occurrence. Besides, unless otherwise specified,
every product is understood in the corresponding L2-space. In particular, the
norm and the scalar product in L?(Q) are denoted by || - || and (-, -), respec-
tively, whereas the corresponding symbols in L?(T') are characterized by a
subscript T'.
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2 A priori estimates

LEMMA 2.1 There exist 9 > 0, a constant ¢ and a monotone nonnegative
function Q such that, for any fized e € (0,1], given any initial datum zy € D5,
the following estimate holds for z(t) = (w(t), u(t),(t)) solution to (1.4):

t+1
1213 + llue (@)1 + [l (61 +/t [ellwe ()17 + llue ()1 F + e (8)[ 72 oy )l
(2.1)

< Q(ll=ollB)e™"" +ec.

Proof. Throughout this proof, @ stands for a generic nonnegative increasing
monotone function independent of € and may vary even within the same for-
mula. We first set F(r) = [ f(s)ds and G(r) = [; g(s)ds. Then, we introduce
the energy functlonal E E(t ) deﬁned by

E = ellwl®+[Vull®+Bllull® +[IVre[[f + A+ 8) [ ]|E+2(F (u), 1) +2(G (%), Dr,

where 8 > 0 will be suitably chosen later. Multiplying the first equation of
(1.4) by w and the second by u; + Su, we have, on account of the boundary
conditions,

dE
T 2|Vw|? + 28 Vull? + 28| Vrv |l + 208117 + 2lluell® + 2]}

= 26(w, u) — 26(f (u), u) — 26(g(¥), ¥)r-
Following [9], we write, in order to apply the Friedrich inequality,
2(w, u) = 2(w — (w), u) + 2| (w) — 2|2 {(w)?.

It is now readily seen that, for any 0 < v < 3, the functional E satisfies the

inequality
dE
— E=nh,
a7

where h = h(t) is defined by

—(28 = N(IVull® + [IVe¥I2) = [M28 =) = B[l [IE
+2y((F(u) = f(w)u, 1) + (G(¥) — g(¥)¥, L)r)

+2(y = B) ((f(w),u) + (g(¥), ¥)r) + Byllull® — [[Vuw]?
= 2fjuell® = 2[[e 17 + 28 (w) — 2(8 = )elQ(w)?
+yellwl® = 2velQl(w)? — [Vwl® + 28(w — (w), u).
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By the Friedrich inequality, there exists a positive constant Cg such that
lw = (w)|* = [lw]|* — [2{w)* < Ca|[Vuw]*.

This, together with the Young inequality, yields the following bound for the
last line in the expression for h:

’Y€||wH2 = 29elQf{w)? = [IVw]|* + 28(w — (w),u)
—(1- 750&2)||Vw||2 +26+/ Co|[Vwl|[u]]

5 Jul?,
’YEC

provided that v < 1/Cgq. Besides, the following inequalities are proven in [18]:

(F(u) = f(u)u, 1) < Kl and (G(¥) - g(¥)¥, I)r < K|Y

for any u € L?(2) and ¢ € L?(T'). Then, arguing as in [9], we have, if 3 and
~ are small enough (and are independent of ¢),

hgﬁ+n

where

r=— 28— (IVul?+ IVelR) ~ 3N ) — BllR
29 ()~ S 1) + (GO g )
— (8 =) (), + (o), 93r) + Byl + el
~ [Vl + 266w — {w), u) ~ 296/ w)?
<~ @8~V (IVulP + [Vrel?) — 5B ) — Al
5 CQ

N)M—\

+ 29K — (B =) ([ull® + [$12) + Bryllul® + -l I+

<c

— )

while

h = —%(25 —Ve(lullz + 1917wy — (8 =) ((F(w),u) + (g(), ¥)r)
— [IVwl® = 2ljue|* = 2[4 12 + 2812 (w) — 2(8 — 7)elQ(w)*.

We thus obtain

dE
— E<h
ar + +c.

Next, integrating the first and the second equations of (1.4) over £, and the
third over T, it follows that

S + ) = (1) + (g (e + A0+ )e). 22
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Hence, taking x = (1 — ve)~1(26|Q|L.), it is apparent that the energy func-
tional F + ke(w) satisfies the differential inequality

jt(E + ke{w)) + Y(E + ke(w))

< @8~ el + 10 ey) — (8~ D)) + o), )
IVl = 22 - 202 - 208 — el
T () + m (e + M) + (g@)r) + e

€
Mimicking [9, (4.16)], there exist, for any arbitrarily small v,/ > 0, C,,,C,, >
0 such that
[(fu)] < v(f(u),u)+Cy
|<9(1/1)>F| < VI<9(1/1), 'lz[}>F + Cl/’a

which yields

K(f(w) — (B —{f(uw),u) <c,
||srz||< () — (B —){g(¥),¥)r < c.

Besides, it is readily seen that

43wmuwwﬁSa

Thus, handling the other terms analogously, we end up with

d
dt(E + ke(w)) + (£ + ke(w))

+ (Tl + 1910 ) + IVl + el + lvelIE) < e,
and, since the energy functional satisfies the following inequalities:

E + refw) < Cor(ellwl*+ Jullip + 19170y + 2(F (u), 1)+ 2(G(¥), 1)r + 1),
E + re(w) = Cyf (ellwlP+ llullip + 101 0y + 2(F (), 1)+ 2(G (), 1)r - 1),

where the positive constant C is independent of £, the Gronwall lemma gives
elw®)I? + lu@®lF + 1Y@l @) +2F (u(t), 1) + 2G@(@), r  (2.3)

t+1
+/t [IVw(s)I? + [l (s)II” + [l (s)[F]ds
< Cne™[ellwoll*+ luol 7 + %0l 32yt 2(F (uo), 1)+ 2(G (vho), 1)r] + Car.
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Next, we consider the problem formally obtained by differentiating the second
and the third equations of (1.4) with respect to time, namely,

wuge — Aug + f(w)ug = wy, t>0, z€0 (2.4)
Vi — Arthy + My + Onug + g’ (V)b = 0, t>0, zel, (2.5)

supplemented with the initial conditions read from the problem

us(0) = Aug — f(uo) + wo
Y (0) = Arthg — Mo — Onug — 9(to).

Multiplying (2.4) by wu¢, (2.5) by %, and the first equation of (1.4) by w;, we
obtain

1d
5 37 IVl + el + l[elI7) + ellwel® + 1 Vuel® + [Vrdulle + Alle 7

+ (f'(w)ug, ue) 4 (9" (¥)e, e)r = 0.

Adding (||Vw||* + [Jut]|?)/2 to both sides of the above equality, we deduce
from (1.2) that

d
2 IVl + flual* 4 [ [7) + 1Vl + ]
+ 2[ellwe ]l + [Vuel* + I VrelF + AlvelI]
< ol Vwll* + [luel|* + e IF] s

hence, in view of (2.3),

t+1
IVw(@)IP+ [l ()]*+ ||1/Jt(t)H%+/t [ellwe(s)I* + [ Vue(s)|* + [ Vrvre(s) [F]ds

< Qlz0lB)e™" +c. (2.6)

To complete the H'-norm of w, it is enough to observe that it follows from
(2.2) that

(w(®)) < Qllzollp)e™ +e,
which, together with (2.6), yields

lw@®l7 < Qllz0llp)e™ +c.

We now consider the elliptic problem

Au— f(u) =M
Art) = Ay — g(¥) — Opu = hy
u|F = 7/17
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where hy = u; — w and hy = ¥y — Ap. Since it follows from (2.3) and (2.6)
that

[ ()7 + R (DIE < ¢+ Q(ll20lIB)e ™", (2.7)
the maximum principle [10, Lemma A.2] applies, giving
lu@lZee + 190200 ) < €+ QUlIz0lIF) e ™"

This allows to view f(u) and g(¢) as external forces as in [10, Theorem 1.1],
entailing

lu(®)lIz2 + 1L Ol ) < e+ Q(ll2olB)e™".

So far, only the dissipativity in ||Aw|| is missing, but, since we want to control
this norm without &, we rescale time as in [9, Lemma 1.3], that is, ¢ = e7.
Then, the first equation of (1.4) reads

Wy — ANyw = h(1) = —us(eT),
and, owing to (2.6), we obtain at once

lo(®)[72 < Qllz0llB)e™ +c.

REMARK 2.1 Unfortunately, we are not able to derive these a priori
estimates when (1.3) does not hold, since the phase-field model does not allow
to argue as in [10], where a single equation is considered.

In the limiting case, we can prove the

LEMMA 2.2 For any zo € DY, if 2°(t) = (w°(t),u’(t),¢°(t)) solves (1.4)
with € = 0, then

1213 + [l O + [LP @7 < Q(llz0lIF)e " + . (2.8)
Moreover, we have

lwf @)I* < Q(llz0lB)e™ +c. (2.9)

Proof. Since (2.1) is uniform in €, we can pass to the limit and we obtain
at once (2.8). Next, (2.9) can be proved by arguing exactly as in [9, Lemma
1.8).

LEMMA 2.3 For any pair of initial data z1,22 € Djy, there exist two
positive constants C and L such that, if 2*(t) = (w'(t),u*(t),"(t)) is the
solution originating from z;, there holds

12 () = 22 @)llp + llug (8) = wf (O] + 191 (1) = 2O < Ce™|lz1 = 22]lp,
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where the constants only depend on the norms of the initial data and are in
particular independent of €.

Proof. We can see that the difference z(t) = 21(t)—22(t) = (w(t), u(t), ¥(t))
solves the problem

ews +ur — Aw =10

U — Au=w—du

Ve — Artp + Ap + Opu+ €Y =0 (2.10)
Onw|pr =0, ulp =¥

w(0) = wp, u(0) =ug, (0) =1y,

where (wo, ug, o) = 21 — 22 and

1

b= o(u',u?) = / f'(su' + (1 — s)u?)ds,
°
€= e o) = [ g0+ (1= s

Here, the integral mean is still conserved, but its modulus is now controlled
as
[(u(t) + ew(t))] = [{uo + cwo)| < ¢,

with ¢ possibly different from M, depending on the initial data. We will take
advantage of Lemma 2.1 (respectively, of Lemma 2.2 when ¢ = 0), which,
thanks to the assumptions on f and g, yields

o)l a2 + e (O + 1€ 20y + 160 < .

Multiplying the first equation of (2.10) by w, the second by wu; and the third
by 1, we obtain

1d
5 g EN? + 1Vull® + Vv lE + MlE] + [ Vewl® + [lul® + ez

= _<¢uaut> - <§¢,¢t>r;

hence, by the Young inequality and an integration in time,

elw®? + lu@®)IF + 1O ) < e (ellwoll + luollF + I¥ollin ).
(2.11)
Differentiating with respect to time the second and the third equations in
(2.10), we have

U — Auy = wy — dru — Py
Y — Arpy + APy 4 Onug 4§30 + §3Py = 0,

Copyright © 2006 Taylor & Francis Group, LLC



158 S. Gattt and A. Miranville

which, multiplied by u; and 1), respectively, and added to the product of the
first equation of (2.10) by w, furnishes

1d
577 IVwll? + el + [ l[2) + ellwe|* + [ Vael® + 1 Vevelz + M2

= —(bsu, uz) — (Dug, ur) — (§0, Ye)r — (€Yt Ye)r-

Here, the assumptions on f and g immediately give

—{bu, ue) — (€, ve)r < KlJuell* + |9l 7],

whereas

—(bru, ue) — (§eby o) < clllull g (|l z + 01 oy 1906l 2 0y

Taking advantage of (2.11), these inequalities lead, in view of the initial con-
ditions read from (2.10), to

Vw1 + lue (@1 + eI < ce[lwollFn + lluollz= + 1ol r]-

Since |

(w(t)) = (ue) + (du) + @[(%)F + AW + (§¥)rl;
it is straightforward to complete the H'-norm of w. Then, the final estimates
follow by standard parabolic regularity arguments.

3 Existence of solutions

The main result of this section states as follows.

THEOREM 3.1 For any ¢ € [0,1] and any zy € D5, there exists a unique
solution z(t) to problem P, which satisfies all the a priori estimates derived
in the previous section.

Since the limiting case is well known, we only focus on the case € € (0,1]. We
set Qr = [0,T] x Q and 907 = [0,T] x 9 and we will exploit the anisotropic
Sobolev spaces W2(Qr) and W)-?(9Qr), constituted by functions that, to-
gether with their first time derivative and first and second space derivatives,
belong to LP(Qr) and LP(9€r), respectively (see, e.g., [8]). In what fol{zlows7

we will need the embeddings W,?(Qr) € C(Qr) and H?*(Q) C Wj_E(Q).
The former compact inclusion follows from classical theorems, provided that
W2P(Q) € C(Q), that is, when 2—3/p > 0. The second embedding is satisfied
if 2 < p < 10/3. This lead us to confine p € (3,10/3].
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As a first step, we consider the linear nonhomogeneous problem for w and
u with homogeneous boundary conditions, namely,

cwy +up — Aw = hy
ug — Au —w = hg (3.1)
Onpw|r =0, ulp = '

’IU(O) = wo, ’LL(O) = Ug.-

_1
LEMMA 3.1 For any fized € > 0, if wg,ug € Wj(l ”)(Q) and hy,hy €
LP(Qr), with (hy(t)) = 0, there exists a unique solution (w,u) € W) ?(Qr) x
WE2(Qr) to (3.1) such that

||w||WT}’2(QT) + HU”WZ}»?(QT) (3.2)

< C(HwOHWj(l—%)(Q) + ||UO||W§(1—%>(Q) + Hh1||LP(QT) + ||h2HLP(QT))’

where C' is a positive constant depending on T and €, but is independent of w

and u.

Proof. We proceed as in the proof of [10, Lemma 2.1]. Both equations in
(3.1) are compact perturbations of the heat equation and, since the existence
and uniqueness follow from standard arguments, we concentrate on the a
priori estimates. For this purpose, it is convenient to determine u; from the
second equation, rewriting the first equation as

ewy + Aw = —Au + hy — ho. (3.3)
Applying the LP-theory to the second equation, we obtain

lullwz2qpy < elllbzllLe@r) + lwlr@r + ||UO||W2(1_%>(Q))7 (3.4)

which, proceeding in a similar way for (3.3), implies the estimates

[wllyy 2 (3.5)
< c(llhllpe@r) + 1h2llLe@r) + AUl L) + ||w0||W2(1_%)(Q))
< c(lhllze @yt h2llze@r) + lwllze@r+ Hu0||W§<1—%>(Q)+ HWOHqu—;)(Q))-

Using proper interpolation inequalities (see, e.g., [8, Chapter II, (3.2)] with
g =r =p), we have

1—2 2
HU’HLP(QT) < C||w||LocZZo,T;L2(Q))||w||22(o,T;H1(sz))'
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We thus accomplish our purpose provided that we can properly estimate
|lwl| Lo (0,7;22(c2))- Multiplying the first equation in (3.1) by w and the sec-
ond by u; and taking advantage of the null integral mean of hy, we obtain

| =

(ellewl® + 1Vul®) + IVl + fluel? = (b, w = (w)) + (ha, u),

N
U

t

and the Friedrich and the Young inequalities entail the desired bound.

Next, we study the linear homogeneous problem with nonhomogeneous
boundary conditions, but with null initial data, that is,

ewy +uy — Aw =10
u—Au—w =20

anw|F = Oa U|F = w
w(0) =0, u(0) = 0.

LEMMA 3.2 For any fized ¢ > 0, if ¢ € W;‘l/@p)’?‘”p(am), there
exists a unique solution (w,u) € W12(Qr) x Wp2(Qr) to (3.6) such that

lolly2 gy + Ml 2y < Clllya-svemaimogy.  (B7)

for some positive constant C depending on T, but independent of 1. Moreover,
t 1 t
[ uuo) v(e)rds = Sl + [ IVuPas =0 @)

Proof. Following [10, Corollary 2.1], we consider the linear extension oper-
ator

2—

1-55.2—5
T, : W, (09r) — Wy2(Qr) defined as  (T,0)|o0, = .

Besides, it is possible to construct this operator such that

(Tpy(t)) =0, Vye Wﬁfﬁ’%%(aﬂﬂ, vt > 0.

Performing the change of variable v = u — T3, by straightforward compu-
tations we obtain that, if (w,u) solves (3.6), then (w,v) solves (3.1) with
hi1 = —0:(Tp), ha = —0:(Tp) + A(Tpy) and vy = —Tp1Py. By Lemma 3.1,
we have the existence and uniqueness of the solution, together with estimate
(3.7). In order to derive (3.8), it is enough to multiply the second equation in
(3.6) by u and to integrate in time and space.
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As a third step, we analyze the linearized version of problem P, that is,

ew +up — Aw = hy
—Au—w = hy
Opwlr =0, ulp =1 (3.9)
Yy — Aprtp + A + Opu+ hy =0
w(0) =wo,  w(0)=uo,  ¥(0)=1y.

LEMMA 3.3 For any fizxed € > 0, if hy,hay € LP(QT) wzth (hi(t)) = 0,
hy € LP(0Qr), wo,ug € Wit~ 5)(9) and vy € W' (09), then (3.9)

possesses a unique solution (w(t),u(t),y(t)) such that

”wHW1 20 T ||UHWP1'2(QT) + ||wHWP1'2(8QT) (3.10)

< C([Jwoll w2 b +H uo| w2 b + ol -
@ @ w7 om)

+ ||h1||Lv(QT> + ||h2||m (Qr) + sl e 202r))s

for some constant C' > 0 depending on T and €, but independent of (w,u, )
and (hl, hg, hg)

Proof. Since the existence, the uniqueness and the estimates for w are the
same as above, we assume that w is fixed and we concentrate on the pair

(u,1)). The proof is similar to that of [10 Lemma 2. 2], but we report it for the
reader’s convenience. There exists T : W T P (0Qr) — W, 2(€2r) solution

operator to the following problem:

—Av=w
ol = 9 (3.11)
v(0) = 0.

Setting v(t) = Ty (t) and () = u(t) — v(t), we obtain, in view of (3.9),

0 — AO = hy
Oloc =0 (3.12)
0]i—0 = uo

Yy — Arp + Mp + Opu + hy = 0.

In this new formulation of the problem, the unknowns are no longer coupled.
Therefore, we consider the first three equations of (3.12), to which Lemma
3.1 applies, yielding

||9||W1}’2(QT) < C[Huollwul_%)(m + ||h2HLP(QT)]- (3~13)

P
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Next, 1) solves ~
U — ArY + Ap + 0n(TY) + h =0
w‘t:[) = o,
where, due to (3.13), h = hs + 0,0 € L?(8Q7r). Moreover, Lemma 3.2 and a
suitable trace theorem provide

On (T » <C 11 .
10n (TY) | Lr (902) < HwIIW; Lo ’1’(8QT)

(3.14)

Owing to this estimate, (3.14) is a compact perturbation of the heat equa-
tion on the boundary. Arguing as in [10], we then obtain the existence and
uniqueness of solutions, as well as the estimate

, <C PR 1,1 + 1Al 1» .
19200, < [\Iwollws . HwIIW; 523 0m) 1Rl Lo o02)]

The second term in the right-hand side of the above inequality can be handled
by interpolation, yielding

[Pllwp200,.) < O[”%”W;_%(aﬂ) + ¥l c200r) + 10l Lr@or)] -
Finally, we obtain, multiplying (3.14) by v and taking (3.8) into account,

%0 2002 < Clllboll2ca0) + 112l 22 (902))-

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Given zy = (wo, up, o) € Dy, mimicking the
proof of [10, Theorem 2.1], we consider the following homotopy of problem
P.:

cewy — Aw+u; =0

up — Au —w = —sf(u)

P — Arth + b + Opu = —sg(v)

Opw|r =0, ulp =1

w(0) = wo, u(0) =ug, %(0)=th.
For any s € [0, 1], this problem is equivalent to the following;:

w wWo 0
u | =Mo [ uo | +sMy | —f(u) |,
() Yo —g()

where M : (wo, ug, ¥o) — (w,u,) is the solving operator of (3.9) with h; =
he = hg =0 and My, : (hy, ha, h3) — (w,u,) is the solving operator of (3.9)
with null initial data. We now introduce the space ® = W, %(Qr) x W2 (Qr) x
W,?(9Q7r) which is compactly embedded into C(Q7) x C(Qr) x C(0r) and
is such that the operator (w,u,v) — My, (0, —f(u), —g(¢)) is compact in ®.
Since each solution to the s-problem satisfies the a priori estimates uniformly
in s, we obtain, by the Leray-Schauder theorem and arguing as in [10], the
desired existence result. []
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4 Dynamical Systems and Global Attractors

Collecting Lemmas 2.1 and 2.3 and Theorem 3.1, we can now state the

THEOREM 4.1 Given any € € [0,1] and any positive number M, problem
P, generates a dissipative dynamical system {Se(t)} on the phase-space D5, .

Our next aim is to show the existence of an upper semicontinuous family
of global attractors. We first have the

THEOREM 4.2 Fizing ¢ € [0,1], the dynamical system {S:(t)} on D5,
possesses the connected global attractor A. C V§,. Besides, there ezists a
positive constant C' such that, for any initial datum zo € Ae, Sc(t)zo =

(w(t), u(t), ¥(1)) satisfies
ellwe I + lue @7 + )y < G, VE=0.

Proof. Given z = (wo, ug, o) € Dy, we decompose the corresponding solu-

tion as z(t) = z4(t) + 2°(t), where

24(t) = (w(),u?(t),v(t)) and  2°(t) = (wo(t), u(t), ¥°())

solve
ewd +u — Aw? =0
uf — Aut = w?
i — App? + Mpd + Opud =0 (4.1)
Onw?|pn = 0, u?lpg = ¢
w(0) = wo — (wo), u(0) =wuo — (uo), YU0) = 1ho
and

ewy +uf — Aw® =10
u§ — Aut = w® — f(u)
Py — Aryp© + Mp° + Opu’ + g(¥) = 0 (4.2)
Onw’laq =0, u’laq = °
w(0) = (wo), u(0) = (uo), ¥(0)=0
respectively. Arguing exactly as in Lemma 2.1, it is not difficult to show that
122 (#)llp < ce™ |l 20ln-
Besides,

12Ol < 2@l + 14O Ip < e, VE20,
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and, in order to show the uniform boundedness of 2¢(¢) in V, it is enough to
bound ||[VAw®||2 +||VAuC||? + || VrAry°||2 uniformly in time, which amounts
to controlling the H'-norms of the time derivatives of w®, u° and 1°. Thus,
differentiating (4.2) with respect to time, we have

ewy;, + uf, — Awf =0

ufy — Auf = wi — f'(u)u

Vi — Ardf + AF + Opuf + g' (V) =0
8nw§\@g ZO, uﬂag Zl/)f

(4.3)

Multiplying then the first equation of (4.3) by wg, the second by ug, and the
third by vf;, we have

1 d c c C c Cc C C
5 77 Gl 1P + Vgl + Vewflle + Moplie) + IVeil® + lug” + g

= f(f/(u)ut,ufﬁ - <9/(¢)wta7p§t>F
gl + 0517 + elluel® + el f-

Finally, we deduce from Lemma 2.1 and the Gronwall lemma that
Iz¢()|lv < e Vi >0
and the existence of the global attractor follows from classical results (see,

e.g., [14]).

It is worth noting that the global attractor 4. depends on the fixed constant
M. Furthermore, we note that, in the limiting case ¢ = 0, the first component
reads w’(t) = J(u®(t)) and (So(t),DY,) is a lifting of the dynamical system
(PSo(t), H?(2) x H*(I')), where P is the projection P : DY, — H?(Q2) x H?*(I")
onto the second and the third components. In particular, (PSy(t), H?(Q2) x
H2(I")) is dissipative and possesses the global attractor A, ¢ H3() x H3(I),
hence

Ao = {(w,u, ) € VS, (u,¥) € Ay, w=T(u)}.

THEOREM 4.3 The global attractor Ay is upper semicontinuous with re-
spect to the family { A}, that is,

liH%) distp (Ag, .Ao) =0,

where disty corresponds to the Hausdorff semidistance in D.

Proof. We adopt the procedure devised in [6]. Setting

A= ] 4,

€€(0,1]
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it is readily seen that A is a bounded subset of H3(Q2) x H3(Q) x H3(T).
We again consider the projection P : D3, — H?(Q2) x H?(T') onto the second
and the third components. First, notice that, owing to the definition of a
continuous semigroup and to Theorem 4.2, the family

_ 0 2 2 (u(t), (1)) = PSe(t)20
g - {(U,Z/J) € C ([03 OO)vH (Q) X H (F)) 20 c A€7 = (0’ 1]
is equicontinuous at zero. We will prove the upper semicontinuity by arguing
by contradiction. Suppose that there exist p > 0 and two sequences €, — 0
and z, € A, such that
distp(zn,Ao) > p. (4.4)

We observe that each 2™ (t) = (w™(t),u™(t),¥"(t)) = Se, (t)zn € Ac, can be
extended to a bounded complete trajectory of S (t). Besides, the set defined

UU="ca

teR neN
is a relatively compact subset of ). On account of the equicontinuity of the
family G and of the properties of the semigroups, the family Pz" : R —
H?(Q)x H?(T') is equicontinuous, allowing to apply the Ascoli theorem, which,
together with a diagonalization procedure, leads to the existence of (i, 1[)) €
CO(R; H2(Q) x H%(I')) such that Pz" — (a,4) in C°([—N, N]; H%(Q) x
H?(T)), for any N > 0, at least for a subsequence. Moreover,

iu]g ||(ﬁ(t)’@(t))HH?(Q)tz(r) < 0.
€

We now show that (ﬁ,iﬁ) is a bounded complete trajectory of PSy(t). By
definition,

(I—A)w" = —g,wl + Au™ — f(u™)

up =w™ + Au™ — f(u")

P — Arp™ + A" 4 Opu” + g(¥") =0

anwn‘ﬁﬂ = 07 U"|asl = ql)n’
endowed with the obvious initial conditions. The convergence of Pz" and
Theorem 4.2 yield that, up to a subsequence,

(W, ui',yy) — (T (@), T (@) + At — f (@), Artp — M) — Oni — g(¥)))

in CO°([—-N,N]; HL(Q) x (HY(Q))* x (HY(T))*), for any N > 0. Besides,
(w™, ult, ') converges to (W, ¢, ;) in the sense of distributions and the pair
(u(t),®(t)) is indeed a complete bounded trajectory of PSy(t). This implies
(u(0),(0)) € Ay and (w(0),u(0),(0)) € Ay, which, together with the con-
vergence for Pz"(t), provides Pz, — ((0),9(0)) in H?(Q) x H?(T'). Finally,
we know that w™ € CO(R, H*(Q)) and sup,cp [|w™(t)|| gz < oo, hence

w' —w=J(@) in C°-N,NJ;H*Q)),
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for any N > 0. This allows to conclude that z, — (w(0),(0),%(0)) € Ap in
D, against (4.4).

5 Exponential Attractors

We have the following exponential attractor’s existence result [2].

THEOREM 5.1 For any ¢ € [0,1], let B. be the absorbing ball given by
Lemma 2.1 and Lemma 2.2 and let t* > 0 be such that Sc(t)B: C Be, for any
t > t*. Assume that the following conditions hold.

(H1) Setting Se(t*) = Se, the map Se satisfies, for every z1,z9 € Be,
Scz1 — Sezp = Le(21, 22) + Ko (21, 22),
where
[[Le (21, 22) lp < £ll21 — 22]|p,
[ K (21, 22)[[v < Allz1 — 22[p,
for some k € (0,1/2) and some A > 0 independent of .

(H2) The map
z— Sc(t)z: Be — Be

is Lipschitz continuous on Be, with a Lipschitz constant independent of
t € [t*,2t*] and of €. Besides, the map

(t,2) — S:(t)z : [t*,2t"] x B. — B.
is Holder continuous, with an exponent independent of €.

Then, there exists an exponential attractor M. on gg = ED that attracts gg
exponentially fast. Besides, the fractal dimension of M. is uniformly bounded
with respect to €.

Verification of (H1)

Given a pair of initial data z{ € B., we set
20 = Zé - Zg = (U)(),U(),Qljo).
The difference of the corresponding solutions

2(t) = 21 (t) = 22(t) = (w(t), u(t), (1))
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can be decomposed as z(t) = 2%(t) + 2(t), where

2U(t) = (0(t),a?(t),v(t)) and  2°(t) = (@°(t), a%(t), (1))
solve (4.1) and
ews + 4§ — A =0
— AW =0° = lu
1/3@ — Apd© + AE + O i€ = — Lyt

On’laq =0, )oq = ¢°
we(0

) = (wo), @°(0) = (ug), ¥°(0) =0,

respectively. Here,
/ f'(sul(t) + (1 — s)u?(t))ds
b= [ 960+ (- 0

0

satisfy, thanks to Lemma 2.1 (respectively, Lemma 2.2),
lex®llzz + 19O + [0 |2 + 10 < e, Ve 0.
Arguing as in Lemma 2.1, we see that
129t I < ce™ |20l
We thus accomplish our purpose if we show that
12°(®)llv < cllz0lp,

for some ¢ possibly depending on ¢*. This can be seen as in Theorem 4.2, by
using Lemma 2.3 instead of Lemma 2.1. Finally, taking ¢* large enough, the
maps L.(z1,22) = 24(t*) and K_(z1, z2) = 2°(t*) satisty (H1).

Verification of (H2)

Notice that, thanks to (2.10), only the Holder continuity with respect to time
is left to prove. Arguing as in [9, Lemma 3.3], we have, by interpolation,

lo(t2) = v(t1)llm= < Jo(t2) = vt 135 o(ta) —v@E)[V2, 26" >t > 11 > ¢,
Thus, S.(-)z is Holder continuous with exponent 1/3, provided that

sup ||S:(t)z]ly < ¢, Yt € [t*, 2t7].
z€B:
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By decomposing S.(t)z as in the verification of (H1), it is possible to prove
(cf. [9, Lemma 2.7]) that

sup [|Se(t)zllv <e(t),  Vt>0
zE€B.

and Lemma 2.1 implies, when € > 0,

lw(tz) — w(t)|* + lu(tz) — ult)|* + [l (t2) — D ()7

<fazh) [ el + )| + (o) s

S C(tg — t1)7

where ¢ now depends on €. Analogously, when ¢ = 0, we deduce from Lemma
2.2

lw(tz) = w(t)|* + lu(tz) = ult)|* + [l (t2) — D ()7

2t*

<(t=h) | {Ilwe ()17 + [lue(s)* + e () [ F b s
S C(tQ —tl).

These two estimates yield the desired result.

REMARK 5.1 Since the global attractor is the minimal (for the inclusion)
compact attracting set, we obtain A, C M., which ensures the uniform (with
respect to €) boundedness of the fractal dimension of the global attractors.

REMARK 5.2 It would be interesting to construct a robust (i.e., upper
and lower semicontinuous) family of exponential attractors for our problem.
Indeed, it is in general very difficult to prove the lower semicontinuity of
global attractors (this property may even be not valid). In contrast to this,
this property is rather general for (proper) families of exponential attractors
(see, e.g., [2], [3], [9] and [10]). Now, to do so, we need to study the boundary
layer at ¢ = 0 (cf. [15]; see also [9]). However, compared with the same problem
with classical boundary conditions (see [9]), the dynamic boundary conditions
yield new difficulties and we will come back to this problem in a forthcoming
article.
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The model-problem associated to the
Stefan problem with surface tension:
an approach via Fourier-Laplace
multipliers

Matthias Geissert!, Bérénice Grec, Matthias Hieber
and Evgeniy Radkevich

Abstract In this paper we introduce Fourier-Laplace multipliers and show
how this technique can be used to investigate the model problem for the Stefan
problem with surface tension.

1 Introduction

The classical Stefan problem has been studied by many authors for several
decades. It is a model for phase transition in liquid-solid systems and accounts
for heat diffusion and exchange of lateral heat in a homogeneous medium. For
a precise formulation of the problem we refer to the monographs [20], [15] and
Section 3.

It is known that the Stefan problem (without surface tension) admits a
unique global weak solution provided that the given initial data have suitable
signs. The existence of such a weak solution is closely related to the maximum
principle. Regularity results for weak solutions for the one-phase Stefan prob-
lem were given for example in [4], [5], [8], [9], [13] and for the two-phase case
for example in [2], [14], [17]. It is also known that many methods which were
applied to the classical Stefan problem are not available for the Stefan prob-
lem with surface tension. In fact, the inclusion of surface tension will no longer
allow to determine the phases merely by the sign of u. Existence of a global
weak solution for the two-phase problem with surface tension was proved by
Luckhaus in [12]; existence of a local classical solution was announced by the
last author in [18] and [19] as a corollary of the estimates for the associated
model problem. Recently it was proved by Escher, Priiss and Simonett [7]

IThe first author was supported by the DFG-Graduiertenkolleg 853
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that the Stefan problem with surface tension admits a unique analytic solu-
tion under mild assumptions on the data in case that the interface is a graph
over R2.

In this paper we study the linear model-problem associated to the two-
phase Stefan problem with surface tension. Our basic tool to investigate this
problem is Fourier-Laplace multipliers. By this approach we obtain a proof of
the characterization of the existence of a strong solution of the linear model-
problem by its data that is different from the one given in [7].

In Section 2 we show that these multipliers are closely related to classi-
cal Fourier multipliers and that results on LP-boundedness of Fourier-Laplace
multipliers can be obtained via results on boundedness of Fourier multipli-
ers. In particular, we deduce a Fourier-Laplace multiplier theorem from the
classical theorem due to Lizorkin [11].

Section 3 deals with the model-problem for the Stefan problem with surface
tension. We show that the model-problem enjoys maximal LP-regularity if the
given data are in suitable Besov spaces.

2 The Fourier-Laplace transform

Fourier multipliers naturally occur in the study of elliptic differential equations
in R™. This is one reason why Fourier multipliers have been studied for a long
time (see [21], [11], [22]).

In order to deal in particular with parabolic equations the method of Fourier-
Laplace multipliers turns out to be very helpful. We hence define in this section
Fourier-Laplace multipliers and show how theorems on Fourier multipliers on
LP(R™*1) may be transferred to theorems on Fourier-Laplace multipliers on
LE(Q), where Q = R} x R™. Here

+oo
15(@) = { € (@ Il = [ [ e st dt do < oc)

for some constant v > 0. The space L3° (Q) is defined in a similar way.
We start with the definition of the Fourier-Laplace transform. For f €

C2°(Q) the Fourier-Laplace transform f of f is defined by the following for-
mula:

~

fN€) = /Om /ne*”f*”f(t,x) dedt, ¢eR", \eC.

Note that f(, £) is an entire function for £ € R™ and integrating by parts, for
v € R, there exists C, > 0 such that

€T+ INFNE <Oy ESR™, Re A >, (2.1)
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In order to introduce the notion of Fourier-Laplace multipliers, let C,, :=
{z € C: Rez > 7} for some 79 € R and consider m € L>*(C,, x R").
Assume that m(-,§) is analytic on C,, for a.e. £ € R™. Then it follows from
(2.1) that there exists C' > 0 such that

€L OT O] + Nm(ALOF (A <. ae. £ € R, Re A2 .

Therefore, by the inverse Fourier transform and by techniques similar to those
described in [1, Theorem 2.5.1], for f € C®(Q) and v > = there exists
g € LF(R2), given by

olt.) = Gy [ [ O 4 in )+ ing) dgar, 22

such that mf: E Note that by Cauchy’s theorem g is independent of ~.
Let Ty, : C2°(Q2) — L32(Q2) denote the mapping f +— g. We say that m is
a Fourier-Laplace multiplier on L5 (Q) if T,,, maps C°(£2) into L{;O(Q) and

there exists C > 0 such that

1T fllzz, @) < Clfllg, @)y € CE(9Q).

In this case, T}, can be extended to a bounded operator on L (€2).
By (2.2), we obtain that T,, f admits for a.e. x € R™ and ¢ > 0 the repre-
sentation

(Tonf)(6.2) = 9(4.2) = Gz F i + - F(Ll(Ea), (23)

where F denotes the Fourier transform and

e 0l f(t,z), weR", >0,
Fro(t,7) ::{o, 2R, t<0.

This representation allows us to transfer results on Fourier multipliers to
Fourier-Laplace multipliers. For example, the following proposition may be
deduced from Lizorkin’s theorem on Fourier multipliers (see [11]).

PROPOSITION 2.1 Letl < p < oo and m € L*(C,, x R™) for some
Yo. Assume that m(-,€) is analytic on C,, for a.e. & € R™, m(yo +i-,-) €
C"HL(R"1\ {0}) and there exists M > 0 such that

AT OO m N < M, (L) €M {0),

whenever (ai,...,any1) € {0,131, Then the function m is a Fourier-
Laplace multiplier on L? ().
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Note that the analyticity of m(-,£) is needed for the representation (2.2) of g.
Moreover, since the Fourier-Laplace transform g(-, §) of a function g € L ()
is analytic in {z € C: Re z > v} for a.e. £ € R™ it is not a strong restriction.

Furthermore, note that the second equality in (2.3) also holds for ¢ < 0.
Letting v — oo in (2.2), it thus follows that

supp F ' [m(yo + i+, ) F(fr,)] =supp g C Q, [ € CZ(Q). (2.4)

3 An Application to the Stefan problem

In this section we consider the linear model-problem associated to the classical
Stefan problem with surface tension. The latter may be described as follows:

Let Q C R? be a bounded domain with smooth boundary 9. Assume that
Q is filled with a liquid and solid phase, e.g., water and ice, which at time
t = 0 cover the domains QF. The domains QF and Qj are separated by a
compact surface I'g. For ¢ > 0 let I'(¢) denote the interface at time ¢ and Q% (¢)
the domains of the two phases. We denote by v(-,t) the outer normal at T'(¢)
with respect to 7 (¢). Furthermore, let V(-,¢) be the normal velocity of the
free boundary I'(¢) and H(-,t) its mean curvature.

Let g and uZ : QF — R be given, where u and u; denote the initial
temperatures of the liquid and solid phases. The strong formulation of the
two-phase Stefan problem with surface tension consists of finding a family I' :=
{D'(t),t > 0} of hypersurfaces and a family of functions {u® : U;>o(QF(¢) x
{t}) — R} that satisfies

kEOut = ptAut  in QF(t), t >0,

ut =oH onI'(t), t>0,

[wOu] =1V on I'(t), t>0, (3.1)
ut(0,-) = ui in QF,

I(0,-) = To,

where [ > 0 is the latent heat, kT > 0 the heatcapacity, o the surface tension
and p* > 0 the coefficient of heatconduction in the two phases. Moreover,

[no,] = prout — pmdu”

denotes the jump of the normal derivatives across the interface I'(t).

The investigation of the free boundary problems (3.1) is often reduced in a
first step to the so-called model-problem. In our situation the model-problem
reads as follows.
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Ou® — Aut = f, (r,y) eRL, t >0,
00— OyuT|y—o + Oyu ly—o =g, T ER% t>0,
uF|y—o + Ap = h, zeR? t>0, (3.2)
utlizo = uy,  (a,y) € RY,
0li=0 =0, x € R2.

Here, f, g, h and ua—L are the given data. For the time being, let ug =0 and
f =0. Then (3.2) reads as follows:

Ot — Aut =0, (x,y) €RL, t>0,
010 — Oyut|y—o + Oyu ly—o =g, x €R2 t >0,
uFly—o+Ao=h, z€R% t>0, (3.3)
uFli=o =0, (2,y) € RY,
oli=o =0, x€R%

It turns out that weighted Besov spaces are the right choice for the data g
and h to ensure solvability of (3.3). For 1 <p <oo,s>0,v>0and T >0
we define

B3/2%((0,T) x R?) = {u € LP((0,T) x R?) : ||ul

By/2°((0,T)xR2) < *OO}’

where

T
P — -t —-
B33 ((0.7)xR?) '_/0 le™" f(t: M , ey dt+/ le™ " f(:,

Here, B; (R?) and Bj (0,T) denote the usual Besov spaces (see [22] o
[16]). The closure of COO((O T) x R?) in B;/AY2 °*((0,T) x R?) is denoted by
OBZ,/A,2 *((0,T) xR?). For convenience, we set BS/2 (0, T) xR?):= Bs/2 ((0,T)
xR?).

Finally, for 7' > 0 we define

g/Q(O ) dz.

|

W2((0,T) x RY) := {u € LP((0,7) x RY) : [[ullyy: 2 0.7y xms ) < +oo},

where

T
p — p
”u”Wpl’z((o,T)xR;) '*/0 1/ (2, )||W2P RY) dt+/Ri ”f("x)”WLP(O,T) da.

Here, W2P(R3) and W1P(0,T) denote the usual Sobolev spaces.
In the next lemma we collect several properties of weighted Besov spaces.

LEMMA 3.1 Lety > 0,7 > 0 and 1 < p < oo. Then the following
assertions hold true.
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(a) For s > 0 there exist an extension operator E : By **((0,T) x R2) —
B,S,(,YZ’S(]RJr x R?) and ¢,C > 0 such that for u € BZ/Q’S((O,T) x R?)

c||Eu|

)< ClPul gy

B2 Ry xR2) = HUHBz/z'S((O,T)sz (R4 xR2)"

(b) Let s > 0 with s — (1/p) ¢ No, r < s and
R?x C, — C
N {@,A) — A+ [eyr
Then m, is a Fourier-Laplace multiplier from OBSQZ’S(R+ x R?) into
0BT (R X R?).

(¢) Fors >0 the space B;/Z’S((O7 T)xR?) coincides with Bf},/i,,z(O7 T; LP(R?))N
LP(0,T; By ,(R?)).

Proof. Observe first that for s € Ny and T" > 0, there exists ¢,C > 0 such
that

cll fllwsro,ry < Ne” fllwsro,r) < Clfllwerory, f€W5P(0,T).

Combined with real interpolation (see [22, equation 2.4.2(16), Theorem 4.3.1]
this implies

clflss 0 <lle™ flis 01 < CliflBs 01, f€Bp,0,T). (3.4)

By [22, Theorem 4.2.2], there exists a strong s/2-extension operator E :
BL,(0,T) — B (R) for 0 < I < s/2. We now define E : Bg/y*((0, T) xR?) —
BY**(R, x R?) by

(Bf)(@,t) = (Bf(x,))(t), @R t >0,

Then, by definition of E and (3.4), the operator E satisfies the inequality
given in (a).

By Proposition 2.1, (2.4) and standard arguments in the theory of Besov
spaces (see [3, Theorem 6.2.7 and Lemma 6.2.1] and [22, Theorem 2.10.3(b)]),
we see that m, is a Fourier-Laplace multiplier from B3/ (R, x R2) into

OBI(,‘;—T)/2’3_T(R+ x R?) for 7 < 0. In order to prove (b) for 0 < r < min{2, s}

write \ 21772 \ 2\r/2
. . + " A+ "
()\_’_|§|2)7/2:)\7/2( 2‘5' ) _’_|£|7( 2|£| )
A2 gl AT/2 4 1€
and observe that, by (2.4) and standard arguments as above,
(A +[¢2)7?
NE) =
( 5) )\T/2 + |€|T
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is a Fourier-Laplace multiplier from OBIS),/WZ’S(]RJr x R?) into OB;(,E’S(RJF x R?)
and
(A €)= A/2 as well as (A, &) > [¢]"
(s—=r)/2,s—r

are Fourier-Laplace multipliers from o B3> (R, xR?) into o BS; (Ryx
R?). Finally, the case min{2,s} < r < s follows by iteration.

We identify v € By/y (0, T; LP(R?))NLP(0, T; By, (R2)) with u € By/**((0,T)
xR?) by u(x,t) = (v(t))(z) for (t,z) € (0,T) x R Hence, (c) follows. ]

We are now in the position to state the main result of this note. It was proved
first by Escher, Priiss and Simonett in [7].

THEOREM 3.1 Let 1 < p < oo with p # 3/2,3 and T > 0. Then there
exists a unique solution (u™, o) of problem (3.8) satisfying

ut e WEH((0,T) x RY), e BP~(W/P)/23-0/P)((0,T) x R?),
Ap € B}()Qf(l/P))/?,Z*(l/P)((O’T) x R?)
and (0,0)(0,-) =0 in case p >3
if and only if the data [ and g satisfy
ge Bélf(l/P))/Qy1*(1/P)((0’T) xR?), he BI()2*(1/P))/212*(1/P)((07T) x R?)

and the compatibility conditions

h(0,-) =0, in case p > g,
9(0,-) =0, in case p > 3.

Sketch of proof. The only if part follows from the trace theorem for Besov-
spaces (see [16, 9.5.4], [22]) as in [7].

In order to prove the converse implication, we choose a strategy different
from the one in [7] and make use of the Fourier-Laplace transform. In fact,
taking Fourier-Laplace transforms in  and ¢ of problem (3.3) we obtain

~t ~t ~+
M+ [P —dju =0,

= =+ == =
A0 — Oyt |y=0 + 0yt [y=0 = g, (3-5)
~+ >~ 7
u |y:0 - |§|2Q = h.
In order to solve this problem, let v € OBI(,?;(UP))/ZQ*(U”)(RJF x R?) and
consider the problem
~+ ~* ~t
M+ [¢Pa —du =0,
(3.6)

~

=+ e~
U |y=0 = 7.
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~+ ~+ ~
The solutions @ of (3.6) are given by u = eFYOHIEN T and satisfy (see
[10, Chapter IV, Theorem 9.1] or [6, Theorem 2.1])

+
[ lwz2(0,myxry) < Cllvllge-armmrza—am o gy (3.7)

where C' is independent of v. Moreover, we calculate that
~+ =~
0y |y—o = FA+ )"0,

It thus suffices to solve the problem
o+ 20\ + (€)% =7,
- L = (3.8)
v—[¢Pe = h,
in order to find a solution to problem (3.3). The solution (%,E) of (3.8) is given
by
2 = A 3

S 5
"Tsne! Tsne

S N S W LI
s = ,Ot e

S(A€) S(\€)
where
S(AE) = A+2(X + €% /2[¢)%.

Let us define G = (A + [¢[2)1=1/P)/2G, H = (A + [¢]) 2 1/P)/2], Y =

(A +1€]2)@=1/P)/25 and R = (A + |¢2)3~-1/P)/25. Then
5 I£I2(A+|£|2)”25 Az

V=T 5000 CEWIk
= OtERE LGRS
R="50.0 9 ¥ smne

By Proposition 2.1 and similar arguments as in Lemma 3.1(b),

||VH32;2(]R+xR2) + HRHBg;Q(mez) < C(||g||Bg;3(R+xR2) + ||H||Bg;g(R+sz))7

where C is independent of G and H. By definition of V, R, G and H and
Lemma 3.1(b), we thus obtain

[oll, pe=aronrz.o-arm g, gay 1Pl go-armmrzs-a/m g, (ga

< C(||g||03é2:;<1/p>>/2, 2-(/p) (g, xr2) T Hh”oBﬁ;“/pW?* 2-(/p) (g, XRQ))-

In particular, we have (9,0)(0,-) = 0 if p > 3. Lemma 3.1(a) now yields for
any T >0

= 31()27(1/;;))/2,27(1/;:)((0’T) > ]RQ), pE BI()3*(1/P))/2’3*(1/P)((07T) ~ RQ),
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and, therefore, by (3.7),
ueW,?((0,T) x RY).
So far we have shown the desired regularity for u* and p. It thus remains to
prove that (2-(1/p))/2,2-(1/p) 2
Ap € BE~(/)/22-0/p)((0,T) x R?). (3.9)
Let us introduce the function P = (A + |§\2)(2’(1/7)))/2(|£|2§). Then

S RO ER 2RO )2 2
P=""se 9 s T

and, as above, we obtain

”P”Bg’o(RerR?) < C(HgHBg;g(R+><]R2) + ||7:||Bg;2(R+XR2))-

Y

Now, (3.9) follows from similar arguments as above. O

Let us now return to (3.2). For f € LP((0,T) x R?) and ui € B,Q,;,(Q/p) (R3)
the solution u* of the heat equation

ot — Aut = ¥, wGRSi,O<t<T,
utli—o =uE, zeRY,
satisfies
+ +
[|u ”lep((O,T)xR:l) < C(||fHLP((0,T)><R3) + [|ug |\B§;(2/m(Ri)),

where C' > 0 is independent of f and ua[. We thus obtain the following corol-
lary which also was proved first in [7].

COROLLARY 3.1 Letl<p<oo withp+#3/2,3 and T > 0. Then there
exists a unique solution (u™, o) of problem (3.2) satisfying

ut e Wh2((0,T) xRY), e BE-(/PN/23=0/P)((0,T) x R?) and
Ap € 31(72—(1/17))/272—(1/11)((0’T) x R?)

and (0:0)(0,-) =0 in case p > 3
if and only if the data f, g, h and uoi satisfy

feLP((0,T) xR, ug e B2 */P(RY),

2—(1 2,2—(1 2 2—(1 2,2—(1 2
g€ B}(7 (1/p))/ ( /p)((()’T) xR?), he Bz() (1/p))/ ( /”)((O,T) x R?).
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and the compatibility conditions

u(le:o = uq |y=0,

3
ug ly=o = h(0,"), in case p> 2,
—0yug |y=0 + dyuq [y=o = g(0, ), in case p > 3.
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The power potential and nonexistence
of positive solutions

Gisele Ruiz Goldstein, Jerome A. Goldstein
and Ismail Kombe

Abstract We prove the nonexistence of positive solutions of the equation
Dyu = div(|z| ' Vu™) + clz| 7> u™

for 0 < t < € and z in a bounded domain in R" containing origin. For suitable
choices of m < 1 and all v > —1/2, we show that positive solutions never exist
provided ¢ > (N — 2y — 2)?/4. That is, positive solutions never exist when the
¢ exceeds the best constant for the Hardy inequality corresponding to the linear
problem (m = 1).

1 Introduction

In quantum mechanics, the Schrédinger operator, —A + V' (x), represents the
energy. The kinetic energy operator, —A, “scales like A\2.” By this we mean the
following. Let A > 0 and let Uy be the unitary (on L?*(RY)) scaling operator
defined by

Unf(x) = A2 f(\a).

That is, Uxf(z) is f(A\x), normalized to have the same norm as f. Then
U;l = Uy/x and “A scales like A2” means

Uy TAUy = VA, (1.1)

Similarly, if V(z) = |x|~® denotes the operator of multiplication by |z|~¢,
then

Uy | =20y = X277, (1.2)

50 “|z|7« scales like \?” iff a = 2.
So consider the Hamiltonian with the inverse square potential,

c

Hem =87 np
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acting on L*(RN). When H, is defined on the domain D = C=(RV) (or
D = C®RN\ {0}) if N = 1,2), then H, is symmetric and H. > 0 iff
¢ < (N —2)2?/4. This is the best constant in Hardy’s inequality:

2
H, = 2dg — @d >
(< ST )/RN|VSD‘ z C/]RN |22 >0

for all p € D iff ¢ < (N —2)?/4. Now let H, be the Friedrichs extension of
H. if ¢ < (N —2)?/4 and any selfadjoint extension otherwise. Since H. is
unitarily equivalent to A2 H.. for every A > 0 by (1.1), (1.2), it follows that the
spectrum of H, is either [0, 00) or R, and this holds according as ¢ < (£52)2
or ¢ > (£2)2,

This circle of ideas was the key for answering an old question of H. Brezis
and J.-L. Lions. They assumed that V € L2 (R \ {0}) was a positive poten-

tial with a singularity at the origin, and asked if the singularity could be so
strong as to prevent a positive solution to

D =Au+V(z)u, z€RY, t>0 (1.3)

from existing. This was settled by P. Baras and J. Goldstein [3] in 1984. They
considered
Diuy, = Auy + Vi (2)uy

un(x,O) = f(l’),

(1.4)

where f > 0 and
c/lz|? if |x| > 1/n

en? if |z] < 1/n.

Then V,(z) = n?V;(nz) scales nicely.

If f is not too big (e.g., f € U1<p<oo(Lp(RN))), then the unique positive
solution V;, to (1.4) exists on RV x [0, 00). Moreover, u,,(x,t) increases in n for
each v € RV and ¢t > 0. For ¢ < (N —2)2/4, u,,(,t) increases to u(x,t), where
u is the unique positive solution for Dyu = Au + c|z|~2u, u(z,0) = f(z).

Let us assume f € L?(RY) for convenience. Then u(z,t) = e~ ¢ f(x) since
H. > 0. But u will exist in many other cases as well, even when f is a measure
[3]. But for ¢ > (N — 2)?/4, then

lim w,(z,t) = 00
n——-muo©0o
for all x € RY and all ¢ > 0. This is “instantaneous blow up” [3].

There were various extensions of [3], for example, by replacing R™ by the
Heisenberg group HY [12], by replacing A by > D, (aij(x)Dy,), a uniformly
elliptic operator with L coefficients [13], allowing potentials with large nega-
tive values [14], etc. But now we want to explain a significant contribution by
X. Cabré and Y. Martel [4]. The idea is to determine exactly which condition
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on V prevents a positive solution of (1.3) from existing. The above result with
the inverse square potential settled this when V is singular at only one point.
Consider the Rayleigh quotient

_ Jo IVoPde — [, V(x)p?dx

R Jo #2dx

for real ¢ € D = C°(Q\ K) where Q@ C RY is open and K is a closed
Lebesgue null subset of Q. If Q # RY then, roughly speaking, the following
Cauchy-Dirichlet problem for V(z) > 0,

Diu = Au+ V(z)u, xeNt>0,
u(z,0) = f(x) x €
u(z,t) =0 xedt>0

has no positive solution if
Qo :=inf{Ry: ¢ € D\ {0}} = —o0.

More precisely, there are lots of positive solutions if Qg > —oo, and none exist

if

e [ IVo|*dx
Jo 162dz

for some £ > 0. Thus the nonexistence set of V is “open” as was the case
for the inverse square potential, when it was ((N — 2)?/4,+oc0) for V of the
V(z) = c|lz|~2 with ¢ varying. The work of [4] provided the background for
extensions to nonlinear problems involving a general potential V(xz) > 0.
Several papers were then devoted to nonexistence of positive solutions for
nonlinear parabolic equations, see for example [1], [2], [6], [7], [8], [9], [10],
[11], [15], [16], [17].

We want to explain the ideas of our recent paper [8]. This we do in Sec-
tion 2. This discussion leads to the detailed calculations in Section 3. These
calculations form the heart of this paper. Section 4 concludes the paper with
various remarks.

inf{R¢,—|— :¢ef)\{o}}=—oo

2 Nonexistence for nonlinear problems

Let Q be a smooth bounded domain in RY. Nonexistence of positive solutions
was studied in [8] for the two problems
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Dyu = div(jz| "2 Vu™) + V(z)u™ in Qx (0,7),
u(z,t) =0 on 00 x (0,7), (2.1)
u(z,0) = up(x) >0 in Q,
and
Dyu = div(|z| 7P| VulP~2Vu) + V(z)uP~! in Qx (0,7T),
u(z,t) =0 on 9Q x (0,7T), (2.2)
u(z,0) = up(x) >0 in Q.

When m = 1,p = 2,7 =0 and V(z) = c|z|~2, both of these problems reduce
to the heat equation with inverse square potential. Let v = 0 and V = 0.
Then (2.1) and (2.2) reduce respectively to the porous medium equation (or
filtration equation, or fast diffusion equation) and the p-Laplace heat equation.
When ~ # 0 these are “weighted” equations with singularity at the origin.

Theorem 2.1 Lety € R, N >3, (N-2)/N <m <1, and V(z) € Lj,.(Q\K)
where IC is a closed Lebesque null subset of ; if v > (N — 2)/2, we require
that 0 € KC. Define

Jole + 2| 7*N)|Ve|Pde — [,V \¢|2dm
Jo |olPda

R} =
If
inf{Ri:O;ﬁqﬁE CrOQ\K)} = -

for some € > 0, then the problem (2.1) has no positive solution. When N = 2
(resp. N = 1), the condition on m should be replaced by 1/2 < m < 1 (resp.
0<m<1).

Theorem 2.2 Lety € R, N >2, v e R, 2N)/(N+1) <p <2 V(z) €
Li,.(Q\ K) where K is a closed Lebesgue null subset of 0, and define

Jo &+ [2|7P)|Vo[Pdx — [, V( @)|glrde
fQ |¢|pdm

R =
If
inf{RY :0# ¢ € CX(Q\K)} = —

for some & > 0, then the problem (2.2) has no positive solution. If N =1 then
the same conclusion holds provided p is assumed to satisfy 1 < p < 2.

We conjecture that these results are valid for a wide choice of m and p, but
the proof [8] only works for restricted values. The concrete examples associated
with these theorems are as follows.
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Theorem 2.3 In Theorem 2.1, assume that 0 € Q and V(x) = c|z|~2727
and v > —1/2. Then (2.1) has no positive solutions provided ¢ > C*(N,v) =
(N — 2y — 2)2/4.

Theorem 2.4 In Theorem 2.2, assume that 0 € Q and V(z) = c|z|"P~P7 and
v > —1/2. Then (2.2) has no positive solutions provided ¢ > C*(N,~,p) =
pPIN —py—plP.

Note that C*(N,~) = C*(N,~,2). In the above two theorems, V(z) can be
replaced by _

V= clz[7P77P 4 Bl TP P sin(|z] )

for any @ > 0 and any real § provided ¢ > C*(N,~, p) with p = 2 for Theorem
2.3 and ]\Qf—fl < p < 2 for Theorem 2.4.

The key tool necessary for these results is the weighted version of Hardy’s
inequality due to Caffarelli, Kohn and Nirenberg [5]. Here is a complete version
valid for all p, NV and ~.

Theorem 2.5 Let o« € R, 1 < p < co. Then

P _
/ |Vu(z)] da:Z’N e
RN

p/ u@)l” (2.3)
RN

[P p ||
for allu € W,EP(RN\{0}) for which the right-hand side is finite. The constant
N —ap
C(N,a,p) = ||
p

is the best possible in the sense that the inequality can fail to hold if C(N, a, p)
is replaced by any ¢ > C(N, a, p).

The proof is by scaling. See [8] for details.

In [8], we sketched very briefly how to show that Theorem 2.3 and 2.4 follows
from Theorems 2.1 and 2.2. In the next section we give a detailed proof of
Theorem 2.3. The proof of Theorem 2.4 is similar and is omitted.

3 Detailed proof of Theorem 2.3

Let ¢ > 0 be given. Define the radial function ¢ € C.(Q) N W1>°(Q) by
oo(x) = ¢(r) where r = |z| and the radial function ¢ is given by
e~@ if 0<r<e
b(r) = r=® if e<r<1 3.1)
2—r if 1<r<2

0 if r>2,
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where 0 < e < 1 and a > 0. Then

0 if 0<r<e and r>2
d(r)y=q —ar—* ! if e<r<i1 (3.2)
-1 if 1<r<2.

We are assuming that 0 € @ € RY and N > 3. Without loss of generality,
we suppose B(0,2) = {x € RY : |z| < 2} C €; if not, we simply redefine ¢,
replacing 2 by R, where B(0, R) C Q. This only results in notational changes
in the proof that follows. Thus we have ¢ € C.(Q) N W1>(Q).

We want to show that, for some g > 0,

o Jaleo 2 TIVePdr — [ clofal 2 *de
pescE e Jo|oPda

=—-0c0 (3.3)

whenever ¢ > C*(N,~) = (N —2—2v)?/4. We compute each integral in (3.3).
First,

2
/ 6P de = wy / ()2 Ly
Q 0

where wy is the (Lebesgue) surface measure of the (N-1 dimensional) unit
sphere in RY. Continuing, with ¢ as in (3.1),

= ([ [+ [ Ypopria

€ 1 2
=g 2 / rNldr + / rN=2algy 4 / (2 — )2V tdr.
0 € 1

Therefore 1 , cN—2a eN—2a
1 do — _ K N A4
wN/Q‘d)' €T N N—Za+ (e N) (34
where
1 oN+2 _ g oN+3_ 4 oN+4_
K N) = -
1(a7 ) N—2(l+ N N +1 + N —2
If 0 <a < N/2, then
/ |6[2dz = Ky (a, N)(1 + o(1)) (3.5)
Q

as e — 01, and Ki(a, N) > 0. If a > N/2 then

/Q |p|?dx = (2(1—27GN)N6N72(1(1 +0(1)) (3.6)

as ¢ — 01, Thus far we assumed a > 0, a # N/2.
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Next, we treat the case of —1/2 < v < (N — 2)/2. Then

1 2 2
¢ dx—/ ¢2TN_2"’_3dr
0

wy Jo 2227
EN—2a—2'y—2( 2a ) (3.7)
(N—-2y—-2)(2a+2y+2—N)
+K2(N7aa7)
where
1 4(2N-=2 1 4(2N=27-1 1
Ko, ) — LA )4 )
N —2a—2y—2 N —2y -2 N—-2y—-1
2N=27
+ N_2

this is all valid when —1/2 < v < (N —2)/2 and
N-—2y—2

_ 3.8
a > B) s ( )
which we assume. Thus
¢2 2a€N 2a—2vy—2
———dx = 1 1 .
/Q|x|2+2v TN T ety r2— o) (39)

as e — 0F.
Next,

— €0|V¢)| da?—&‘o / / 2 N 1d’/‘
Q

(3.10)
2N 1
= 1 1
(2a+2—N (1 +o(l)
as e — 01 if a < (N — 2)/2; otherwise,
2_N—2a—2
gpa~e
Vol|?d _— 1 3.11
[ clVoas = (o) (311)

ase — 0T, if a > (N —2)/2. Recall N > 3. Our assumptions on a are a > 0,

a>(N—-2-2vy)/2,a# N/2,a# (N —2)/2.
Moreover,

1 1 2
—/ r_27|V¢|2d1: = a2/ pN=20=2v=3qp 4 / rN=27v=1qy
WN Jq € 1

) €N—2a—2'y—2
(T Va4
“ <2+2a+2'y—N>( +o(1)

Copyright © 2006 Taylor & Francis Group, LLC

(3.12)



190 G. Ruiz Goldstein, J.A. Goldstein and I. Kombe

as e — 0% by (3.8).

Let
Jo(eo + 2|2Vl dz — [, c|p|?|x| >V da

Jq |¢?dz
First consider the case of v > 0. Then using (3.5), (3.6), (3.10), (3.11),

€N72a72772(61 (6) + co + 03)

R = (3.13)

R = o) (1+0(1))
where
CQ(E) = Kl(a,N) if 0<ax N/Q, (314)
co(e) = (2(1_27‘LN)N5N—2“ if a> N/2, (3.15)

and 0 < ¢1(g) = goKoe™ or 9Ky, according as a < (N —2)/2 or a >
(N —2)/2; here Ky = a?(2a +2N)~1 + 2712V — 1), K1 = a?/(2a + 2 — N),
b =242a+2y—N >0, by = 27.

Next, by (3.12) and (3.9),

a? —2ac

T212a+2y-N  PT(N-27-2)(2a+27+2-N)

(recall v < (N—2)/2). For 0 < v < (N—2)/2 we conclude that ¢; (¢)+ca+c3 <
0 for small e > 0 if ¢ > (N — 2 —2v)?/4 and ¢z < —c3, i.e,

C2

< 2c
a4 < —.
N —2y—-2
So by choosing
N—2—2'y< < 2c
LA e
2 N —2—2y

(which is possible since ¢ > (N —2—27v)2/4), we deduce R = c1(g) +ca+c3 <
—e; < 0 for small € > 0. We also require a # N/2,a # (N —2)/2. In
R (see (3.13)), the numerator is < —e1e¥729727=2 and the denominator
¢co(e) is given by either (3.14) or (3.15). Since N — 2a — 2y — 2 < 0 and
N —2a—2y—-2< N —2a (since v > 0), it follows that lim.__o R = —oc.
This completes the proof for the case of 0 < v < (N — 2)/2. (We assumed
~ > 0, but the proof works for v = 0.)
For v > (N — 2)/2, we modify ¢ by defining ¥ to be

g7 b if 0<r<e
Y(r) = (3.16)
o(r) if r>e;
the choice of b will be made later. Then ¢ defines a function (still denoted by
) in C.(Q\ {z : |z| = e}) N WE>(Q) provided b > 0. (In (3.1), ¢ was the
choice of v corresponding to b = 0.) As before we want to show that

lim R =-c0
e—0t
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(see (3.3) and (3.13)), for suitable choices of a and b, if ¢ > (N — 2y — 2)2 /4.
We next compute R, using ¢ rather than ¢.

First,
! / |’(/J|2dl’ = ! / (dex + /6(5_2a_2b7"2b+N_1 — EQaTN_l)dT
WN JO wWN Jo 0
N—2a N—2a
€ 5
- N TGy
Therefore

Ki(a, N)(1+o(1 if a< N/2,
L[y [l o) 0 <
N JQ

(3.17)
KyeN=2¢(1 +0(1)) if a> N/2,
as e — 071 (cf. (3.5), (3.7)), where
2a +2b
Ky = .
7 (2a—N)(2b+N)
Next,
1 )2 1 ®?
— | amydr=—— | 55yde
wN Jq T wN Jq T
+ /8(€2a—2br2b—2'y+N—3 _ 6—2aT—2’y+N—3)d,,,
0
1 1
_ €N72a72772( + )
2a+2y+2—N 204+ N —2y—-2
+ KQ(a/a Na 7)
(3.18)
by (3.7) provided
2v+2-N
b > % (Z O),
which we assume. Consequently b > 0 and
1 2 2 b N-—-2a—2vy—-2
—/ LA (a+b)e (1+0(1)) (3.19)
wn Jq |x|2t2y (2a — N +2y+2)(2b+ N — 2y —2)
ase — 01, since a > 0> (N — 2y —2)/2.
Next,
1 1 ¢
— / eo| VP de = — / eo| Vo dz + / e 2PN S gy
WN JQ WN Jao 0
2_N-2a—2 p2eN—2a-2 3.90
_ e T o)y 4 (3.20)
242a—N 2b+ N —2

— 50K35N72a72(1 +0(1))
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as € — 0%, where
a? b2
“oi2a—NTwmEN—2°~

recall b > 0 and assume a > (N —2)/2 > 1/2.
Next,

1 1 € .
7/ |x\727|V1/)\2dz _ 7\/ |x\*27|V¢|2da:+/ 572a72bb2r2b+N73727dr
WN Ja WN Ja 0

Ks

0;

a2€N72a72772 b25N72a72v72
= _(14o0(1)+————
24+2a+2y—N 2b—2y+ N -2
(by(3.9))
8N—2(L—2’y—2
= - (1+0(1))
(20 +2+27—N)(2b—2—2y+N)
(3.21)
as ¢ — 01, where
ca=a*(2b—2y+ N —2) +b*(2 +2a + 27y — N). (3.22)
bt Juleo + 1272 Vs — [ chélPle|>~21da
Ry = =2 Q ) (3.23)

Jo [¥Pda
By (3.17)—(3.22), we conclude that

1
Ry = 35N72a72%2(c5 +cs(e) + e7)(1 4 o(1))
0
as ¢ — 0", where

co = Kq(a, N) (as before),

o~ —c(2a + 2b)
T (2a+N—2y—2)(2b+ N —2y—2)’
a? b2 9
= ’Y
&) =g N T N =2
Cq
C7 =

(20 +2+27y—N)(26—2—2y+ N)’

and ¢4 is given by (3.22). To reach the desired conclusion that lim. g+ Ry =
—00, it is enough to show that

cs+c(e) +er < —01 <0

for some 47 > 0. But v > 0 implies cg(¢) — 0 as e — 0 for every 9 > 0. So
it suffices to show c5 + ¢; < 0. But this is equivalent to

c(2a + 2b) > ¢y,
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that is
S a?(2b—2y+ N —2) +b*(2a+2y+2— N)

2a + 2b
Choose b = (2y — N + 2+ 91)/2 and a = §/2 for small § > 0. Then all of
the construction on a and b are fulfilled, and (3.23) reduces to

16%(—2N +4+06) +b*(20 +2y+2 — N)
2y —-N+2+2)

(3.24)

c>

=02+ 0(6?)
as § — 01. Then for small § > 0,
2y — N +2\2
> ()

as desired. In other words, where ¢ is chosen to satisfy (3.24), then (3.23)
holds for small § > 0.
With (3.24) holding, it follows that

(3.25)

lim Ry = —oo,

e—0t

and the proof is complete.

4 Concluding Remarks

The condition that v > —1/2 in Theorems 2.3 and 2.4 seems to be natural.
We conjecture that it can be removed, but this perhaps requires suitable
extensions of Theorems 2.1 and 2.2. We are studying this problem.

We have concentrated on the nonexistence aspect. For more related exis-
tence results see the paper [6] by Dall’Aglio, Giachetti and Peral.
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Inverse and direct problems
for nonautonomous degenerate
integrodifferential equations

of parabolic type with Dairichlet
boundary conditions'

Alfredo Lorenzi and Hiroki Tanabe

Abstract This paper deals with inverse and direct problems related to linear
degenerate integrodifferential equations of parabolic type. The study of the direct
problem is highly affected by the related inverse problems so that the results of
the direct problems are just those needed to solve — locally in time — the inverse
one. The latter is concerned with recovering — in a Holder class — a memory kernel
depending on time only.

1 Introduction and statement of the main result

This paper shows the deep links between direct and inverse problems related
to the same equation — in this case a linear integrodifferential one.

The major part of this work will be devoted to a profound study — via
Semigroup Theory — of the properties of the solution to the direct problem
related to LP-spaces, p € (1,2), as far as the spatial variables are concerned.
Yet, the route to be covered will be traced by a preliminary discussion of the
inverse problem leading to an appropriate reformulation of the problem itself.

The reader is recommended to compare the results in the paper [1] in this
book, dealing only with the direct problem for the same equation, but in
a more general framework, to the ones more restrictive, but more specific,
obtained here for the inverse problem, to understand which kind of additional
requirements on the direct problem an inverse problem may give rise to.

Consequently, we devote this introduction to dealing with the problem of re-

IWork partially supported by the Italian Ministero dell’Istruzione, dell’Universita e della
Ricerca (M.I.U.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi In-

versi.
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covering the scalar kernel k : [0,7] — R in the following degenerate parabolic
integrodifferential equation, Q being a bounded open set of R™ with a C2-
boundary:

m(z,t)Dyu(z,t) + L(E)u(x,t) + /Ot k(t — s)B(s)u(z, s) ds
= f(x,t), (z,t) € Qx][0,T], (1.1)
subject to the initial condition
u(z,0) = up(x), x €, (1.2)
to the boundary conditions
u(z,t) =0, (z,t) €9 x[0,T], (1.3)
and to the additional information
Um(, tu(-, 1)) =g(t),  t€[0,T], (1.4)

U being a linear continuous functional on L?(Q), p € (1, 2).
Concerning function m and linear operators L(t), B(t), ¥ we make the
following assumptions:

H1 m = mymg, where my € C'*°([0, To); W2 (2)), p € (0,1), mg € C
and mq(z,t) > co > 0, my(z,0) =1 for all (z,¢) € Ax[0 )
for a.e. x € Q;

H2 D,my € C(Q) and |D,mo(z)] < Cmg(z)® for all z € Q and some
positive constant ¢;

H3 D2?m € C([0, Ty); L= ().

We emphasize that our problem is degenerate, since function m may vanish,
but the set of its zeros is time independent due to assumption H1 and coincides
with the set of zeros of mg.

Let now

n

‘C(t) = - Z DIj [CLi,j(’JJ,t)DzJ +a(:c,t), D, = a0 j: 1,...,71,

ij=1

be a linear second-order differential operator with real coefficients defined in
) . We assume that the coeflicients of L(t) satisfy

HY a;j,Dy,a5,a € COMHP(Q % [0,To]), p € (0,1), aiy = a4, 4§ =1,
., Z?] a; j(z,0)&& > plél?, a(z,t) > ¢ > 0 for all (z, t) € Qx
[0, Tp] and ¢ € R™.
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The realization of £(t) in LP(€2) with homogeneous Dirichlet boundary con-
ditions is denoted by L(t):
D(L(t)) = WP Q)N Wy P(Q), L(t) = L(t), te[0,Tp].
Let
B(t) =Y bij(@,t)De,Ds, + Y bi(w,t) Dy, + b(x, 1)
i,j=1 i=1

be a linear differential operator of order at most 2 for each ¢ € [0,Tp]. The
coefficients of B(t) are assumed to satisfy

H5 b;j,bi,be COMP(Q % [0,T), 4,5 =1,...,n.

The realization of B(t) in LP(§) with homogeneous Dirichlet boundary con-
ditions is denoted by B(t):

D(B(t)) = W2(Q), B(t) = B(t), t€[0,T).
To recover the unknown kernel £ we need to introduce the new unknown
t
w(z,t) = Dyu(z,t) <=  u(x,t) =ug(x) —|—/ w(z, s)ds, (1.5)
0
where (z,t) € Q x (0,T].

By differentiation of equations (1.1) and (1.4) we easily deduce that the
pair (w, k) solves the identification problem

Dyfm(z, tyw(z, t)] + L(t)w(z, t) = —L'(t) [uo(g;) + /O w(z, s) ds} — k(t)B(0)uo

_ /Ot k(t — s)B(s)w(x,s)ds — /Ot k(t — s)B'(s) (uo(x) + /0S w(-,r) dr) (x)ds

+D,f(x,t), (x,t) € Qx[0,T], (1.6)
m(xa O)w(x, 0) - 7‘6(0)“0(‘%) - f(xvo) = wO(x)a z €1, (17)
w(z,t) =0, (z,t)€dx[0,T], (1.8)

\Il[m(-,t)w(-,t)]+‘11[Dtm(-,t)(uo(x)+/0 w(-,5)ds)| = ¢'(t), t€[0,7],(1.9)
where we have set

D(L'(1)) = W*P(Q)NWyP(Q),  D(B'(t)) = W?P(Q), te[0,T],
L'(t) = DL(t) = — i Dy, [Dya; (2, t)Dy,] + Dia(x,t),

7,j=1

B'(t) == Dibi;(2,t)Dy,Da; + > Dibi(w,t) Dy, + Dib(a,t).

i,j=1 i=1
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Denote now by M (t) the multiplication operator by m(-,t), t € [0,Tp]. Then,
according to assumption H1, M(t) is formally invertible:

M) ru(z) = m(x, t) tu(z), x€Q, tel0,Tl,
but its inverse M (t)~! is not (in general) a bounded linear operator from
L?(Q) into itself.
Introduce then the family of operators { A(t)}:c[0,7,) defined by
D(A(t)) = {m(- t)u: u € D(L(t)) = W>P(2) N Wy P (Q)},
A(t) = L(t)M(t)~L.
We stress that, according to assumption HI, for all ¢ € [0, Tp] we get
D(A(t)) = {mou : u € D(L(t)) = W*P(Q) N W P(Q)} =: Dy.  (1.10)

i.e., D(A(t)) is independent of t € [0,Tp]. Moreover, Dy is dense in LP(S2).

Indeed, if (mou,z) = 0 for all u € Dy and some z € LP (Q0), then mgz = 0

a.e. in €. Hence z = 0 a.e. in €, since mg > 0 a.e. in 2, by assumption HI.

Under the previous assumption HI and the following one

Hb6 Qi.j, Dx.;ai,jy a &€ CO,p(Q X [07T0])7 p e (0, 1], Qi j = Qj i, ’L,] = 1, R
>oiy i (@, )88 > plgl?, a(z,t) > e > 0 for all (z,t) € Q x [0, T,

and € € R",

we can show that operator A(t) = L(t)M(t)~! generates an infinitely dif-
ferentiable semigroup {e *4®")},.¢ for any t € [0,Ty]. Indeed, according to
Theorem 2.1 in [2], holding under the more general assumption HI, the spec-

tral equation
M(t)u(t) — L(t)u(t) = f

is solvable for any A\ € ¥4, t € [0 o] and f € LP(Q), where (cf. [2][p. 388]
with k1 (p) = (p — 1)¥/2|p — 2|71) £y C C is the sector

(p 1)1/2 C1
Y ) A+ — b pe,2), (111
@ N Gy 7€ (1D (1D

with half-width ¢ € (7/2,7 — $(p — 1)'/2|p — 2|71). Moreover, u(t) satisfies
the generation estimate

Elz{AGC:Re)\+

c
M ()u(t)]Lr ) < Wllf\\m(m, A€y, telo,Tol, (1.12)

with 8 = 1/p, the positive constant C' depending on (p, [m|c(@x(0.1))) €1)-
only.

If we require that function mg possesses the greater regularity listed in H2,
we can increase the decay at infinity of the resolvent operator. More exactly,
if p € (1,2), then, according to Theorem 4.1 in [2], we can choose, e.g.,

f = max {%ﬁ} (1.13)
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Indeed, the quoted Theorem 4.1 holds under the more general assumptions
H1 and H2, since the following inequalities hold true for all (z,t) € Q x [0, Tp):

|Dym(z,t)| < |Dymq(z,t)|mo(z) + mq(x, t)|Dymo(x)]

< [II1Ds mlHC(Qx[O TO])”mOHC(Q JFCHml”c(Qx[OTO] Jmo (@)’

Before stating our main result concerning our identification problem (cf.
Theorem 1.1 stated at the end of the Section) we need the following assump-
tion concerning the triplet (4, p, p), introduced till now, as well as parameter
~ related to the regularity exponent in Theorem 1.1:

H7 6 € (0,1),p € (1,2), 8 = max{1/p,1/(2—-96)}, p € (1 = 5,1), p/2 <
min{26— 1,p+ B — 1}, 7 € [p/2, min{25 — 1, p+ f— 1).

REMARK 1.1 Observe that p € (1,2) implies 5 € (1/2,1). Assume first
that p+ 6 —1 <28 — 1. This implies p € (1 — 3,5] and p/2 < p+ 5 —1, i.e.,
in turn, 2(1 —8) < p < B and S € (2/3,1). Summing up, in this case we have

Be(2/3,1), 2-208<p<pB, yeEp/2,p+L-1).

On the contrary, if 26—1 < p+8—1,1.e.,if B < p < 1, from p/2 < 25—1 we
deduce 8 < p < min{4p — 2,1}. This inequality, in turn, implies 5 € (2/3,1).
Summing up, in this case we have

56(2/371)a ﬁ<p<min{4ﬂ_2a]—}a ’Ye[p/272ﬁ_1)
We can now sharpen assumption HS to the following

HS D?m € C7(Q % [0,Tp]).

Finally, we assume that our data satisfy

H9 f e ([0, Ty]; LP(Q)), g € C**7([0, To; R), ug € Do, wo := L(0)uo +
f(70) S DOa B(O)UO € (D())LP(Q))Q,;D? A(O)U_}o - th(’o) + L/(O)UO €
(Do, LP(2)) 3—~,p where the interpolation spaces (Dy, X)gp, 0 < 0 < 1
1 < p < 0, are defined by

(Do, LP(9))o,p = {w(0) : 1~ /7w € L((0, +o0); D),

10-1/py ¢ Lp((O,—i—oo);Lp(Q))}. (1.14)

We can now state our main result concerning our identification problem
(1.1)—(1.4) related to LP(Q)-spaces with p € (1,2).

THEOREM 1.1 Under assumptions H1-H5, H7-H9 and the condition
U[B(0)ug] #0 (1.15)
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there exists a small enough T € (0,Ty] (cf. (6.36)) for which problem (1.1)-
(1.4) admits a unique solution (u, k) with the properties: i) mou € C*T7([0,T7;
Lr(Q)), ) u(t) € D(L(t)), t € [0,T], %i) L(-)u € C([0,T]; LP(Q)), )
k€ C([0,T]; R).

We give now the plan of the paper. Section 2 is devoted to constructing
the fundamental solution to equation (1.1) with k& = 0, while Section 3 is
concerned with the existence of a solution to the direct differential problem
(1.1), with k = 0, (1.2), (1.3). The uniqueness of such a solution is proved in
Section 4, while Section 5 is devoted to the regularization of the solution to
the direct differential problem. Finally, the identification problem (1.1)—(1.4)
is solved in Section 6.

2 Existence of the fundamental solution
to the differential equation related to (1.1)

This section is first devoted to the construction of the fundamental solution
U(t,s) to the problem

Dy(t) + A(t)v(t) = f(t), 0<t<To,
(2.1)
v(0) = vo

by a classical method. Then we will show the unique solvability of the initial
value problem (2.1).

In this section we shall need the following weaker conditions H10, H11 in
the place of H1, H/:

H10 m = mymg, where my € CP([0,To); W»>(Q)), p € (0,1}, mg € C
and mq (z,t) > co > 0, my(x,0) =1 for all (z,t) € Qx [0, Tp], mo(z)
for a.e. x € (Q;

()
>0
Hi1 a;j, Dga:5, a € CO,p(ﬁ x [0,T0)]), p € (0,1], a;; =aj;i, 1,j=1,...,n,

Z?J a; j(z,0)&& > plé)?, a(z,t) > ¢ > 0 for all (x,t) € Q x [0, Tp).

First we recall that, according to estimate (1.12), operators A(t) satisfy the
inequality

I\ +AW®) I < CIN?, YA€ Ty, Ve [0, T, (2.2)

¥, and ( being defined by (1.11) and (1.13), respectively.
Hence

AN+ A@®) 7Y < CINTP, YA e Xy, Ve |0,Tyl, (2.3)
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for some positive constant C' independent of (A, ¢) € X x [0, Tp].

Making use of estimate (2.2), we can define, via the Dunford integral, the
following family {e_TA(t)}tE[OVTO] of linear semigroups:

1
A0 = L / XA+ AWN) VN, VreRy, Ve (0T, (2.4)
™ Jr

where (throughout the paper)
P=T_UTl,, T_={re™:r>0}, Ty ={re":r>0}, nec(r/2,¢).

The fundamental solution U(t, s) to problem (1.3) will be searched for in
the form

t
U(t,s) = e~ (t=9)A(s) 4 / e_(t_T)A(T)Q>(T, s)dr, 0<s<t<Ty (2.5
where

t
B, s) + Di(t, s +/ Oy (t )dT:o, (2.6)

S

Dy (t,8) = (A(t) — A(s))e (2.7)
By virtue of Theorem 2.1 in [2] one has
||e_TA(t)H <O, HDTe_TA(t)H <CrP2 = max {1/p,1/(2-6)}, (2.8)

where the norms of operators are to be meant in £(LP(2)), p € (1,2).
Consider now the following identities (cf. assumption H10), where M (t)u
=my(-,t)u and r,s,t € [0,Tp):

(A(t) = A(s)A(r) ™" = (LOM ()" = L(s)Mi(s) )M (r)L(r) ™
= [LOL(r) L) My ()™ = Ma(s)" ] Ma(r) L(r) ™!
HI(L(t) = L(s)L(r) " |L(r) M (s) ™ M (r)L(r) . (2.9)

First we observe that, according to assumption H10, each operator M;(t), t €
[0, Tp], is uniformly bounded and invertible with a bounded inverse operator
M (t)~! such that the function t — M (¢)~! belongs to C*([0, To|; L(W?2P(Q)
AWEP(2))).

Then we observe that, according to the existence and uniqueness result in
[4], the family of linear elliptic operators {L(t)}+c(o,17,] endowed with Dirichlet
boundary conditions consists of invertible operators.

Consequently, from (2.9), H11 and well known results we obtain the esti-
mate

I(A(t) — A(s)A(r) Y| < OJt —s]P, 1, 8,t€[0,Tp]. (2.10)
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As is easily seen, for 0 < s <t < Tp, we get

[@1(t,5)|| = || (A(t) — A(s))A(s) L A(s)e™ 94| < C(t — 5)PTF72 (2.11)
Hence, if 0 < s <t < Ty,
[®(t, s)| < Ot — s)PHP~2, (2.12)

and

t t
/ e TAD G, (7,5)dr|| < C / (t=7) "N (r=s)P* P 2dr = O(t—s)P+2072,

(2.13)

For 0 <s <t <Tjset
G(t,s) = A(t)e” =AM _ A(5)e~(t=)4)
_ —% / AP (A A@) ™ — (A + A(s) V) dA, (2.14)
i Jr
It follows from (2.2) and (2.3) that

[N+ A@®) ™ = A+ A(s) 7]

= [|(A+ A(t)) " (A(t) — A(s)A(s) T A(s) (A + A(s) |
SONPt=s)P NP =Ct—s)P N2, 0<s<t<Tp (2.15)

Hence one derives

1G9l < C/ A[eRAE= (1 — 5)P A =27]dA|
r

_ C(t o S)p/ ‘)\|2_2B€_Re>\(t_s)|d)\‘
Iy

=Ct—s)(t—s)P2=Ct—s)P?3 0<s<t<Tp (2.16)
Also using (2.15) it is easy to show that
|e” ™AW —e7TAG) | < Ot — 5)PT2P2 750, 0<s<t<Tp. (2.17)

Let now 0 < s < 7 <t <Ty. Since

t
Als) (e~ (=9AG) _ g=(r=s)A(2)y _ _/ A(s)2e— (= A() g

/ dr//\2 A=) (X + A(s))"tdA,
2

//\2 A=) () + A(s ))1d/\H

< c/ IA2ERAT=) |\~ d\| < C(r — 5)53,
I

2mi
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one has

HA §) (e~ (t=9AG) _ ef(ffsws))”

t

<c/ 5)P3dr < C(r — 5)°~ 1/(r—s)_2dr

— C(r —5)P! t—r7 _ t—;—T_Sﬁ_2
=C( )7 =5t =2 Ct—s( )7 (2.18)

Therefore, from the following identities, where 0 < s < 7 <t < Ty,
Dy (t,s) — D1(7, 9)
= (A(t) — A(1))e —(t— S)A(s + (A(7) _A(s))(e—(t—s)A(s) —e_(T_S)A(S))

)
= (A(t) — A(7)
+ (A(T) — A(5))A(s) " A(s) (e~ Em9)A6) — = (T=9)A()y

)
JA(s) "L A(s)e (A

one deduces

i 2l (2.19)

[@1(t,5) = @a(r, )| < C{ (¢ = )7t = 572+ o

Moreover, if vg € Dy, from the identity

(@1 (t,5) — @y (7, 5)]vg = (A(t) — A(T))A(s) " Le=E=9)AE) A(5)wy
+(A(T) — A(s))A(S)_l(e_(t_s)A(s) — e_(T_s)A(S))A(s)vo

one deduces

I(®1(t,5) = ®1(r,9)eol < Clloollog { (¢ =170 — )P~ + T (7 =)+ 1.

(2.20)

By the way, it is possible to prove also that the solution ® to equation

(3.2) is Holder continuous in its first variable as well other properties of use

in the sequel only. Such properties are stated in the following Lemmata 2.1

and 2.2, whose proofs are postponed to the end of this Section, not to break
our discussion.

LEMMA 2.1 Foranype (1—-03,1),ve (0,p+8—-1)and0<s <t <
to < Ty function @ satisfies the estimate

[®(t2,8) = D(t1,)[| < C(To) (b2 — tr)" (tr — )7 F7 727, (2.21)
LEMMA 2.2 Foranyp€e (1-0,1),v € (0,p+ 5 —1) function ® satisfies
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the estimates
[®(t,s)A(s) " | < C(Tp)(t — s)PHP~L, 0<s<t<Ty, (2.22)
[ (t2,5) — ®(t1,5)]A(s) "

< C(To)(tg — tl)y(tg — S)p+ﬁ_1_u, 0<s<t; <ty <Ty. (223)

Going on, note that for 0 < s <t — e < t one gets

t—e
Dt/ e~ AN G, (7, 8)dr = e A D (1 — ¢, 5)

_ / T A IAC) (@) (r, ) — By (1, 5)) dr + / T G B (1, 5)

_ (A0 _ =940 g, (1, )

_ 67€A(t78)(®1(t —, S) B (I)l(t, s)) + (efaA(tfs) _ efsA(t))(I)l(t, 5)

t—e
+ e~ =940 P, (¢, 5) — A(r)e” AT (B (1,5) — By (t,5)) dr

t—e
+ G(t,7)dr® (L, 5). (2.24)

S

By virtue of (2.24) together with H11, (2.8), (2.19), (2.16) and
”efaA(tfa) _ efaA(t)” < Cgp+2572’ (225)

which follows from (2.17), f: e~ =AM, (1, 5)dr is differentiable in L(LP())
with respect to ¢ € (s,Tp] and

t
Dt/ 6_(t_T)A(T)<I)1(T,S)dT = e_(t_s)A(t)fbl(t,s)
" ¢
- / A(r)e” =AM (B (7, 5) — Dy (8, 5)) dT + / G(t,7)drdi(t,s). (2.26)
Estimating the norm of each term of the right-hand side in (2.26) one obtains

t
HDt / e~ AN G, (1, 5)dr|| < C(t — 5)P 7L (t — 5)PHP2

t—s

+ C/:(t —7)f2 {(t N L Ak s)ﬂ+ﬁ—2} dr

t
+ C/ (t — 7))t 3dr(t — s)P P2 < O {(t — 5)P 073 (¢ — 5)?0 T304

<Ot —s)Pt?P=3 0<s<t<T. (2.27)
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Set now

t
Wit,s)= / e~ AN (7, 5)dr. (2.28)

Then
Ult,s) = e =46 L (¢, s), (2.29)

and, in view of (2.8) and (2.12), one gets
W (t,s)| <Ct—s)PT2P2 0<s<t<Tp. (2.30)
By virtue of (2.6) one has

t t t
Wi(t,s) =— / e~ E=NADG, (7, 5)dr— / / e~ AN G, (1,0)dr D(0, s)do.

(2.31)
Hence, in view of H11, (2.13) and (2.27) W (¢, s) is differentiable with respect
to t € (s,Tp] and

¢
DWW (t,s) = —Dt/ ef(tf")A(T)<I>1(T, s)dr

- /t D, /t e~ UANG, (7, 0)dr ®(0, s)do. (2.32)
As a consequence
|DW (t,s)] < C(t—s)PT2P73 0<s<t<T,. (2.33)
From (2.8), (2.30) and (2.33) it follows that
|U(t,8)|| < C(t—s)"t, |DU(t,s)]| <Ot —5)P"2 0<s<t<T.
(2.34)
Then, if we assume that vy € Dy, we can show that
| D:W (t, 8)vo|| < C(t — 8)PT2 72wl pys w0 € Do, 0 < s <t <Tp. (2.35)
For this purpose it suffices to take estimates (2.20), (2.22), (2.23), with v +

B —1> 0, into account and to repeat the same procedure followed to deduce
estimate (2.33).

LEMMA 2.3 For f € LP(Q) one has ff e~ =AW fdr € D(A(t)) for all
t € [0,Tp] and s € [0,t) and the following formula holds:

t
A(t)/ e AW far = (T — e~ =AW f 0<s<t<Tp.  (2.36)

S
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Proof. We follow the idea of E. Sinestrari [3; Proposition 1.2]. Let A be an
element in the resolvent set p(A(t)) of A(t). Then, for 0 < e <t — s, we have

AN+ A@) ™ / Ee_(t—T)A(t)de

S

=(A+A@®)! o A(t)e” =AW far

S

t—e
= ()\+A(t))_1/ %e—“—ﬂf“(ﬂfm

— ()\ + A(t))—l{e—eA(t) _ e—(t—s)A(t)}f
= e O+ A®) T — (A + A) e A0,

Letting € — 0+, we get

t t
)\()\+A(t))‘1/ e_(t_T)A(t)de—/ e~ =AW 7

S S

=A(t)( A+ A(t))—l /t e_(t—‘r)A(t)de
= ()\ + A(t)>_1f _ ()\ + A(t))_le_(t_s)A(t)f_

This shows that fst e~ (t=1AM far € D(A(t)), 0 < s < t < Tp, and (2.36)
holds. []

Asis easily seen for 0 <e <t —s
t—e
A(t) / e~ AN G, (1, 5)dr

t—e t—e
_ / By (1, 7)1 (7, 5)dr + / A(r)e==DA (@, (7, 5) — B (1, 5))dr

t—e t—e
- G(t, 7)®,(t,s)dT + A(t) / e~ ENAO D, (¢, 5)dr. (2.37)

S

Hence

t—e t—e
/ e~ AN G, (7, 5)dr = A(t) / Dy (t, 7)P1 (7, 8)dT
t—e

+A(t)7? A(r)e= DA (D (1, 5) — By (t, 5))dT

S

t—e t—e
—A(t)_l/ G(t,r)@l(t,s)dT—F/ e~ =AN P, (8, 5)dr.
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Letting € — 0+, one deduces

t t
/e_(t_T)A(T)(Ih(T,s)dT:A(t)_l/ Dy (t, )Py (7, 8)dT
S t S
+A(t)? / A(r)e= AT (B (1, 5) — Dy (t, 5))dr

t t
_A() / Gt 7)Py (1, s)dr + / ~U=DAOG (1 $\dr, 0<s<t<Th

This equality and Lemma 2.3 imply that fst e~ U=MAMN D, (1,5)dr € D(A(t))
for all t € [s,Tp] and

t
Alt) / e~ AN G, (1, 5)dr
ts t
- / By (¢, 7)1 (7, 8)dr + / A(F)e= DA (&, (. 5) — By (£, 5))dr
t
_ / Gt )01 (1, 5)dr + {I — e~ =9AO) D, (1, 5). (2.38)
Similarly to (2.27) one gets

<O(t—s)PtP3 0<s<t<Tp (2.39)

t
HA(t)/ e~ AN G, (1, 5)dr

It follows from (2.31) and (2.39) that
AW (t,s)|| < Ot —s)PT273 0<s<t<Tp. (2.40)

From (2.26) and (2.38) it follows that
D, /t ef(th)A(T)CI)l(T, s)dt + A(t) /t ef(lt*'r)A(T)fI)l(T7 s)dr
= ®y(t,s8) + /t Q1 (t,7)P1 (7, 8)dr, 0<s<t<T. (2.41)
With the aid of (2.31;, (2.32), (2.41) and (2.6) we obtain

t

DW (L s) + AW (L, 5) = —D, / e~U=DAMG, (7 8\dr

t t
—/ Dt/ e~ AN G, (7,0)dr® (0, s)do

t

—A(t)/ e~ =AM G, (7, 5)dr

t t
—/ A(t)/ e~ AN G, (7,0)dr® (0, s)do
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— () /St By (t, 7)®y (7, 8)dr
_ /: [@1(t.0) + /{: D4(t, ), (7,0)dr } B(0, 5)do
—_cpl(t,s)_/:@1@,7)@1(7,3)@—/:cbl(t,a)@(a,s)dff
_/:cpl(t,T) / ®,(r,0)®(0, s)dodr
— Byt s) — / (1) (. 8)idr / 01 (t,0)0(0, 8)do

- /t By (t, T){—B(1,5) — By (7, 8)}dr = —By(t,s), 0<s<t<Tp (242)

Using (2.7), (2.29) and (2.42) we easily conclude
DU(t,s)+ At)U(t,s) =0, 0<s<t<Ty. (2.43)
Moreover, the following inequality follows from (2.34) and (2.43):
AU, s)|| < Ct—s)P72,  0<s<t<Tp. (2.44)
We summarize the properties of operator function U in the following The-

orem.

THEOREM 2.1 Under assumptions H2, H10, H11 and p € (1 — 3,1)
operator U satisfies estimates (2.34), (2.44) and solves equation (2.43).
We prove now Lemmata 2.1 and 2.2.

Proof of Lemma 2.1. From equation (2.6) we easily deduce the following
identity, where 0 < s < t1 <ty < Tp:

(I)(tg,s)f(ﬁ(tl,s):7[(31(152,5)7@1(751,8)]7/t2(p1(t2,7')q)(7',$)d7'

_/l[tbl(tg,r) — (1, 7)), s)dr = > Bj(ta,tr,s). (2.45)

Jj=1

Then we rewrite estimate (2.19) in the more convenient form

to —1
[@1(t2.8) = @u(tr,9)]| < Cf (l2 — 1) (k2 — )72 + T (1 — )72
2 — S
to —t1\?
)t — £)P (g — 5)P2 1 (2T (4, — g)etB
SC{(Q t1)"(t2 — 1) " (t2 — ) +(t2—s) (t1 —s) }
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< Clta = ) { (b2 — 870720 (1 — )2
S C(tQ — tl)u(tl — S)p+672iy, Yv € (0, p] (246)

We conclude the proof by observing that estimate (2.21) is implied by (2.46)
and the following inequalities, since p € (1 — §,1) and v € (0,p+ 3 — 1):

~ t2
[@2(t2, t1,8)[| < C/ (ts = )" (t2 = T)PH72 7V (7 — 5)PH0 2 dr
ty

< C(ta —t1)” /t2 (ty — 7)PH0=27Y (1 — 5)PtP=2 g7
< Clty —t1)" (2 — )2 120737,

@3 (t2, t1,8)|| < Clta —t1)” /t1 (tr — 7)PTB-27% (7 — )P H0-2 47
< Oty — )" (t — s)%H28=37v 4

Proof of Lemma 2.2. First we notice that estimate (2.22) easily follows
from the estimate

[@1(t,s)A(s) 7| < C(t — s)PTP~L (2.47)
and the equation

Bt ) = By (t, ) — / B(t,7)P1 (7, 8)dr,

that is a simple consequence of the integral equation (2.6) defining ®, which
makes use of the identity

t ¢
/ O(t, 7)1 (7, 8)dT = / Oy (t, 7)P (7, 8)dT.
Then from the definition (2.12) of ®; and the identity
[@1(t,5) — @u (T, 5)]As) ™
= (A(t) — A(1))A(s) e 794E)
+(A(r) = A(s)) A(s) e IO _ oA,

and the inequality
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t t
e~ (=AW _ ~(r=)A@) | — / D, e~ (=A@ g SC/ (r — 5)5~2dr
o181l o aB-1f (T8
gc{(T ) (t—s) }fC(T 5) {1 (t_s) }
Ol — B1(1_T =5\ _ o _ yp-1t T
<CO(r—s)? (1 t_s) L
<Clr- 9P (10) 20 -0 - e

we easily deduce (cf. (2.10)) the following estimates, where p € (1 — 3,1) and
ve(0,p+3-1):

[[®@1(ta, 5) — @1 (t1, )] A(s) |
< Cty —t1)P(ty — 8)P7L 4+ Clty — t1) (g — s)PHP17Y
< Ctg — )" (ty — s)PTA-17v, (2.48)

Observe now that estimate (2.23) is a consequence of (2.22), (2.48) and the
following identity (cf. (2.6)), where 0 < s <t; <to <T:

D(tq,8) — D(t1,8) = —[P1(t2,8) — P1(t1, 9)]

_/ztbl(tg,r)@(T,s)dT—/1[<I>1(t2,7')—¢’1(t1,7')]<1>(r, 5)dr. [(2.49)

t1 S

3 Existence of the solution to the Cauchy problem (2.1)

Let f € C*(]0,To]; LP(Q)), p € (1 — 8,1). The argument by which we derived
(2.26) yields that t — fot e~ (1=9)A() £(s5)ds is differentiable in (0, Ty] and

! o= (t=9)A() £( g\ dg — o~ tA®)
D /0 f(s)d ()
f/A®f““WW®fﬂmﬁ+/G@ﬁWM&te@%k
0 0

In view of H11, (2.30) and (2.33) t — fg W (t,s)f(s)ds is differentiable in
(0,Tp] and

D, /0 W (L, s)f(s)ds = /0 DIV, 5)f(s)ds, t e (0,Th).
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Hence t — fot U(t, s)f(s)ds is differentiable in (0, Tp], and
t
De [ Utt.s)F()ds =405 (1)
0
~ [ A t=215) - s
0

+/O G(t,s)f(t)ds+/0 DW(t,s)f(s)ds, te(0,Ty.  (3.1)

For 0 < € <t — s we have
t—e t—e
—(t—s)A(s) _ —(t—s)A(s)
Aw [ foas= [ At F(5)ds
t—e t—e
_ / By (t,5)f()ds + / Als)e 94 (f(s) — f(1))ds
0

0
_ / T Gt s) ft)ds + / T At 040 gy, (3.2)
0 0

With the aid of the argument by which we derived (2.38) from (2.37) and
(3.2) we obtain that fg e~ =AM f(t)ds € D(A(t)) for all t € (0,Ty) and

A [ A f(o)ds = / Bt ) (5)ds
+f " A()em O (1 (s) — (1))ds — / Gt ) F(1)ds + (T — e A0V ().
In view of (2.40) we see that [} W (t, s) f(s)ds € D(A(t)) for all t € (0,Tp] and
A [ Wt )7 (s)ds = / AW (t,5) f(3)ds
Hence one observes that [, U(t,s)f(s)ds € D(A(t)) for all t € (0,Tp] and
Alt) /0 U(t, 5)f(s)ds
-/ B (t,5)F(s)ds + / " A(s)em MO (s) — F(1))ds
_ /0 LGt ) (s 4 (T — O (1) + /0 " AW (t.5) f(3)ds. (3.3)
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From (2.42), (3.1) and (3.3) we conclude that

/Uts s)ds + A(t /Utsf()ds:f(t)—i-/ot@l(ts)f(s)ds

+ /0 (D,W(L,s) + ABW (L, s)} f(s)ds = f(t), te (0,T). (3.4)

By virtue of (2.43) and (3.4) we have established the following result.

THEOREM 3.1 Letvy € LP(Q) and f € CP([0,Tp]; LP(2)), p € (1—06,1).
Then, under assumptions H2, H10, H11, the function v defined by

v(t) =U(t,0)v + | Ult,s)f(s)ds, t € (0,Tp], (3.5)
0

is differentiable in LP(Q) in (0,Ty], belongs to D(A(t)) for 0 < t < Ty and
satisfies the equation

Dyw(t) + At)(t) = f(t), 0<t<T. (3.6)

In order to obtain a sufficient condition for the initial condition v(0) = vy
to hold, we prepare the following Lemma 3.1, where the interpolation spaces
(Do, X)op, 0 <8 <1,1<p< 00, are defined by (1.14).

LEMMA 3.1 Let {e"**};>0 be an infinitely differentiable semigroup in a
Banach space X satisfying an estimate of type (2.2) for some 5 € (0,1) in a
sector ¥ C C with half-width ¢ € (w/2,7). Then the following estimate holds
for allv € (Dy, X)g,p, where Dy = D(A) and 0 <0 <1, 1<p < oo:

le™* v —v]|x < Ct~°v]|(Dy.x)s., (3.7)
|Die= | < CtP7170ll(py.x)s,, 4 € N\{O}. (3.8)

Proof. Forve X

tA

le™* v —vllx < fle”v]lx + [lvllx < Ot HJu]x. (3.9)

tAy = v then, one has for w € Av

t t
/ Dye*4vds / Dye *A A" wds
0 0

t
< C’/ 7Y wl||xds < CtP||w||x.
0

Let v € Dy. Since lim;_,g e~

le™ v —vllx =

t
/ e % Awds
0

le=* v —v||x < Ct?|v| D, (3.10)

X

X

Hence
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The inequality (3.7) follows from (3.9) and (3.10). Analogously (3.8) is a

consequence of
_ CtP=i-1
HDgeftAUHX < { vl x,

CtP vl p,,

j € N\{0}. ]
We can now exhibit a large enough subspace in (Dg, LP(£2))g,p-

LEMMA 3.2 The following inclusion holds true for 6 € (0,1)\{1/(2p),1/2}:
(Do, LP(2))a.p D W™ () = {v € LP(Q) : (v/mo) € WG"P(Q)},  (3.11)

where

WP () =

20.,p
{ w (Q)7 6 € (0, 1/(2]?)), (3.12)

{u e W20P(Q):u=0 on 0Q}, 6c(1/(2p),1).
Proof. First we recall (cf. H1) that
Do = M(0)D(L(0)), A(0)v = L(0)[mg ‘0], M(0)v(z) = mo(x)v(z), (3.13)

mo € C(Q) being the a.e. positive function in Q introduced in assumption H1.
We endow D and D(L(0)) with their own graph-norms, i.e.,

lvllpy = llvllze) + [IL(0)(v/mo) |l Lr (o),

lull ooy = llullzr ) + I L0)ul| Ly (q)-

Observe now that M (0) continuously maps LP(£2) and D(L(0)) into LP(2)
and Dy, respectively, and satisfies the estimates

[MO0)vllLe o) < [Imollc@llullze @), (3.14)
[M(0)vllpy = [[M(0)0]|Lr ) + [[L(0)0] Lo (o)
< max {{|lmollc@), 1}HIvll pro)- (3.15)
Hence we deduce that M (0) € L((D(L(0)); L*(2))g.p; (Do; LP(2))g,p)- In par-
ticular (cf. [9]), for 6 # 1/(2p), we have proved the inclusion
M(0)Wg"?(92) = M(0)(D(L(0)); L ()a,p C (Do: LP())ap-  (3.16)

Finally, it is easy to check that M (0)W, %P(Q) coincides with the vector
space defined in the right-hand side in (3.11). []

We now go on with our discussion. Taking § = 3 in (3.7) and (3.8), one
obtains

—tA

le™ v —vl[x < Clvll(Dy,x)5., (3.17)

HDte_tAUHX S Ot_IHUH(DO,X)B,p' (318)
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Applying (3.17) and (3.18) to the present case: A = A(0) = L(0)M(0)~1,
X = LP(92), one has

—tA(0)

le v = vllLee) < Clloll(po,2r(2))5,- (3.19)

||Dt67tA(0)’U||Lp(Q) <ot ! 0]l (Do, L (22)) (3.20)

B,p"

In view of Théoreme 2.1 on p. 22 in [5], Dy is dense in (Dg, L?(€2))s,p. This
property and (3.19) yield that

: —tA(0),, _ —
tli%1+ lle v —|[r() =0 (3.21)
for v € (Do, LP(2)),p- This, together with H5 and (2.30), implies
U(t,0)v0 = e 40y + W (t,0)vg — vy as t — 0+, (3.22)

for each vy € (Do, LP(2))g,p. Consequently, function t — U(t,0)ve € C([0,T];
X) for all vy € (Do, LP(2))s,, and satisfies the estimate (cf. (2.30))

U (t,0)vollco,ryx) < lle™ g — vo|l Loy + Ilvoll Loy + IW (£, 0)voll Lo (q)
< [voll(po, e () + lvollLe) + C(To)t* 2 |lvoll o), ¢ € [0,To].  (3.23)

Moreover, function t — fot U(t,s)f(s)ds belongs to C([0,T]; X) since it is
continuously differentiable in (0,7p] and tends to 0 as ¢ — 0+ according to
estimate (2.30). It, in turn, implies the estimate

| [ vesssa] < cantiniepns, teonl. @29

Thus the following theorem has been established.

THEOREM 3.2 Let vy € (Do, LP(Q))g,p and f € C?([0,Tp]; LP()), p €
(1—7,1). Then, under assumptions H2, H10, H11, the function v defined by

t
o(t) = U(t, 0)vo + / Ut s)f(s)ds,  tel0,Th), (3.25)
0
18 a solution to the initial value problem
Dyu(t) + A@)v(t) = f(t), 0<t<Tp,
v(0) = v,
and satisfies the estimate
@)l < C(To) [llvollpo, o) + Il fllcqomx)],  t€10,To]. (3.27)
Further, function w(t) = M (t)~*v(t) solves the initial value problem
DM (t)w(t)] + L(t)w(t) = f(t), 0<t< Ty,

(3.26)

(3.28)
M(0)w(0) = vo.
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4 Uniqueness of the solution
to the Cauchy problem (2.1)

To prove the uniqueness of the solution we consider problem (2.1) in the
space H—1(Q). The restriction of £(t) to HJ(Q) is denoted by L(t). Then,
A(t) = L(t)M(t)~" is a single-valued linear operator in H (), and condition
(P) in [3], p. 80, is satisfied with o = 8 = 1. Clearly, according to assumption
Hi1, D(A®t)) = {m(-,t)u:u € H}(Q)} = {mou : u € H(Q)} is independent
of t € [O, To] .

One can also show that D(A(t)) is dense in H~'(Q) replacing both L? ()
and D(L(t)) with Hg(Q) in the proof of the density of D(A(t)) in LP(R). It
is easily verified that

I(A(t) = A()AO) " ey < Clt = s]?, st € [0, To).

Therefore, using a classical result one can construct the fundamental solution
U(t,s) to the problem

Dyo(t) + A(t)u(t) = f(t), 0<t<Tp,

o (4.1)
v = Vo,

in H=1(Q) as follows:
~ -~ t ~ -
Ul(t,s) = e~ (t=9)A(s) +/ e~ =AM P (7, s)dr, 0<s<t<Ty,
S

where ® solves the Volterra integral equation

&)(t, s) + él(t, s) + /t D (t, 7')&)(7', s)dr =0,

with

1(t,5) = (A(t) = A(s))e” 794,
LEMMA 4.1 Letq > 2n/(n+2) and ¢ > p' = p/(p — 1). Suppose that
we D(L(t)) and @ € HY(Q). Then for any w € W4(2) N W,9(Q)
(u, £()w) = (L(Eu,w) and (@ £(E0w) = (L(t),w).
Proof. By virtue of well-known 1mbedd1ng theorems we have Wl’qg ) —
L2(Q), W24(Q) N W 4Q) — HE(Q) — LY (Q). Let w € W21(Q) N W,9(Q).

Since ¢ > p/, w € e (Q) N WA (Q) = D(L(t)*). Therefore (u, £(t)w) =
(u, L(t)*w) = (L(t)u,w). Let {¢r} be a sequence of elements of C’O (Q) such
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that ¢ — @ in H(Q) — L7 (Q). Then, since D, ,w € Wh(Q) — L*(Q),
one observes

/uD (i jDg w)dr = — lim oDy, (a; j Dy w)d
O k——+o00 Q
= lim aiAjDIigokDIjde:/ai,jDIiﬂijEda:.
k—+o0 Q Q
Therefore
(i, L(#)w) = / a{ = Du(ay; D) + aw }da
Q

4,5=1

:/ { zn: ai,ijﬂDsz—Fau@}dz = (L(t)@, w). ]
Q%=1

REMARK 4.1 If p > 2n/(n+ 2), the statement of Lemma 4.1 is evident,
since W2P(Q) N W, P (Q) — HL(Q).

COROLLARY 4.1 L(t)u = L(t)u for u € D(L(t)) N HY(R), and A(t)v =
A(t)v for v € D(A(t)) N D(A(t)).

LEMMA 4.2 Let f € LP(Q) N H~Y(Q). Then, (AM + L(t))~1f = A\M +
L(t))~'f for each 0 <t < T.

Proof. Set u = (AM + L(t))"'f and @ + (AM + L(t))"'f. Let g be an
arbitrary element of L4(£2), where ¢ is the number in the previous lemma, and
let w be the solution to the Dirichlet problem for g = (Am(-, )+ £(¢))w. Then
w € W9(Q) N W,y %(), and by the previous lemma (u, £(t)w) = (L(t)u, w)
and (4, £(t)w) = (L(t)@, w). Therefore

(u, 9) = (u, Am(-, t) + L(8))w) = A(m(-, t)u, w) + (u, L(t)w)

A(m(-; u, w) + (L(u, w) = (Am(-; Hu + L(t)u, w) = (f,w), (4.2)
(i, 9) = (@ Am(-, t) + L(£))w) = A(m(-, 1)1, w) + (i, L(t)w)

A(m(-, 1)@, w) + (L()a,w) = (Am(, )@+ L(t)d,w) = (f,w). (4.3)

It follows from (4.2) and (4.3) that (u,g) = (@, g) for any g € L(9), from
which the conclusion follows. []

COROLLARY 4.2 If f € LP(Q) N H1(Q), then A+ A@t)) " f = () +
A" f and U(t,s)f =U(t,s)f.
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Proof. The first statement readily follows from the lemma since (A +
A0)H = MM+ L) f, -+ A)Lf = MEAM(E)+L(0) 1 f.
The second assertion is a direct consequence of the first one and the construc-
tion of U(t,s) and U(t,s). [ ]

THEOREM 4.1 For v € Dy, U(t, s)v is differentiable with respect to s in
the strong topology of LP () and

D,U(t,s)v =U(t,s)A(s)v. (4.4)
_Proof. If v € D(A(t)), then by virtue of Theorem 2.1 of Chapter 5 of [5]
U(t, s)v is differentiable in s in the strong topology of H~'(2) and (4.4) holds
with U(t, s) and A(s) replaced by U(t,s) and A(s) respectively. Hence

Ut,s)v—Ul(t,s")v= /i U(t,0)A(c)vdo (4.5)

for 0 < s’ < s <t < Tp. Suppose that v € D(A(t)). Then M(t)~tv €
W2P(Q)NW,P(Q). Let ¢ > 2n/(n+2) and ¢ > p' = p/(p—1) as in Lemma 3.
Then, ¢ > p/ > 2 > p, WH9(Q) — L*(Q) and W>9(Q2) N W, 9(Q) — HL(Q).
Let {u;} be a sequence in W4(Q) N W, %(Q) such that u; — M(t)~ v in
W22(Q) N W, (). Then (4.5) holds for v; = M(t)u; in place of v, since

M(t) Yoy = u; € W29(Q) N W, Q) — HE(Q).
Hence v; € D(A(t)) and

Ut,s)v; — U(t, s )v; = / Ut,o)A(o)v;do. (4.6)
Since u; € W>9(Q) N W, 4(Q) — W2P(Q) N Wy P(Q) = D(L(t)), one has
v; = M(t)u; € Dg. Therefore, in view of Lemma 4.1, Corollary 4.1 and
Lemma 4.2 we get

Ult,s)v; = U(t,s)vj, Ut,s')v; = U(t, s )v;, Ult,o)A(o)v; = U(t,0)A(0)v;.
Substituting this in (4.6) one gets

S

Ul(t,s)v; —U(t,s")v; = / U(t,o)A(o)v;do. (4.7)

s/

Since v; — v and A(o)vj; = L(0)u; — L(o)M(t)"'v = A(o)v as j — +o0, we
deduce that both v and A(o)v are in LP(Q2). Letting j — 400, one concludes
that (4.7) holds with v in place of v;, and the proof is complete. []

THEOREM 4.2 Under assumptions H2, H10, H11 the solution v to the
Cauchy problem (2.1) is unique.
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Proof. Let u be a solution to problem (2.1). In view of Theorem 4.1 one
has

D;[U(t, s)u(s)] = U(t, s)u'(s) + U(t, s)A(s)u(s) = U(t, s) f(s),  (4.8)
if 0 < s <t < Tp. Integration of both sides of (4.8) over (0,t —¢), 0 < & < ¢,
yields

Uttt — ult — &) — Ut 0)uo = [ Ut 5)f(s)ds. (4.9)
By virtue of (2.25) and (2.30) one gets ’
Ut —e) — e =AW = e A=) 4 W(t,t —e) — e =4O
< lem AU — e AW 4 |W(t,t — )| < CePTH2,
Hence
Ut,t —e)u(t —e) =U(t,t —e)(u(t —e) —u(t))
+(Ut,t—e) — e A u(t) + e =AWy (t) — u(t)

as € — 0+. Therefore, letting ¢ — 0+ in (4.9), one observes that (3.5) holds,
and the proof is complete. []

5 Regularization of the solution to problem (2.1)
up to the closed interval [0,T]

In this section we will show that under additional requirements on f and
up the solution u solves problem (2.1) in the closed interval [0, 7. For this
purpose we need the following assumption:

Hi12 f e CP([0,Tp]; X), vo € Do, A(0)vo — f(0) € (Do, LP(2)) g~ p-

THEOREM 5.1 Under assumptions H1, H2, H7, H12 and H10, H11,
both with p = 1, function v defined by (3.25) belongs to C**7 ([0, Tp); X) N
C7([0,Tp]; Do) and satisfies the Cauchy problem (3.28) in the closed interval
[0,To]. Moreover, v satisfies the estimate

[vll e (o,71:00) < C(To)[llvoll o + 1A(0)v0 = F(O)l(Dy,x)s.,
+TP 17 fll oo, ) (5.1)
[oll i+ o,m:x) < C(To) [llvollpy + 1A0)vo = F(O) (Do, x5 0

+(1+ TN fllon o,m1:x) ) - (5.2)
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REMARK 5.1 Observe that u is subject to a loss of regularity in time of
order p — . This fact is a strict consequence of the singularity of problem

(2.1) as shown by the generation estimates (1.12) and (2.2).

To prove Theorem 5.1 we need the following Lemmata, whose proofs are
postponed to the end of this Section.

LEMMA 5.1 Foranype (1—03,1), 7€ (0,p+ 8 —1) the linear operator

t
Qi (0= [ Git.s)f(0yis (53
0
maps CP([0,T]; X) into C7([0,T]; X) and satisfies the following estimate for
any T € (0,Tp):
Q2 llcw(to,r1:x) < C(T)TPH= 7| fll oo, x)- (5.4)

LEMMA 5.2 Forany f € (1/2,1), pe (1 —3,1), v € (0,min {20 — 1, p})
the linear operator

Qaf(t) = I — e O[f(t) - f(0)] (5.5)
maps C?([0,T]; X) into C7([0,T]; X) and satisfies the following estimate for
any T € (0,Ty]:

1Q3fllc(to.r1ix) < C(T)TPF 17| fll oo, 115) - (5.6)

LEMMA 5.3 ForanyfB € (1/2,1),7€ (0,26—1) and0 < s <t1 <ta <T
the following estimates hold:

|A(t2)W (t2, 8) — A(t)W (t1, 5)|| < Ot — 1) (81 — )77, (5.7)
||A(t2)W(t2, S)UJQ — A(tl)W(tl, S)UJQH

< C(ta = 1) (t2 — )1 [|wo | by - (5.8)

Proof of Theorem 5.1. We recall that v is the solution to the Cauchy
problem

V() + A(t)v(t) = f(t), v(0) =vy 0<t<Tp. (5.9)
Hence from (3.1) we get

V() = DU, 0)wo + D / Ut 5) f(s)ds
0 t
= DU(t,0)wo + e A0 f(t) — /0 A(s)e” U4 [£(s) — f(1)]

+/t G(t,s)f(t)ds+/tDtW(t,s)f(s)ds, 0<t<Tp
0 0

Copyright © 2006 Taylor & Francis Group, LLC



222 A. Lorenzi and H. Tanabe
Consequently,
A(t)o(t) = f(t) = '(t) = f(t) = D:U(t,0)v0 — e I f(1)
t
+/ A(s)e= =40 £(s) dsf/ G(t, s)
0

‘/DMWﬁﬁ@ﬁ’te@ﬂ'
0

Since
DU (t,0)vo = Dy[e™ O 4 W (¢, 0)]vg
= —A(O)e_tA(o)vo + D, W(t,0)vy = —e_tA(O)A(O)vo + DWW (t,0)vo,
we get
A(tyo(t) = f(t) + e O [A0)uo — f()] = DWW (£, 0)uo

—[emtAM) _ o—tAO)) / A(s)e=TmIA [ f(s) — f(t)] ds

7
/Gts ds—/Dt (t,s)f Zv]

i
We begin by estimating vy. From the equality
va(t) = e A OA0)vg — £(0)] = e O [f(t) — F(O)],
assumption H12 and (3.7) one observes
le= 4@ [A0)vo — £(0)]]
< [le= A O[A0)vo — f(0)] = [A(0)vo — F(O)]I| + [|A(0)wo — F(O)]]
< CtY|A0)vo — f(O)ll(Do,x)5-, T 14(0)v0 — f(O)].

From this and

e~ 4O L1(6) ~ O < O] flewgormn

we immediately deduce the estimate

lv2ll e (jo,77,x)

< C(To) [ A(0)vo = F(O)l(y, x5, + TP floeqorix)-  (5.10)

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate inverse and direct problems of parabolic type 223

To estimate the increments of vy first we observe that

® Dye O AO)g  £(0)] dr

t1

[[e 24O — =14 [A(0)vy — f(0)]|| = ’

ta
<c / PHAO) — FO)lpoxys . dr
ty

/ ) A(0)e " O[A(0)vg — f(0)] dr

t1

< Otz —t1)"[|A(0)vo — fF(O)ll(po.x) 5 pr O <t1 <ta <T.

With the aid of the inequality

“1A0) 11 A(0) A s =t
le*2 —e 120 = Dye dri| <C T dr:CW
t1 tl B
C _ ti\1-8 C _ t C 1t —1
L () ) =
1-p [ 1-p l2 1-p l2
we get

le=*= 4D [f(t2) — f(0)] — e~ O£ (t1) — £(0)]]
= [le™ 24O (t2) = f(t2)] + [0 — e O£ (t1) — £(0)]]

. ite—t
< C(To)lfler o) _tg Nt =)+ 2t2 1tﬂ
rrte — ¢ 1-8 _ _ to — t p—1+8
< C(To)lfler o | o )y g 1(%21> )
r/ty —t1\ 18 t1\PtrA-1 -
_ C(To)‘f|cp([0,T];X) (%) 4 (é) }(tz —t)” 145

< C(To)(t2 = 1)+ flew 0,13, )-
Since p > 1 — 3 + v, we have shown that
v2l e oix) < CTO)IIAWO)v0 = F(O)(Do,x)5—r + TP flen(omyi))-
We now estimate vs. From the formula (cf. (2.42))
v3(t) = =D W (t,0)vg = A(t)W (t,0)vg + @1 (¢, 0)vo
it follows

[[vs(t2) — vs(t1)]]
= ||A(t2)W(t2, 0)’1}0 — A(tl)W(tl, O)Uo — ‘I)l(tg, O)Uo + (I)l(tl, O)UoH .
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With the aid of the following inequalities, where v € (0,28 — 1),
[ [A(t2)W (t2, s) — A(t1)W (t1, )] vol| < C(ta — 1) (t2 — $)** 7 |vo| by,
[[[@1(t2,8) — 1(t1, 8)]voll < Ct2 — t1)" (t2 = 5)" 7 |vol b,

(cf. Lemma 5.1 and Lemma 2.2, with p =1 and v = 7)7 we easilv obtain the
estimate Y n th
[v3|c (jo,77:x) < Cllvollpe (1 28—1=v o Tﬁ—’)’)

proving the continuity of vs in [0, T']. To deduce the estimate for vz in C([0,T], X)
it is enough to use the previous representation for vs and estimate (2.35). We

get

lvslle(o,r).x) < Cllvollp, TP~ 2772,

We now estimate vq. In view of (2.17) with 7 =¢, s =0, p = 1 one has
|‘€7tA(t) _ €7tA(0)H < Ct%’l.
Hence
lea@®)l < CEP=Hf (D),

which implies
[voalloqoix) < T floqor:x)-

Consider next the relations

(e—tzA(tz) _ e—tzA(O)) _ (e_tlA(tl) _ e—tlA(O))

_ %/Fem{()\—kfl(tg))_l — (A A®0)) 1}
_ %/Fe“’\{(AJrA(tl))*l ~ (Ot A0) A
_ %/Fet?’\{()\—i-/l(tg))_l — (4 At1) A

+ QL /(etz)‘ — etl/\){()\ + A(t)) ™ = (A + A(0) "
T Jp

ar MO A = (0 A

21

< c/ e 2R N 7Bty — )| AP PldN| = Oty ftl)/et2Re’\|)\|1*25|d)\|
T I

2B8-2 ta—t 28-1 ta—t1\” 26-1
S C(tg - tl)tQ == CtitQ S C ti t2
2 2

= CtP T (ty — 1)
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= /(et2’\ — "M+ AMf) T - (0 + A(O))l}d)\H
r

21

tz t2
< C/ /|)\|erRe*|)\|*ﬂt1|)\|1*5|d)\|dr:Ctl/ /eTRe*|A|2*2f3|dA|dr
t1 N tl I

;m/r[ A dr{(A+ A(t1)) ™" — (A + A(0))~ 1}dAH

le/tltz/r)\e”\{(A—i—A(tl))_l — (A + A(0)) " ydAdr

to — 11

tz ta
< Ctl/ r28=3dr < Ctltzzﬁ’l/ r=2dr = Ctqtx20~1 -
201

t1 t1
_ o212 Tl e (27 = Ct2 1 (ty — 11)7.
t2 t2
Hence
||[€_t2A(t2) _ e—tgA(O)] _ [e_tlA(tl) _ e—tlA(O)]” S Ctgﬂ—l—’y(t2 _ tl)’y.

With the aid of this inequality one concludes

lva(t2) — va(ts)|l
< [[{(et2Al2) — g7l A0)) _ (et Al) _ omh AN} £(4,)|

+ (e A — T AO) (f(ty) — f(t1))]
< Ot (ty — 1) f (k)| + CET Tt — 11)° | Flew om1ix) -
We have thus shown the estimate
[val e qo,m3) < C(To) (T2 + T2 10H0) | ll oo o, x)-
‘We now estimate vs. Observe that
t
nlt) = [ A I 1) F(0lds = Qur (0
Then from Lemma 5.2 we deduce
[vsllcm o,y < Clt2 — ) TP 17 flen o, 13:30)-

We now estimate vg. From the identity

- / G(t, 9)[f(t) — £(0))ds — / G(t, 5) F(0)ds
0 0

= Qs(f — F(0))(t) - / G(t, 5) f(0)ds
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it follows

[lvs(t2) — vs(t)]| < 1Qs(f = f(0))(t2) — Q3(f — F(0))(t1)]|

2G(tg,s)f(O)ds— 1 G(t1,s)f(0)ds|| .

0 0

i

Then since 0 < v < min{23 — 1, p}, Lemma 5.3 yields
1Qs(f — £(0))(t2) — Qs(f — £(0))(t1)]l
< C(To)(ta — t1) T2 e o,11x) -

On the other hand, from (2.16), with p = 1, and (5.21), with e = ~, since
0<v<206—1, we deduce

t _ t2,@—1
los (Il < Cllflleo,m:x) /0 (t—s)"%ds = C||ch([o,T];X)m,

/ b, 5)f(0)ds — / "Gt $) F(0)ds
0 0

[2am@ﬂm@+AYG@@wwwhmﬂm@

0

< OO [ =925+ (=07 [ (0= 5121725}

tl)Qﬂ—l

_ 2B—~v—1
= clsol{ e+ -y ——)

%51
< CIFO)(t — 1) T,

Therefore

lvsllco,r1:x) < C(TO) I Flleqomx) T2,

lvsl e (o,x) < C(To)(TPT20717 1 TP ([ £ (0] + | flee o.11:x))-
Finally, we estimate v7. Since
DWW (t,s)+ A@t)W (t,s) = —P1(t,s)

(ct. (2.42)), we get
vr(t) = /0 AW (L, 5)f(s)ds + /0 1 (,5) f(5)ds.
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From the inequalities (2.40) with p =1 and (5.7) it follows

/ " A(ta)W (Lo, 5) (s)ds — / LA W (b1, ) f(s)ds
0 0

t2 tl
= ‘ A(ta)W (ta, ) f(s)ds + / [A(t2)W (L2, s) — A(t1)W (t1, s)] f(s)ds
t1 0
t2 tl
<C . —5)%2q — )" — 5)28277¢g
< ”fHC’([O,T},X){ /t1 (t2 — ) s+ (t2 —t1) /0 (t1 — ) 5}
B (t2 _ t1)2ﬁ71 t2ﬁ7177
= C”fHC([O’T];X){W + (t2 — t1)72ﬁ1_ﬁ}7

and from (2.11) and (2.46), with p = 1 and v = v, we get

‘/(f <I>1(152,s)f(5)ds—/Ot1 O (1, 5) f(s)ds

to t
< CHf”C([O,T];X){/t (ty — 5)° 'ds +/O (ts — 1) (t1 — S),Bfl—'yds}

/ "By (g, 5) f(s)ds + / (@1 (t2, ) — B (11, )] £ (s)ds

t1 0

B—v

- (ts 7t1)ﬁ t
= C”f”C([&T];X){T + (t2 — tl)’YBl_ 7}.

Therefore
o7l o, myix) < CT2P 7+ TP fll oo, sx) -
Likewise, from (2.11) and (2.40), both with p = 1, we get
lvzlleqoryxy < CT* =1+ TP)| fllogory:x)-

Summing up, we have proved that A(-)v € C7([0,Tp]; X) and can be esti-
mated by the right-hand side in (5.1). Likewise, owing to formula (5.9) we can
show that v' € C7([0,Tp]; X) and can be estimated by the right-hand side in
(5.2).

We conclude the proof by observing that the estimate of v in C([0, Tp]; X)
was proved in Theorem 3.2 (cf. estimate (3.27)). []

Proof of Lemma 5.1. From the definition (5.24) of operator Q)2 and estimate
(2.8) we easily deduce the inequality

t
Qe ()] < Clflorcomycy [ (¢ =577 -2ds

< CTP7 M| flleroy:x)- (5.11)
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To estimate the increments of Qs f we need the following identities

Quf(t2) — Quf (1) = / " A(s)e=mAC) f(s) — f(ta)] ds

1

* /tl[A(S)e‘(tz_S)A(s) — A(s)e”TIAG[f(s) — f(t1)] ds
0

t1 3
T /0 A(s)e= A F(t)) — ()] ds = 3 Qayltr,ta). (5.12)

j=1
Observe now that

to —t1
t2 — S
The assertion now follows from (2.17), with (7,t) = (¢1,t2), (5.13) and the
inequality v € (0,p+ 8 — 1). Indeed, we get

(t1 — 8)PTP72 < (ty — 1))V (t; — 8)PTP7277 0<s<t; <ty <T. (5.13)

12
Q2,1 (t1, t2) Il < C|l fllce(o,11:x) / (t2 — 5)7(ta — 5)P 777277 ds
t1

to
< C(ta — 1) | fllee o, 11:x) / (tg — 5)P P27 ds
0
< Clta — )T flleo o,y (5.14)
t1
[Q2,2(t1, t2)[| < Cllfllcro,ry:x)(t2 — tl)’y/ (t; — 8)PTF=277 ds
0

<Otz — t1)7Tp+B_1_V||f||CP([O,T];X)7 (5.15)

t1
[Qaaltssta)l| < (12 = 0 I lleomyoe) [ (12 = 9% 2(t2 = t0)e 7 s
0

t1
< (t2 — )" llen ozt / (ts — 5)P*0277 ds
0

< (ta — )T Fll o o, 17:%) - (5.16)

Proof of Lemma 5.2. Let 0 < s <t < T. From (2.14) we easily deduce the
formula

DtG(t,S) = Dt[A(t)ef(t*S)A(t) _ A(S)e*(tfs)A(s)]

_ L/A%W*s) (A A®) ™ — (A + A(s) 1) dA
T

C2mi

+$/F)\e>\(t—5) ((/\+A(t))_lAl(t)A(t)_lA(t)()\—I—A(t))_l) dr. (5.17)
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Consider now the identity
AWA®) ™" = L)L) " = LM~ M{()]L(E) ™ (5.18)
and note that, according to assumptions HI and H/,
A (AL < C(Ty),  te0,Tp) (5.19)
Then from (5.17), (5.19) and (2.15), with p = 1, we deduce the estimates
ID.G(t, 5)|| = || DifA(t)e™ =140 — A(s)e™ =240

§C(T0)(tfs)/ |A\3*2ﬁe(t*S)R“|d)\\+C(T0)/ |A[272Be(t=s)Re A )]
T I

< C(To)(t — s)%73. (5.20)

Whence, for any € € R, we easily deduce the estimates

to to
||G(t2,s)—G(t1,s)H§/ ||DtG(t,s)Hdt§C(To)/ (t— 5203 dt
ty1

t1

< C(Ty)(t1 — s)25—€—2/ 2(t — )= tat

ty

= C(To)(tl - 5)257672(t2 — tl)e. (521)

Moreover, since § € (1/2,1) and v € (0, min{28 — 1, p}) (cf. H7), we get

< C(To)/ (ta — )22 £ (1) | ds

t1

/ : G(tQ, S)f(tQ)dS

t1

to — t 28-1 to — ¢t 26—-1

= C(To)%f(tz) — fO)f = C(To)(gﬂl)lté’lflcv([o’ﬂ;m
ty — t1)7(ty — £1)?° 177

= C(TO)( 2—h) 2(52— 11) t5) flee o,11:x)

< C(To)(ta — t1) YT flew(o,m1x)
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/o 1 [G(t2,s) — G(t1,s)]f(t1)ds

< O(T) / by — 1) (0 — 8292 7ds || (1) — £(0)]

2,8 1—v
< C(To)(ta — t1)” 25 t1|f\ca ([0,T):X)
< C(To)(t2 — tl)’YTerw—l_W|f|cv([0,T];X), (5.22)

ty
< C(To)/ (ta — 8)*P2ds (ta — t1)”| flce(o,1): %)
0

/O G, 9)[f (1) — [(t2)ds

2ﬂ 1
< C(Ty) 2 271 (t2 — 1) (t2 — 1) fleeo,11:x)
< C(To)(ta — t1) TP 27 fl o po,my:0) - (5.23)

Finally, the assertion of the lemma easily follows from (5.22)-(5.23) and the

inequalities
t
Q0] < [ 1691 ds 170 < @A — 7O [ (¢ 5)2as
t2ﬁ71 951
< C(To)zﬂ —t"flerqomix) < C(To)T?Y P fler(o,r1:x)

to
1Qaf(t2) = Qa0 < [ 1G(ta, )] ds e
tl tl
+ [ 16t~ Gl ds 5] + [ 1G9l ds 1 t2) - Fe0)]
0 0
< C(To)(ta — )T 17 flewomxys t€[0,T).[]

Proof of Lemma 5.3. Recalling that W (¢, s) is defined by (2.28), we can
show analogously to (2.38) that function A(¢)W (¢, s) is represented by the
following formula, where 0 < s <t < T":

ADW(L,5) = / "y (1) s)dr + / " A(r)e A B(r, 5) — B(t, 5)] dr

t 4
—/ G(t,7)dr ®(t,s) + [I — e =94 0(t,5) = > Wi(t, (5.24)

Jj=1
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Taking Lemma 3.1 and the definitions of operators W;, j = 1,...,4, into
account, we easily derive the identities

Wl(tQ, S) — Wl(tl, S)

to

(I)l(tg,r)@(r,s)d7'+/ (@1 (b, 7) — By (b, 1] (r, 8)dr,

t1
to

Walta, s) — Waltr, s) = / A(F)e= =A@ (1. 5) — D(ts, 5)] dr
ty

t1
+ A(T)e_(tz_T)A(T) [®(t1,8) — P(ta,s)] dr

t1
+/ [A(r)e™ 1 =1AT) — A(7)eF=2mDAD] [D(1y, 5) — (7, 5)]dr,  (5.25)
to

Wg(tz,s) — W3(t1,8) = G(tg,’r) dr <I>(t2,s)

t1

+ [ (6ttar) - Gler, 7)) dr ez, )

+ [ Gy, 7)dr [@(ta,5) — D(t1, 5)], (5.26)

W4(t2, s) — Wa(ty, S) — [e_(tl_s)A(tl) _ 6_(t2_S)A(t2)]¢(t1, s)
I — e =94 [D(ty, 5) — B(t, 5)]. (5.27)

From (5.25)-(5.27) and (2.11), (2.12), (2.46), (2.21), (2.18), (2.16), (5.21) and
the inequalities

t
He—(tg—s)A(tg) _ e—(tl—s)A(tl)H < / 2 ||Dte_(t_5)A(t)|| dt

< C(Tv) /t2 (t— )2 dt < C(Ty)(tr — )P~ /t2 (t— sy dt
< C(To)(tr — 5)77 (b — 1), (5.28)

we easily derive the following estimates, where 8 € (1/2,1), v € (0,28 — 1),
Ve (1 _ﬁ+7aﬁ):
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Wi (ta, s) — Wi (tr, )| < C(TO)/ Yty — 7Y (ts — 7)1 (1 — 8)PLdr

ty

+C(To) (b2 — t1)7/ (ty — 7)1 (7 — 5)% tdr

S

< Om)(t — 0"y /tj (t; — 1)1 (r — 5)PLdr

== C(To)(tg — tl)’y :

2
j=

(t; — 8)*771 77 < C(To)(ta — 11) (b2 — ) 7177, (5.29)

IWa(tz, 5) = Wa(t, )] < C(To){ /tt (s — )B4 (r — )P1 d
-0 - " (b2 = 1)P2(ts — 01) 7 dr
(s —t1)" /:1 (b = 7)72 (0 = 7)(r = ) ar )
< et -y { [ -nt g
+(t =) / "ty )
+ /:l(tl )t L g1 dT} < O(To)(ts — tl)”{(tz i
= [0 (- )
< C(To)(ta — t1)7(t1 — 8)*P 277, (5.30)
Tt~ 1) [(2 — 5)°! / Yt = )2 g
(1 — 5)P~1 / %ty = )22 ar|}
< C(To)(t2 — tl)v{(tQ —5)P1 /:2 (ty —7)20~2"7dr
(0= )P 2 = )7 (= )PP 0 - 5) 7
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2
S C t2 - tl ’Y Z t - 8 36 2= < C(TQ)(tg — tl) (tl — 8)35_2_7, (531)
Jj=1

[Walta,s) — Wa(ty,s)|| < Clta — 1) (t — 5)*P 7277, (5.32)

From identities (5.24), (5.25)—(5.27) and estimates (5.29)—(5.32) we easily
derive (5.7). The inequality (5.8) can be shown analogously using (2.22) and
(2.23) instead of (2.12) and (2.21). []

6 An equivalent identification problem
and proof of Theorem 1.1

Throughout this section we will use the estimates from Section 2 with p = 1.
To find an identification problem equivalent to (1.6)—(1.9) first we consider
the equation

g"(t) = WD (m(O)w(t))] + ¥ | Dim(t) (uo + / w(s)ds)|
+U[Dm(t)w(t)], te0,T). (6.1)
Assume that
X1 i=U[B(0)uo] # 0, (6.2)

Applying functional ¥ to both sides in (1.6) we derive the following equation
for k:

B(t) = X{IDF(0)] = ¢ ()} + x| DEm(t) (o + / () as)|
X l(Drm(t) = L))~ ¥ [£(0) (w0 + [ o(s) ds) @)

fx/o k(t — s)U[B(s)w(s)] ds

t s
fx/ k(t — s)¥ [B’(s) (uo + / w(r) dr) ds]. (6.3)
0 0
Introduce the new unknown
2(t) = Liw(t) <=  w(t) = L(t) 1 2(t), 0<t<T, (6.4)
Then, according to the Theorem 3.2, we easily deduce that the initial and

boundary value problem (1.6)—(1.8) is equivalent to the following operator
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equation:
z(t) = A(t) M (t)w(t)
= 20(t) — Q[L12 + Lok + Ba(z, k)](t) — Lsk(t),
20(t) + Ni(2,k)(t), te(0,T). (6.5)

Here we have set

AB{U. 0o + / £8)[f(5) = I/ (s)uo) ds (6.6)
/0 Ut (6.7)

Li(t) = / L/(4)L(s)~" 2(s) ds, (68)
/ k(¢ $)uo ds, (6.9)

- /O k(s) AU (2, $)B(0)uo ds, (6.10)

_ /Ot K(t — )(B)L(s) ™ 2(s) + B’(s)/os L(r) ™" 2(r) dr) ds. (6.11)

After some simple computations, from system (6.3), (6.5) we derive the
following equation for k:

E(t) = ko(t) + Na(z,k)(t),  te€[0,T], (6.12)
where we have set
ko(t) = x{[D:f(1)] = " (t)} + x¥[Dim(t)uo]
AXV[(Dem(t) L) ™! = 1)z0(t)] — xW[L (t)uo], (6.13)
No(z,k)(t) = xP[Laz(t)] + xC[(Dem(t) L(t) " = 1) N1 (2, k)(1)]
—XW[L12(t)] = XW[L2k(t)] — xV[Ba(2, k) ()], ¢ €[0,T],(6.14)
and
Lyz(t) = D?m(t) /OtL(s)lz(s) ds. (6.15)
Observe that system (6.5), (6.12) is equivalent to system (6.3), (6.5) via (6.4).

Our main task consists in showing that the fixed point-system (6.5), (6.12)
is solvable in C7([0,T]; X) xC7([0,T]; R) for some ~ satisfying H7.
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X), 7€ (0,7 first

To estimate N it is convenient to estimate in C7([0, 7];
= f(0) = 0, we easily

the linear operator ). From Theorem 5.1, with wug
deduce the estimate

1Qf e o.13:3) < C(To) TP Fll oo o,77:) - (6.16)

REMARK 6.1 We stress that applying operator ) causes a loss in regu-
larity of order p — 7y, at most. Therefore our basic task consists in restoring
regularity.

In order to estimate the nonlinear operator Ny (cf. (6.5)) we need the fol-
lowing lemmata 6.1-6.5. The proofs of the first three will be postponed to the
end of this Section.

LEMMA 6.1 The linear operator Ly and Ly defined by (6.8) and (6.15)
map C([0,T]; X) into CP([0,T); X) and C7([0,T); X), respectively, and satisfy
the estimates

IL12lleo o,m1:x) < C(T0)T |zl (0,715 (6.17)
ILazllen o,m1:x) < C(T0)TH N2l e o, myix)- (6.18)
LEMMA 6.2 Operators By and Lo defined by (6.11) and (6.9) map

CP=7([0,T]; X) x C7([0,T]; R) and C7(]0,T); X), respectively, into C?(|0,T];
X) and satisfy the following estimates for any T € (0, Tp):

| B2(2, k)| coo.13:x) < C(To) T EF=2) 2| con 0,793 1ol (f0,77:R) 5

| Lokl e o), x) < C(To)T V) |1k || o o,71:R) - []
LEMMA 6.3 Under assumption H9 the linear operator

Lak(t) = /0 K AU (£, ) B(O)ug ds (6.19)

maps C([0,T];R) into CV([0,T]; X) and satisfies the following estimates:

I Lskll e jo,m:x) < C(To) TP~ |kl e (po,1) 1 B(0) ol Dy, X, (6-20)
Dy and (Do, X)g,p being defined by (1.10) and (1.14), respectively.

Finally, our last lemma ensures that functions zo and ko defined by (6.6)
and (6.13), respectively, belong to C7([0,T]; X).

LEMMA 6.4 Let assumptions HI-H9 hold and let wg = L(0)ug — f(0) €
Dy, A(0)wy — f/(0) + L' (0)ug € (Do, X)g—~,p- Then zo € C7([0,T]; X) and
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satisfies the estimate
1z0llc (to,m1:x) < C(To) [llwoll by + [[A0)wo + L' (0)ug — f/(0) Dy, %)

TP = Lagllono,mimy].

LEMMA 6.5 Under assumptions HI-H9 function ko defined by formula
(6.13) actually belongs to CV([0,T); X) and satisfies the estimate

Ikollc o,y < C(To) [lluoll + llwollp,
+[[A(0)wo + L' (0)uo — £ (0)l(pg, x5, + 19" lce o, m1:R)

+TPPI| 1 — Lol copo,myx) + TP F Nl ergorx) ) -

Proof of Lemma 6.4. It immediately follows from Theorem 5.1. replacing

(f,vo) with (f — L'uo, L(0)uo — (0)). []
Proof of Lemma 6.5. It immediately follows from formula (6.13) and Lemma
6.4.[]

Proof of Theorem 1.1. First we estimate in C7([0,T]; X) and C7([0, T]; R),
respectively, the nonlinear operators Ny and Ny defined in (6.5) and (6.14)
and their increments with respect to (z,k) € C?~7([0,T]; X) x C7([0,T];R)
(recall that v < p owing to H7).

Set now

X;=X, X;=R. (6.21)

From definitions (6.5), (6.14), assumption H7, implying p — v < =, from
Theorem 5.1, with f(0) = ugp = 0, and from Lemmata 6.1, 6.2 we easily
deduce the following estimates:

1QL1 2l o (o.11:x) < C(To)TP 1| Lazl| o o,11:3)
< C(TO) T 7|2l o,135)

1QB2 (2, k) cv(po.ryx) < C(To) TP~ Ba (2, k) || o 0.77:)

< C(TO)Tp—Ha_l_’H_(l_’Y)(l—Py_p)HZ”CP*'/([O,T];X) Hk/’”CW([O,T];R)

< C(To)TP 12l o.17:30) |kl o o, )

since p+B8—1—y+(1—y)14+v—p) >0—1.
Analogously

1QLakl| e (o, 135x) < C(To)TPHP~1 || Lokl oo o,77;)

< C(To)TP P =7+ D=0 [k o 0. 1ymy < C(TO)T? 7 |[Ell o o0.11:m) -

3
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In conclusion, if v € (0,min {28 — 1,p+ 3 —1}) and 6 € (0,5 — v), we get

IN1 (2, k)l orixy < C@0)klleo,riry T~ I1BO)uoll (gix)e,
+C(To) T ||kl v po,rr) + C(T0) TP |2l cqpo,7): x)
+C(T0)TB_’YHZHC‘Y([O,T};X)||k||C“f([O,T];R) < O(Ty) TP~

< {llzlleqo.ry:x) + kllerqo.rimy + I2lov oz lklcvqoriry - (6-22)

To estimate Ny take first the following estimate into account:

| Dym L™ Ny (2, k)| v (o, 17:x) < C(T0)[IN1(2, k)| (jo,77:%) (6.23)
L1l o (o,13:x) < C(T0)T 7|zl (0, 77:) (6.24)
| B2(2, k)l o,175x) < C(To)T (Bl o, mismy 12l eoryix) - (6.25)

From (6.29), (6.23) and Lemmata 5.7, 5.8 we easily deduce the following
estimates for No, if v € (0,min {20 —1,p+ 5 —1}) and 0 € (0,3 — 7):

N2 (2, k)l e o,m1:x) < C(To){ I Lazll e o, x)
+ | Dem - L7 N1 (2, K)o o,r1:x) + 1N (2, K) e o, 75)
+ L1zl ovo,my;x) + I Lakllen o, myx) + 1B (2, B)lov o, m:x)
< C(To)T? " {llzllco,ry:x) + Kl e o,y
+ ll2llev om0 Ell e o) - (6.26)
Then from definitions (6.5) and (6.7) we deduce the following identities

that hold for any ¢t € [0, 7] and any pair (z1, k1), (22, k2) € C?~7([0,T]; X) x
([0, T; R):

Ni (22, k2)(t) = Ni(21, k1)(t) = —La(ka — k1)(t) — QLa(k2 — k1)(t)

— QL1(22 — 21)(t) — @Ba(2z2 — 21, k2)(t) — QBa(21, k2 — k1)(t), (6.27)
Na (22, k2)(t) — Na(21, k1) (t) = x¥[La(z2 — 21)(t)]

+XC[(Dem(t)L(#) ™" = 1)(Ni (22, k2) — Ni(21,k1))(1)]

= XV[L1(z2 = 21)(t)] — x¥[L2(k2 — k1)(t)]

— XV[Ba(z2 — 21, k2)(t)] — xV[Ba(z1, k2 — k1)(t)]. (6.28)

Hence, from (6.27), (6.28), (6.29), (6.30) we easily obtain the following esti-
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mates, where j =0, 1:

[ N; (22, k2) — Nj(21, k1)l o, 11:x)

< T77770C(To) (|l22 — 21 lloqo.rx) + k2 = killovqommy + [R2llovio.rym)

X |lz2 = z1llev o, mx) + 1zl o, 735 12 — kllew (o, 735wy ) - (6.29)

To solve the fixed-point system (6.13) and (6.14) let us now introduce the
following Banach space

Y = C7([0,7); X) x ([0, T); R) (6.30)
endowed with the norm

Iz, B)lly = lIzllevqomix) + [Kllev o,y - (6.31)

Then, according to (6.29), the vector operator N = (Ny, N3) maps Y into
itself.
Let us now introduce the family of closed balls

E(r)={(zk) €Y : ||(z,k)|ly <7}, Vr € (1o, +00), (6.32)
where
(20, ko)lly < 7o, 20(t) = A(t)w(t), ¢ € [0,T]. (6.33)
From (6.29), (6.29), (6.32) and (6.33) we easily deduce the estimates
IN(z,k)|ly <T°=0C(T)(r +r?) (6.34)
[N (22, k2) = N (21, k1)lly
< TP7700(T0) (1 +7) (122 — 21llevo.mix) + [1k2 — K llev o,y ) (6.35)

From (6.34) and (6.35) we deduce that operator N (z, k) = (zo, ko) +N(z, k) is
a contraction mapping from E(r) into itself whenever the pair (T, r) satisfies
the system of inequalities

for o<

(6.36)
TA=1=0C(To)(1 + 1) < 1.

Observe that system (6.36) is solvable for small enough T and any r €
(ro, +00), since the left sides in (6.36) converge, as T — 0+, to ¢ and 0,
respectively. Consequently, system (6.3), (6.5) admits, for such T’s, a unique
solution (z,k) € CY([0,T]; X) x C7([0,T];R). Then function w defined by
(6.4) belongs to C7([0, T]; Do) and solves the direct problem (1.6)—(1.8). Since
the right-hand side in (1.6) belongs to C7([0,T]; X), from the regularity re-
sults proved in Section 5 for the Cauchy problem (3.28) we conclude that
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C7([0,T); X) N C7([0,T]; Dy). Since problem (1.6)—(1.8), is equivalent to
the direct problem (1.1)—(1.3) via formula (1.5), we conclude that function u
defined by (1.5) belongs to C1*7([0, T]; X)NC7 ([0, T]; Do) and solves problem
(1.1)—(1.3).

Finally, since problem (1.1)—(1.4) is equivalent to the fixed-point system
(6.3) (6.5), we deduce that the pair (u, k) solves our identification problem

(1.1)-(1.4). ]
We conclude this Section by proving Lemmata 6.1, 6.2, 6.3.

Proof of Lemma 6.1. The estimates for operators L, and L, can be deduced
from the corresponding ones for operators

t
Liz(t) = Hj(t)/ L(s)'2(s) ds, Yt e [0,T], j =1,4, (6.37)
0
where Hj, j = 1,4, satisfies the following inequalities, where 6; = p and
62 =
[H;()| <C, 0<s<t<T, (6.38)
||H](t2) — H](tl)” S C(tg — t1)6j7 0 § S S tl S t2 S T. (639)

From the inequality
ILiz(®)] < CTllzllcqoayxy. V€ [0,T), (6.40)
we immediately deduce
||EJ'Z||C([(LT];X) < CT||zllcqo,11:x)- (6.41)
Likewise, the identity

sz(tg) — f/jz(tl)

ty

:Hj(tg)/2L(S)_1Z(8)d8+[Hj(tQ)—Hj(tl)]/ L(s)'z(s)ds (6.42)

t1 0

implies the inequalities
IL52(t2) = Lz (t1)]
< C(ta — t1) 2]l c(o.ryx) + Clt2 — 1) ¥ Tl|zllcqo,):x)
<Ot —t)"T 5 A+ T))|zlleqorsx), 0<ti<ta<T, (6.43)
that concludes the proof of the lemma. []

To prove quickly Lemma 6.2 we premise the following Lemma 6.6 concerning
convolutions.

Copyright © 2006 Taylor & Francis Group, LLC



240 A. Lorenzi and H. Tanabe

LEMMA 6.6 For any g € C7([0,T];R) and f € C*([0,T]; X) with v,v €
(0,1), v+ v # 1, the following estimates hold:

llg * fllevtr o,m7:x)

<TEDEI AL T A+ T + T fllev qoryxo 19l evo.rimy - (6.44)

Proof of Lemma 6.6. Associate with any fixed f € C¥(]0,T]; X) the linear
operator M¢(g) = g * f. Observe now that the following formulae hold for
j=0,1and g € C’([0,T]; R), where v}, denotes the Kronecker delta:

D(g* f)(t) = v139(0)f(t) + (D]g) * f(t),  te[0,T], (6.45)

D} (g f)(t2) — Di(g* f)(t1)

= v1,;9(0)[f(t2) = f(t)] + [ Dig(s)f(ts —s)ds

+/O 1 DI(g(s)[f(ta —s) — f(t1 — s)]ds, 0 <t; <ty <T. (6.46)

From (6.45) and (6.46) we easily deduce the following estimates that hold for
g € C([0,T];R) and g € C([0,T]; R), respectively:

1My (9)llovo.11:x) < (T + T ) glloqo.rymy | fllew (o.71:x) (6.47)
Mg (9)llcr+v o.11:x) < Tllglleqo iyl fllor o.r:x) + 19O fllov o,m:x)
T+ T )9 leqo.rm L lev o.r:x)
<A+T+T"gllerqomr I fllevqoryix).  (6.48)

Consequently, we have shown that My maps continuously C([0,7]; R) and
CL([0,T];R) into C*([0,T]; X) and C**¥ ([0, T); X), respectively.

Using interpolation, we easily conclude that the convolution operator My,
with a fixed f € C¥([0,T]; X), maps continuously C? ([0, T]; R) into C7 ¥ ([0, T]; X)
and satisfies estimate (6.44). []

Proof of Lemma 6.2. Lemmata 6.1 and 6.6, with v = p — ~, imply that
By(k, z), La(k) € CP([0,T); X) for any (2, k) € C*~7([0,T); X)xC7([0,T]; X),
since H7 implies p > v and B’(-)up € C*~7([0,T]; X).

Moreover, from Lemma 6.6 we deduce the following estimates that conclude
the proof:

B2 (2, k)| e (0.17:) < C(T0)T 0] 2] con 0,773 1l 0, 73:R)
L2kl coo,11:) < C(To) TV K o po,11:R) (6.49)

C being a positive function continuous up to 7' = 0. []
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Proof of Lemma 6.3. Recall that assumptions H7 and H9 imply v < 28 —1,
B >0+~ and w; = B(0)up € (Do; X)op
Consider first the following estimates, where we make use of estimate (3.8),
with 7 = 2, in Lemma 3.1:
to
|A(s)[e~(t2= AW _ e=(1=9)A()] || = HA(S) Dye= "4y, dr

ty

t2 t2
D2e=(r=9)A4E) B(0)ugdr|| < C(Tp) / (r =) 2lw1l(py, x),., A7

ty t
C(T _o— o
:1—(*529{@1*5)[’ 7=t = 8" el oo, x),
t1 — s\ 1-6+0
_ B—6—1 L
= C1(To)(t1 — s) {1 - (t27—8> }||w1||(D07X)e.p
tl — S

) (O e L [

_g_qita—t
= Cy(Tp)(t, — 5)°~° 1ﬁllw1|\wo,xn,pv 0<t <ty <Ty, (6.50)

since § < B implies0 <1 —3+60 < 1.
Reasoning as in the proof of Lemma 2.3, we obtain the estimate

IA@W (¢, s)wr |l < O(To)(t = )7~ Hwill (g, x).,. (6.51)

operator W being defined by (2.28).
Likewise, taking advantage of (6.50), we deduce that the estimate

| (A(t2)W (t2, ) — A(t1)W (t1, 5)) wa || < C(To)(t2 — t1)” ||will(py, x)s,,
x {(t2 —8)?P70 1 4 (4 — 5)2P 707177} (6.52)

holds if v < 26 — 1, § < (. Indeed, the inequality ||(A(¢ ) AN A(r) 1| <
C(Ty)|t—s|?, (cf. (2.10)) holds with p = 1, since A(-)A(s)~! € C1([0,T]; L(X)).

From identity (2.29), estimates (6.51), (6 52) and the inclusion (Dg; X)g,, —
(DO; X)G,oo we get

AU (¢, s)wr || < [[A(E)A(s) " A(s)e™ 4wy || + AW (L, 5)w |
< C(To)(t - 8)5‘9‘1||w1||(00;x>9 , + C(To)(t = ) Hwr [l (g x),.,
C(To)(t — 8)° "M will(py;x),., -
|A(t2)U (t2, s)wr — A(t1)U (t1, s)wi ||
< |[[A(t2) — A(t1)]A(s) T HA(s)e 2794y |
+ [ A(t)A(s) T As) [e7(2mIACD — e m (1= AW |

+ HA(tg)W(tQ, 8)’(1}1 — A(t1)W(t1, 8)’(1)1”

Copyright © 2006 Taylor & Francis Group, LLC



242 A. Lorenzi and H. Tanabe

< O(To)(ta — t1)(t2 — 8)° " Hwill (py;x)s.,

ty—t; o
+ C(To)— (= )" Hwnllpyix

to —
+ C(To)(t2 — t1)" {(t2 — )P 707177 + (11 = )07} will (D, x)s.,

< C(To)(tz — t1)’y to — S)B_a_vllwlll(Do;X)e,p
(t1 = 5)° 71wl (pyix)e.,
(s =)0 (00— ) Hlwn (D)4,

< C(To)(ta — t1)(tr — 8)° O [wi |l (g x)s.,

)
(
+CO(Tp)(t2 — t1)”
+C(Ty)(t2 — 1)
(

since (t; — s)?P707177 < To(t; — 8)P~ 07177 < Ty(tg — 5)P 07177, j=1,2.
Therefore

t
L0 = || [ ke AOU(E 50 dsH
< O(Ty) / |k(s) $)7 70 will(pysx),., ds
C(TY)lIkll e o, T llwill(po; x)s

2Analogously

[Lak(t2) = Lak(t1)]| < / () AW U (t2, ) | ds

t1

+ / k() AU (t2, 5) — A(t)U (11, 8)]ewn || ds
0

to
< C(Tv) / k()| (t2 — )70 [lwnl (occys , s

t1
ty

+ C(TO)/ [k ()[(t2 = t1)7 (01 = 8)7 1wl (po:x), , ds
0

< C(To)lklleqomllwill(pe;x) [(t2 — )57 + (ty — tl)“’tf_g_"y]
< C(To)(t2 — 1)Kl eqro.m 11 [l po:x)s , TP 7077
Hence
| Lak| o (jo,17:x) < O(TO)||kHC([0,T])Tﬁ767’Y”w1||(DO;X)9)p.

The proof is complete. []
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FExistence results for a phase
transition model based
on microscopic movements

Fabio Luterotti, Giulio Schimperna
and Ulisse Stefanelli

Abstract This note deals with a nonlinear system of PDEs accounting for
phase transition phenomena with viscosity terms. The existence of solutions to a
Cauchy-Neumann problem is established in the one dimensional space setting, us-
ing a regularization — a priori estimates — passage to limit procedure. An asymp-
totic analysis is performed when the viscosity coefficient tends to 0, recovering a
— previously investigated — nonlinear system modelling phase changes.

1 Introduction and preliminaries

In this paper we study a Cauchy-Neumann problem related to the following
system

040 + 00, x — 0220 = (9X)* + k(9nex)®  1n Q, (1.1)

OrX — kOpatX — Ozax + B(x) 20 -0, inQ, (1.2)

for @ :=]0,£[x]0,T[, ¢, T > 0, where k and 6, are positive constants, and 3 is
a maximal monotone graph in R x R.

The above system can describe a one-dimensional phase transition process
with strong dissipation. We refer to the model proposed by Frémond [9], where
the thermal evolution of a two-phase material is ruled by two state variables,
i.e., the absolute temperature 6 and the order parameter y. The main feature
of such a model relies on the consideration that the microscopic movements
of the particles give rise to macroscopic effects and this ansatz is taken into
account in the structure of the energy balance (in the present investigation
(1.1) above) which turns out to be highly nonlinear. Moreover, in [9] the field x
plays the role of a phase proportion, hence 0 < x < 1, where x = 0 (resp. x =
1) stands for, e.g., the pure solid (resp. liquid) phase and 0 < x < 1 denotes
the presence of a mixture. The device chosen to represent the constraint is
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the introduction of the indicator function Ijg q) of the interval [0, 1]; it yields
the presence of its subdifferential 0|y ;) which is, in particular, a maximal
monotone graph on R x R (see the term [ in (1.2) above). Although not
addressed in the present contribution, we remark that Frémond’s model can
also deal with the irreversible evolution of the phase y; from the mathematical
point of view it means the presence of a further maximal monotone graph in
(1.2) acting on d;x (e.g., 9o 4oo[)-

We are going to complement the system (1.1)—(1.2) with the boundary
conditions

kO x(0,-) = kOpx(f,-) =0 ae. in (0,7), (1.3)

and with the initial conditions

6(70) = 0o X('a 0) =Xo inQ. (14)

We point out that most of the physical constants in the reference system
(1.1)—(1.2) have been normalized to 1; we only kept the dissipation coefficient
k and the temperature of phase transition 6.. On the other hand, in view
of different dynamics, we will be able to deal with a quite general maximal
monotone graph 3 in place of 9l 1j.

As for the well posedness of Cauchy-Neumann problems related to Frémond’s
system of phase transition, global in time existence of solutions has been
proved only under some restrictions on data or equations: no diffusion in
[8] and [14], some kind of small perturbations assumption in [5], [6], [12], an a
priori maximum speed of phase change in [13], or assuming one dimensional
setting [10], [11], [17]. The “full problem” (i.e., without the aforementioned
restrictions and simplifications) has only been shown to be locally solvable
in time [15]. Of course, the highly nonlinear structure and, in particular, the
quadratic terms in (1.1) are responsible for this drawback.

The aim of this paper is twofold. First, to prove a global existence result
for the problem in one space dimension. Second, to connect the latter exis-
tence result with the (reversible) nondissipation case of [11] by means of an
asymptotic analysis as k | 0.

The plan of the paper is as follows. In the rest of this Section we provide
the general setting and state the main results. In the next Section we consider
a family of regularized problems and prove their local well posedness through
a fixed point procedure of Schauder type. The a priori estimates of the subse-
quent Section allow the extension to the whole time interval. Moreover, since
they hold independently of the regularization parameter, we can deduce the
proper weak and strong convergences to the solution of the original problem
(1.1)=(1.4). Finally, a closely related argument leads to an asymptotic analysis
for k | 0, recovering in the limit the problem studied in [11].

We go on fixing some notation. We set

Q=106 Q¢ :=]0,([x]0,t[ Vt€]0,T], Q:=Qr.
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Next, we let
H:=1*(Q), V:=HY(Q),
W = {u € H*(Q) such that u/(0) = «/(¢) = 0}, (1.5)
and we identify H with its dual space H’, so that
VcHcCV,

with dense, compact and continuous embeddings. Besides, we let the symbol
| - || denote the standard norm of H, while || - ||z stands for the norm of the
generic normed space E. Moreover, we denote by < -,- > the duality pairing
between V' and V, by (-, ) the scalar product in H, and by J : V — V' the
Riesz isomorphism of V' onto V.

We note that, thanks to the one dimensional framework of our problems,
we have the continuous injections

L'(Q) c Vv, V C L™®(Q). (1.6)

Hence, there exist two positive constants ¢; and co such that the following
relations hold

lullv: < exllull ey, Vu e LY (Q),
[ulloe ) < eollullv,  Vue V. (1.7)

Now, we recall an elementary inequality which will be useful in the sequel
ab < (§/2)a* + (26)"'v* Va, b€ R, §>0. (1.8)

Finally, we also remark that there exists a positive constant cs depending
only on T such that the following estimate holds for any u € H*(0,7T; H)

t
lullZ 0,400 < €3 (IIU(O)l2 +/0 ||3tU||%2(o,s;H)dS> vte (0,7].  (1.9)

We give here the precise statement of our problem, introducing the following
assumptions on the data.

0,0 > 0 are assigned constants, (1.10)
¢:R —[0,400] is proper, convex and lower semicontinuous,

©(0) =0, and there exist ¢4, c5 > 0 such that

o(r) > car® —cs Vre D(p) and B:=dy, (1.11)
0p € V and 6y > 6" in Q, (1.12)
Xo € W, (1.13)
Xo € D(B) a.e. in Q, and (%(xo) € H, (1.14)
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where D(¢) and D(() denote the effective domains of ¢ and 3, respectively,

0 represents as usual the subdifferential in the sense of Convex Analysis and

(3% (x0) stands for the element of minimal norm of the set 3(xo) (cf. [7, p. 28]).
Let us now introduce the functionals

B(u) = {fQ o(u(x)) dz %f u € H and ¢(u) € L'(Q), (1.15)
+o00 if u e H and p(u) ¢ L1(Q),
Oy (u) :=d(v), YweV. (1.16)

Moreover we denote by By v/ := 0Py : V — 2V' the corresponding subdiffer-
ential. On the other hand, we readily have that [3, Prop. 2.8, p. 61]

v€IP(u) <= ue H andwvef(u)ae in (1.17)

so that we will use the same symbol § for 0® with no ambiguity.
Hence, we are in a position to state the following

Problem (P). Find a triplet (0, x,n) such that

6c HY(0,T;V')nC°([0,T); H) N L*(0,T;V), (1.18)
X € WHe(0,T; V), (1.19)
n € L*0,T;V'), (1.20)

<00 + 00ix,v > 4 (0,0,0,v) =< (0:x)? + k(Dux)?, v >
Yo eV ae. in]0,T], (1.21)

< Ox+n,v > +(kOpex + OrX, 0zv) =< 0 — Oy 0 >

Yo eV ae. in]0,T], (1.22)
n € Py (x) ae in]0,TY, (1.23)
30, >0 such that 0 > 0, a.e. in Qr, (1.24)
0(-,0) =6y, x(-,0)=x0 a.e in Q. (1.25)

REMARK 1.1 Let us stress that the coercivity assumption on ¢ in (1.11)
is perfectly motivated in our framework since Ifg17(r) > r?—1for allr € [0,1].

Now, we are able to state the main result of the paper.

THEOREM 1.1 Let assumptions (1.10)-(1.14) hold. Then Problem (P)
admits at least a solution.
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REMARK 1.2 In order to prove Thm. 1.1 one could indeed weaken (1.12)
by requiring 6y € H only. Nevertheless, we should need 6y € V to establish the
well-posedness of the approximating problems and to carry out the asymptotic
analysis. Hence, for the sake of simplicity we assume 6y € V in the whole paper
instead of considering some suitable approximation.

The proof of this result will be carried out throughout the remainder of the
paper by exploiting an approximation procedure. Indeed, we replace 3 with
its Yosida approximation (. and solve locally (in time) the regularized prob-
lem by the means of fixed point techniques. Then, global a priori estimates
independent of € are established and the passage to the limit is obtained via
compactness and monotonicity arguments.

As mentioned above, we will be in a position to prove the convergence as
k | 0 of the global solution to Problem (P) to a corresponding suitable solution
to the same problem with k& = 0. For the sake of clarity, we shall state this
convergence result as follows.

THEOREM 1.2 Let (6%,x*,7%) be a solution to the Problem (P). Then
there exists a triplet (6°,x°,n") such that

6° € H*(0,T; H) N C°([0,T]; V) N L2(0, T; W), (
x° e Whe(0,T; H)yn H*(0,T;V) N L>=(0, T; W), (
n’ € L>(0,T; H), (
0:0° + 0°0,x° — 0,,0° = (atXO)Q a.e. in Q, (
X"+ 1" —0,:x° =0°— 0. ae inQ, (1.30
1’ €BX")  ae inQ, (
30, >0  such that 6° >4, a.e. in Q, (
0°(,0) =6y, X°(,0)=x0 a.e in Q (

and the following convergences hold

0p—*0° in HY0,T;V')N L>(0,T; H)N L*(0,T;V), (1.34)
k=X i W0, T; H) N HY(0,T; V), (1.35)
EYV2xe—*0  in WHS(0,T;V) N L0, T; W), (1.36)
me—*n" in L>=(0,T;V’). (1.37)
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2 Approximation

In order to prove Theorem 1.1, we apply a regularization procedure to the
maximal monotone graph 3. Namely, we let 3. be the Yosida approximation
of B (we refer to [7] for details) and, consequently, denote by ¢. the unique
primitive of (. verifying ¢.(0) = 0. We note that (see [7, p. 28]) one has

1B.(r)| < |8°(r)| foralle >0 and r e D(3). (2.1)

Moreover, it is well known that ¢, is given by

petr) = min (ol = o+ (5)). (2.2

Thus, we readily have that

we(r) < p(r), Vre D(yp). (2.3)

Moreover, the function ¢. is defined in all of R and, taking into account the
coercivity assumption in (1.11), it turns out to be coercive as well. Namely,
we have ‘

we(r) > 547"2 —c5, VreR, Vee(0,(2c)7h). (2.4)

Indeed, let us consider r € R, s € D(¢) and € € (0, (2¢4)™"). Then
1

%47"2 <cylr — s +eys® < 2—|r — 5> +c45® —c5 +cs
5

1
< %|7“—s|2+<p(8)+c57

from which (2.4) follows.
Finally, we will use the notation

D¢ (u) := /ngg(u(x)) dx Yue€ H,

Oy (v) =P (v) YweV

(which are of course convex, proper, and lower semicontinuous on H and V,
respectively) and observe that [3, Prop. 2.8, p. 61]

v € JP°(u) <= ue H andv € f.(u) ae. in Q. (2.5)

Owing to the latter remark we will use the same symbol 3. for 0®¢ without
ambiguity. Before going on, let us recall the analysis in [4] and let us observe
that

00y (v) = B:(v) YweW. (2.6)
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Let us introduce the approximating problems (the regularization parameter
€ > 0 being fixed).

Problem (P.). Find a pair (6., xc) such that

0. € H'(0,T; H) N C°([0,T); V) N L*(0,T; W), (2.7)
Xe € H*(0,T; W), (2.8)
e + 001X — 02zl = (Bixc)? + k(Ouixc)?, e in Qr (2.9)
OixXe — kOzatXe — OzaXe + Be(Xe) =0 — 0, ae.in Qp (2.10)
36, > 0 independent of € such that 6. > 0, a.e.in Qr, (2.11)
0c(-,0) =0, xe(-,0)=x0 a.e. in Q. (2.12)

THEOREM 2.1 Let assumptions (1.10)-(1.14) hold. Then Problem (P:)
admits one and only one solution.

Without any loss of generality we will take & = 1 in the remainder of this
Section.

We start with the proof of the existence part of Theorem 2.1. To this aim, we
apply the Schauder theorem to a suitable operator 7 that will be constructed
below. For the sake of brevity we will not detail the whole procedure.

For R > 0, let us denote by Y (7, R) the closed ball of H'(0,7; W14(Q))
with center 0 and radius R, i.e.,

Y(7,R) = {v € H'(0,7;W"*(Q)) such that vl 0,714y < R}, (2.13)

where 7 €]0,T] will be determined later in such a way that 7 : Y(7,R) —
Y (7, R) turns out to be a compact and continuous operator.

We consider the following auxiliary problems whose well-posedness is guar-
anteed by standard arguments (hence, for the sake of brevity, we omit any
detail).

Let X € Y (7, R) be fixed and let § := 7;(X) be the unique solution to the
following

Problem 1. Given Y € Y (7, R), find 6 such that
0 e Whio,r; H)+ HY(0,7; V) nC°([0,7); H) N L2(0,7; V),  (2.14)
< 00,0 > +(00,%,v) + (0.0, 05v) = (%) + (0urX)?,v)
Yo eV ae. in ]0,7], (2.15)
0(-,0) =6y ae. in Q. (2.16)

Now, given such a 0, let X, with X := 72(6), be the unique solution of the
following
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Problem 2. Given 0 satisfying the regularity in (2.14), find ¥ such that

xXe€H(0,7;W), (2.17)
04X — OpatX — OzaX + B:(X) =0 — 0. ae.in Q,, (2.18)
X(,0)=x0 a.e. in Q. (2.19)

Finally, we define the operator 7 as the composition 75 o 7;. Our aim is to
show that, at least for small times, the Schauder theorem applies to the map
7T from Y (7, R) into itself. Namely, we will prove that there exists 7 > 0 such
that 7 satisfies the following properties

7 maps Y (7, R) into itself;
T is compact;

7 is continuous.

We start by deriving some a priori bounds on 6 and Y. We warn that in the
proofs we employ the same symbol ¢ for different constants (independent of
7 and R, but possibly depending on ¢), even in the same formula, in regard
to simplicity. In particular, we stress that all constants do not blow up as 7
becomes small. Now, in order to obtain a priori bounds on 6, we choose v = 6
in (2.15) and integrate from 0 to ¢, with 0 < ¢t < 7. Owing to (1.8), the Holder
inequality and the continuous injection V < L*(£2), we have

LB+ 10:8130.0) < 31601
ti —
+o [ 1B 0R) ooy )] ds
t p—
+ [ (10RO sy + 106 ) 1) s
1, t _
< 310017 + ¢ [ (1012 10G5) v
0
103 By + 102X 31 ) 1805 ds. (220)

Next, in order to recover the full V-norm of @ in the left-hand side, we add to
(2.20) H9||L2 0.t:27)- Then, we use (1.8) and get

_ _ 1 1 -
ST + 1802 0. < 510011+ 517013200
t —
to [ (14 1R ) 18) P ds

t
+e / (10 ()3 ) + 1920%(5) ) ) 185) | s (2.21)
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Recalling that, by the definition of Y (7, R), the functions Hatjg\||i4(9) and
(\\8,55(\||%4(Q) + ||8wt>?|\2L4(Q)) belong to L*(0,7), we can apply to (2.21) a gen-
eralized version of the Gronwall lemma introduced in [2] and we deduce that
there exists a positive constant ¢ depending on 7', {2 and R such that

||5HL°C(0,T;H)0L2(0,T;V) <ec. (2.22)

Finally, the definition of Y (7, R) and a comparison in (2.15) yield the regu-
larity in (2.14).

Next, in order to obtain a priori bounds on Y, we multiply (2.18) by 9, and
integrate over ;. Using the Lipschitz continuity of (., the Holder inequality
and relations (1.8), (1.9), we have

- - |
1O Z2 0,4:0) + 100X 0,000) + 5 10X ()|

1 _
< slocxoll +¢ [ (1 +vioxl+ [ 10 -0

t t

1 ' kv
< et 5100l +¢ [ 10 s
0

_ 1.
+ |0 — QCH%Z(O,t;H) + §H3tX||i2(o,t;H) : (2.23)

Thanks to (2.22), we deduce that there exists a positive constant ¢ such
that

XN 1 0,7y < €. (2.24)
On account of (1.6), from (2.24) it follows
IXllL<(Q,) <c. (2.25)

Next, we multiply (2.18) by —0..+X, we integrate over (); and, thanks to the
Lipschitz continuity of (., we obtain

_ _ 1 _
||6th||2L?(O,t;H) + HathH%%o,t;H) + §H6mX(t)||2
1 ) o _ _
< 5”8321)(0” + |66(X)8z;ctX| + |(0 - 90)6xxtX|
Qt Qt
1 _
< §||8a:mXO||2 + (X7~ +1)

_ 1 -
+ell0 = Ocliz0,:m) + 5 10watXIIZ2 0,0 - (2.26)

Thus, on account of (2.22) and (2.25) from (2.26) we deduce the further
bound

X1 10,7y < €. (2.27)
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Next, taking the H-norm of both sides of (2.18), we get JOX = OzaX —
B:(X) + 0 — 6. (J being the Riesz isomorphism between V and V’). Thus,
evaluating the H-norm, using (2.24), (2.25), (2.22), and taking the supremum
w.r.t. time, we have the bound

HYHWLOC(O,T;W) <c. (228)

Finally, we differentiate with respect to ¢t both sides of (2.18); thanks to
(2.27), (2.14) and the Lipschitz continuity of 3., a comparison in the resulting
relations gives the bound

106X L1 (0,mv) < € (2:29)

Now, our aim is to find 7 > 0 such that the operator 7 : Y (7, R) — Y (7, R)
turns out to be welldefined. Exploiting the previous estimates (cf. (2.28)), we
have

Xl woe 0w < c. (2.30)
Thus, by the Holder inequality, we find
Xl 1 0,mw1 4(02)) < eVTIXIIwroe0,mwia(0)) < eV/T. (2.31)
Hence, we can take 7 so small that

VT <R, (2.32)

which ensures that ¥ belongs to Y (7, R).
Next, we observe that the above arguments (cf. (2.27) and (2.29)) lead to

X Ilw2.1 (0,757 )W o (0,mw) < € (2.33)

for some positive constant ¢ independent of the choice of X in Y (7, R), which
guarantees that 7 is a compact operator. Hence, in order to apply the Schauder
theorem, it remains to show that 7 is continuous with respect to the natural
topology induced in Y (7, R) by H'(0,7; W14()). To this aim, we consider a
sequence Y, in Y (7, R) such that

Xn—X nY(r,R), (2.34)

as n — 400. Now, we denote by 6,, the sequence of the solutions to Problem
1 once X is substituted by X,, i.e.,

0 = T1(Xn)- (2.35)

Arguing as in the derivation of (2.22), we can find a positive constant ¢ not
depending on n such that

100l o< (0,7 H)NL2(0,73v) < €. (2.36)
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By wellknown compactness results, there exists a subsequence of n, still de-
noted by n for the sake of brevity, such that

0,—*0 in L>(0,7; H) N L*(0,7;V), (2.37)

as n — +00. In order to show that @ in (2.37) is the solution to Problem 1
related to X, i.e., @ = 71(X), we can pass to the limit in (2.15) written at the
step n as n — +oo. We remark, in particular, that for the nonlinear term we
have 0,,0;X, — 00;X in L?(0,7; H), thanks to (2.34) and (2.37). Moreover,
thanks to the uniqueness of solution to Problem 1, we deduce that the whole
sequence 0,, converges to 0, as n — +00.

As a second step we consider the sequence ,, of the solutions to Problem
2 once 6 is substituted by 6, i.e., we have

Xn 1= %(gn) =T0 ITl(SC\n) = T(S(\n) (238)

Repeating the estimates (cf. (2.27) and (2.29)), we find a positive constant ¢
independent of n such that

X llwz10,7v)nw e (0,rm) < € (2.39)
Hence, there exists a subsequence of n, again not relabeled, such that
X, =% in W (0,7, W) (2.40)

as n — +00. Moreover, by compactness (see [18, Thm. 4, Cor. 5]) from (2.39),
we can deduce that

X, — X in HY(0,7;Wh(Q)). (2.41)

The above convergences, (2.37) and the Lipschitz continuity of 8. allow us
to pass to the limit in the relation (2.18). Thus, thanks to the uniqueness
result holding for Problem 2, we have that the whole sequence ,, converges
to T2(0) = T2 0 71(X) = T(X) and we can identify ¥ with 7 (). Namely, by
(2.41), we have proved that

T(Xn) — T(X) in HY0,7;WhH(Q)) (2.42)

which concludes the proof of the continuity of the operator 7. Thus, by
Schauder’s fixed point theorem, 7 has a fixed point in Y(7, R), i.e., there
exists at least a local in time solution of the system (2.9)—(2.12), defined on
the interval ]0, 7[. Note that, at the moment, (2.9) is satisfied only in a weak
sense (cf. (2.15)). However, performing some standard parabolic estimates and
taking advantage of (1.12) and (2.17), we can prove the further regularity for
6 specified in (2.7) so that (2.9) is satisfied a.e. in Q.

Now, we have to discuss the extension of the latter solution to the whole
interval ]0, T'[. This will eventually follow from a set of global in time a priori
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estimates which are detailed in the next Section. The latter will entail, in
particular, that the solution is indeed global on ]0,T[. Hence, without loss
of generality we will simplify the forthcoming estimates by assuming at once
that we are given solutions to Problem (P.) which are defined on all of |0, T.

The lower bound (1.24) for the temperature stems from a straightforward
application of [16, Thm. 1]).

3 A priori estimates and passage to the limit

Since we are also interested in an asymptotic analysis when &k | 0, we are
going to deduce some a priori estimates for (6¢, x.) independent of the regu-
larization parameter €, paying attention to the role of the dissipation terms.
Henceforth, let C' denote any constant, possibly depending on the data, but
neither on ¢ nor on k. Of course, C may vary from line to line.

3.1 First estimate

Let us integrate (2.9) over ;. Moreover, we multiply (2.10) by J;x. and
integrate over Q;. Taking the sum of the resulting expressions and performing
some cancellations, we obtain

1 )
/Qeg(t)—I—§||8wX8(t)|| +/Q<pg(><e(t))
/ (X&(t) _XO)
Q

< / o(x0) + Oellxe (Dl 21 (e + C, (3.1)

where we have also used assumptions (1.12), (1.13) and property (2.3). In
order to control the right hand side of (3.1) it suffices to recall (1.14) and
observe that (see (2.4))

c 1
OOl < GO + € < 3 [ e®)+C

whenever ¢ is small enough.
Hence, moving from (2.11), we readily deduce that

1
< / 0o+ L 0uxoll® + / e (x0) + e
Q 2 Q

10c |l o< (0,721 () < C, (3.2)
IXellzoe0.13v) < C, (3.3)
= (Xl Los (0,701 (02)) < C, (3.4)

at least for sufficiently small €.
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3.2 Second estimate

Let us multiply equation (2.9) by the function —6-1. The latter choice turns
out to be admissible since, by (2.11), —0-1 € L>°(Qr). Moreover, we integrate
on @y, and exploit (1.12) and (3.2) in order to get

_/an (6:(t)) +/t ((5%995)2 + a;f? n k(f)agaxe)2>

1 X2
= _/ 111(90) + 8tXa < _/ ln(GO) + 7/ ( EXe + 05)
Q Q+ Q 2 + 95

2
2 Jo, 0

Of course the first term in the above left-hand side is bounded from below
by virtue of (3.2). Thus, the bound (3.2) and the continuity of the inclusion
WL(Q) c L*°(9) entail in particular that

T T T
| 10l = 102 ey <€ [ (10072 0+ 106 s )

T 2 T
0,0 . 2
< xVe < /2
<c <1+/0 (f 9;/2 ) ) _c<1+/0 (19,0 /0-11102/21)) )
T
<c <1 +/ ||az9€/9€||2> <c (3.5)
0
Hence,
[0l 0,70 (0)) < C, (3.6)

and finally, by interpolation with (3.2),
101220, 1;8) < C. (3.7)

3.3 Third estimate

Taking (3.7) into account, it is now a standard matter to multiply (2.10) by
O¢Xe, integrate on Q;, exploit the relation of 8. = 0®° and obtain the bound

X1l e 0750y poe 0,759y + VE|Xellm0,mv) < C. (3.8)

3.4 Fourth estimate

We multiply (2.9) by 6. + Orx.; we differentiate (2.10) with respect to ¢ and
multiply the result by d;x.. We add the resulting equations and we integrate
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over (Q¢; thanks to some cancellations, we obtain

1 1
§||95(t)|\2 +1100:1Z2 0,70y + 5 10X ()1
2 k 2 i / 2
+||ati€||L2(0,T;H) +§HaxtX6(t)” + . Qﬂs(Xs)(atXE)
1 2 1 2 Kk 2 -
= S0l + 10O + S 0117 + 3 1.0) (39
=5

where

L(t) = k / (Ouexe)0.. T(t) = — / (0.0, In(t) = / @xe)?,

IS(t) =k (athE)QatXe y IQ(t) = aweaathe .
Q+ Q+
We set t = 0 in (2.10), obtaining
ath(O) - kathXe(O) =00 —0.+ 6$IXO - BE(XO)' (310)

We multiply (3.10) by d:x.(0) and integrate over §2; we obtain that

1 1
§||8txe(0)||2 + K[ 0zex (0)]]* < 10 = bc + Buaxo — B(xo)*. (3.11)

Using also (1.10), (1.12), (1.13) and (1.14), we then get that the first three
terms in the right-hand side of (3.9) are bounded by a constant independent
of . As for the integrals terms, using Holder inequality and (1.7), we have

t
(0] < [ 1mxel 1010 (3.12)
0
t t
I(t)] < / 1012180 xe =0y < 2 / 101219 xe v
1 t
< 210300 + / AEITARE (3.13)
t t
(1) < / 10k |2 10xe e ey < 2 / 10exe 2 100xe v
0 0
1 2 ‘ 2 2
< g”atXaHL?(o,t;V)‘*‘C ; 10 xe |17 Oexel|” 5 (3.14)

t t
[Is(t)] < k/ 10zexe 210 xell e () < k62/ 10zexe 11 9exellv 5 (3.15)
0 0

1 1
[o(t)] < §||5tha||2L2(o,t;H) + §||5w96||2L2(o,t;H) : (3.16)
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Thanks to (3.8) and (3.6), we have that k"awtxf‘?"%?(O,T;H) is bounded inde-
pendently of e, [0z~ (o) € L*(0,T), ||6<]| € L*(0,T) and [|dyx.|| € L*(0,T).
Hence, we can apply an extended version of Gronwall lemma to the function
10-()11” + 19exe ()1 + Kl| Ozt x< (t)[|* and obtain

101 o< (0,75 ) L2 0,75v) < C, (3.17)
and

”XsHHl(O,T;V)ﬁW1=°°(0,T;H) + \/E”XEHWLOO(O,T;V) <C. (3~18)

3.5 Fifth estimate

Multiplying (2.10) by —0..X., integrating on @; and exploiting the mono-
tonicity of 8., we obtain the bound

IxellL20.msw) + VEIIXell Lo 0,75m) < C- (3.19)

3.6 Sixth estimate
By comparison in (2.10) and in (2.9), we also obtain

||56(X6)||L°°(0,T;Vf) <C, (3.20)
10710, 757y < C. (3.21)

3.7 Passage to the limit
We sketch here the passage to the limit as € | 0. Let us, however, detail a
technical point. In the forthcoming limit procedure we will indeed use the
following

Be converge to By,y in the sense of graphs in V x V. (3.22)
Namely, for all u € V, v € V' such that v € By,y/(u) there exist u. € V,

ve € V', with v € B (u.), strongly converging to u, v, respectively, as € goes
to 0. The convergence (3.22) follows from (2.6) and the two easy facts:

liﬁ} oy (v) =Dy (v), Yoev, (3.23)
€

Oy (v) < limﬁ)nf O3 (ve), Yve—=wvinV, (3.24)

and [1, Thm. 3.66, p. 373].
Taking into account well-known compactness results, the bounds (3.17)—
(3.21) allow us to deduce the existence of a triplet of functions (6, x,n) such
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that (possibly passing to not relabeled subsequences) the following conver-
gences hold

0.—*0 in HY0,T;V')NnL*0,T;V)N L>¥(0,T; H), (3.25)
Xe—*x in Wh(0,T;V)n L*0,T; W), (3.26)
Be(xs)—n in L*0,T;V"). (3.27)

Moreover, from (3.21), (3.17), (3.18), and the generalized Ascoli theorem (see,
e.g., [18, Cor. 4]), we may also infer the strong convergences

0. — 6 in C°0,T);V')n L*0,T; H), (3.28)
Xe — x in C°[0,T); H)n L*(0,T;V). (3.29)

Let us stress that, owing to (2.11), the convergence (3.28) entails that (1.24)
holds.

Hence, we can pass to the limit in (2.10), and see that the properties (1.18)—
(1.20) along with (1.22) are fulfilled by the triplet (6, x, n).

In order to prove (1.23), we multiply (2.10) by x. in the duality pairing
between V’ and V and integrate from 0 to ¢. Thanks to (3.27) and (3.29), we
find

t t
lim [ < fBe(xe), Xe >= / <X >, (3.30)
810 0 0

which, in view of [3, Prop. 1.1, p. 42] and of the graph convergence (3.22),
implies (1.23).

Our next goal is to pass to the limit in (2.9). We remark that, from (3.25),
(3.26) and (3.28), we achieve that

0. 9xe —* 08, in L=(0,T;H).

The critical terms are (9;x:)? and k(dxx<)?. In order to prove that

tim [ @) + O = [ (000 4 k@ (331
€ Qr T

(i.e., that dyx. actually converges strongly in L2(0,T;V) thanks to (3.26)),
one has only to show that

timsup [ O+ KO P < [ (@00 +R@a0?. (332)
€l0 Qr Qr

The procedure is analogous to the one performed in [6, Sec. 4] and for the sake
of brevity we omit the details. We only want to outline that the key point is
to multiply both sides of (2.10) by 9;x. and then exploit — besides the other
convergences — (3.30). This completes the proof of Theorem 1.1.
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3.8 Asymptotic analysis

We shall not give here a full proof of Thm. 1.2. Indeed the latter follows by
observing that the above detailed estimates hold independently of both ¢ and
k. Namely we are in a position to obtain (1.34)—(1.37) by standard compact-
ness techniques and the passage to the limit in (2.9)—(2.10) can be eventually
performed as above (the limits as € | 0 and &k | 0 being independent). As soon
as a solution to (1.21)—(1.25) with k& = 0 is obtained, the assertion of Thm. 1.2
follows from a comparison in (1.22) and standard parabolic estimates for the
temperature. Analogously, further (formal, but easily justifiable) estimates
in (1.30) yield the third of (1.27) as well as (1.28). In this connection, we
also obtain the stronger inclusion (1.31), instead of (1.23), which holds as a
consequence of (1.28) and [4, Prop. 2.5].
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Smoothing effect and strong
L?-wellposedness in the complex
Ginzburg-Landau equation

Noboru Okazawa'

Abstract The complex Ginzburg-Landau equation is a complex-valued non-
linear heat equation. The exact form is obtained by normalizing the coefficient
in front of the time derivative of the unknown function. The strong solvability
in L*(Q), @ ¢ R", depends on the complex coefficient x 4 i3 (x > 0) of the
nonlinear term |u|?"?u with ¢ > 2. If s™*|3| < 2¢/q — 1/(q —2), then monotonic-
ity methods are available, without any upper bound on g. On the other hand, if
kBl > 24/¢ — 1/(q — 2), then either compactness or contraction methods are
required, as its consequence g has to be bounded above: ¢ < 2+ 4/N.

1 Introduction

The complex Ginzburg-Landau equation (CGLeq) is a semilinear parabolic
partial differential equation. In this lecture we are concerned with the strong
L2-wellposedness of initial-boundary value problems for (CGLeq):

Ou— (A +ia)Au+ (k+if)|[ul72u —yu =0 on Q x Ry,
(CGL) u=0 on 90 x Ry,
u(z,0) = up(x), = € Q.

Here Ry := (0,00) and @ ¢ R¥ is a (bounded or unbounded) domain with
boundary 0. Since i := v/—1, the unknown u is a complex-valued function
with respect to (z,t) € Q x [0,00), with dyu = Ou/0t. (CGLeq) is intro-
duced to describe dissipative physical systems (cf. Aranson-Kramer [4]) while
the (real) Ginzburg-Landau equation is already well known in connection
with the superconductivity (cf. Mielke [24]). That is, the adjective “complex”
symbolizes the difference between two kinds of Ginzburg-Landau equations

IPartly supported by Grant-in-Aid for Scientific Research (No.(C)17540172), Japan Society
for the Promotion of Science.
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266 N. Okazawa

though the term “complex” is absent in the pioneering works on the L2-
wellposedness of problem (CGL) (see, e.g., [34, Section IV-5], [36]). (CGLeq)
may be regarded as a parabolic evolution equation in L?(Q)) = L?(Q, C) since
we assume as usual that A\, x € R;. As for other parameters we assume that
a,B,7 € R and ¢ € [2,00). By the parabolicity we may expect the strong
solvability of (CGL) and its smoothing effect on L*-initial data and more.

On the one hand, (CGLeq) is known as an amplitude equation derived by re-
duction from the fundamental systems of equations describing several physical
phenomena. On the other hand, one glance at the form tells us that (CGLeq)
is simply a nonlinear complex heat equation and contains as a particular case
(A=r=1, a =0 =+v=0) the nonlinear (real) heat equation

(NLHeq)+ Ou — Au+ |u|??u=0 on QxR,.

Equation (NLHeq), with |u|?"2u replaced with —|u|?~2u (that is, (CGLeq)
with “k = —1”) has been holding the attention of research workers to study
blow-up of local solutions of this new equation (NLHeq)_, while in (CGL) the
uniqueness of solutions for large |3| (even if x > 0) has not yet been solved
satisfactorily. This may be explained from the fact that (CGLeq) is actually
a strongly coupled system in the real product space L%(€2,R) x L?(Q,R):

i)~ )40+ ) () = )

In particular, the case with large || is most complicated.

The investigation for the existence of (weak) solutions to (CGL) began with
Temam [34], Yang [36] at the end of 1980s. In the middle of 1990s systematic
studies were done by Levermore-Oliver [20], [21] and Ginibre-Velo [12], [13].
The purpose of this lecture is to report the main results in [29] and [30]. In
[29] the smoothing effect on L2-initial data (which had been folklore for a
long time) was first established for (CGL) even though a strong restriction
is imposed on the complex coefficient k + i in front of the nonlinear term
(see Theorem 1.1 below). In the latest [30] the strong L?-wellposedness (in-
cluding smoothing effect) has been proved for (CGL) with bounded © and
arbitrary coefficient x +i3 (see Theorem 1.2). Here the L2-wellposedness con-
tains continuous dependence of solutions on L?-initial data. In this connection
it should be noted that if N = 2, then the uniqueness of (weak) solutions
to (CGL) has already been shown by Ogawa-Yokota [25] (see also [13] and
Machihara-Nakamura [23] for the case of Q = RY).

Since we have assumed that A\, x € R, the nonlinear Schrodinger equation

(NLSeq) Owu — iAu+i|lul?u =0 on Q xR,

is not a particular case of (CGLeq) with & = 3 = 1. Nevertheless, the following
“singular perturbation (or inviscid limit) problem” seems to be important:

(NLS) = lim (CGL)? (1.1)

k10
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Here (NLS) means the initial-boundary value problem for (NLSeq) in the
same way as in the case of (CGL). Concerning the convergence (1.1) the
investigation is in rapid progress especially in the case of & = RN (cf. [6],
[23], [25] and [35]). However, we shall not consider the problem (1.1) and the
detailed properties of solutions to (CGL) such as their large time behavior
(cf. [15]), their regularity (cf. [17]) and the existence of global attractors (cf.
[10] and [34]).
In order to state the results we need the following

DEFINITION 1.1 LetY = L*Q) or H*(Q) (s <0). Then u € C([0,00);
Y ) is a strong solution to (CGL) with initial value ug € Y if u has the following
four properties:

(a) u(t) € H*(Q) N H(Q) N L2a=D(Q) a.a. t > 0;
(b) we W' (R, ; L2(Q)) (= u is strongly differentiable a.e. on Ry );

(c) u satisfies (CGLeq) in L (Ry; L?(Q));
(d) u(0) = ug.
According to the local existence theory developed in [21] (CGL) with ug €

H?(Q) (s < 0) on [0,00) may be regarded as a new (CGL) with initial value
u(e) € L#(2) on [g, 00) for any & > 0.

In what follows we assume for simplicity that 02 is bounded and of class
C?. In the first theorem monotonicity methods apply to give a strong result
in the sense that

(i) there is no restriction on the power g > 2 of the nonlinearity;

(ii) there is an extension to the quasi-linear case if € is bounded.

THEOREM 1.1 ([29, Theorem 1.3 with p = 2]). Let ¢ > 2. For the coeffi-
cient kK + 10 assume that

[0, 00) (¢=2),
kB eI, = 20/ =T (1.2)
[0’ q—2 }

(2 <g< o).
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Then for any initial value ug € L*(S)) there exists a unique strong solution
u(t) = u(z,t) to (CGL) such that u € C([0,00); L*(Q2)),

u € G (R HY () 1 G’ (R L9(),

loc loc
Oru, Au, |ul??u € LS (Ry; L2 (),
u(t) € HX Q)N H(Q) N L2Y(Q), Vi>0.
The family {U(t)}1>0 of solution operators U(t), defined by
(U)uo)(z) :=u(t,z), Vt>0, aa.zec,
forms a semigroup of quasi-contractions on L?(£2):
|U(t)ug — U(t)vg|r> < etlug — wollz2, >0, ug,vo € L2(Q). (1.3)
In the second theorem there is no restriction on the complex coefficient
k413, while a strong restriction is imposed on the power g. Thus, the second
theorem makes sense when k13| ¢ I, (¢ > 2). The proof may be regarded

as a combination of compactness methods and local Lipschitz continuity of
the nonlinear term.

THEOREM 1.2 ([30, Theorem 1.1]). Assume that Q is bounded, and
2<qg<2+ 4 (1.4)
>q4> N .

Then for any initial value ug € L*(S)) there exists a unique strong solution
u(t) = u(x,t) to (CGL), with norm bound

u(@®)||zz < e |luollzz YVt >0, (1.5)
such that u € C([0,00); L?(2)),

u € Co’l/Q(R+§ L2(Q)) n C(R+;H&(Q))’

loc

O, Au, [u|??u € L (Ry; L3(Q)).

loc

Moreover, the family {U(t)}i>0 of solution operators forms a semigroup of
locally Lipschitz continuous operators on L*(Q): for ug,vo € By,

U (t)uo — U(t)vol|zz < Lasrre™lug —voll2, 0<t<T. (1.6)
Here log (L 1) i= KoM?e*+T (74 := vV 0) and

By = {u € L3(Q); |full 2 < M} (M > 0).
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The constants K, j = 1,2, depend only on A\, k, 3,7,q, N.

REMARK 1.1 Theorems 1.1 and 1.2 are respectively the consequences of
two kinds of abstract theorems ([29, Theorem 5.2] and [30, Theorem 2.2]).
These abstract theorems will be unified in a forthcoming paper [31] (see the
concluding remark in Section 5). In the unified theorem for (CGL) we shall
eliminate the boundedness of {2 assumed in Theorem 1.2.

REMARK 1.2 Tt follows from (1.5) and (1.6) with v < 0 that {U(¢)} is
a concrete example of Lipschitz semigroup on Bj; in the sense of Kobayashi-
Tanaka [19]: U(t) leaves B)s invariant, with

U (o — U(t)vollre < eX2M X2t Jug — w2 V¢ >0, Vug,vo € By
In this connection the resolvent problem is discussed in [27].

Next, let N =1 and Q = I := (a,b) in (CGL). Then, combining Theorems
1.1 and 1.2 with the idea of Levermore-Oliver [21] to construct local solutions

to (CGL) with distribution-valued initial data (i.e., ug € H*(I), s < 0), we
obtain

COROLLARY 1.1 ([30]). Let N =1, Q = I. For the exponent “s €
[—2,0)” of H*(I) assume that the power “q € [2,6)” satisfies the following

constraint:
2
1—-— if —2<s<-1,
S
2<qg<g(s):==q1+ 0 f —1<s< L (1.7)
S q g\s) = 1—9s [ S8 2a .
4 1
2 if — =< .
+1—23 if 2_s<0

Then for any ug € H*(I) there exists a unique strong solution u(t) = u(z,t)
to (CGL) such that u € C(]0,00); H*(I)),

e 00’1/2(R+;L2(1)) N C(R+;H3(I))7

loc

Oy, Au, [u|9?u € LE (R ; LA(I)).

loc

EXAMPLE 1.1 Let 0 € I and 6 be the Dirac measure. Then § € H*(I) if
s < —1/2. Therefore (1.7) guarantees that we can choose uy = ¢ if g € [2,4)
(for the real space case see Brézis-Friedman [9]).
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Let g € C[—2,0) be as in (1.7). Then ¢(s) is an upper bound for admissible
powers of the nonlinear term. Therefore, if N = 1 then g is extended to a
continuous function on [—2, 0] if we define g(0) := 6. In fact, if s = 0, that is,
ug € L2(I), then the upper bound is 2 +4/N = 6 for N =1 (see (1.4)).

After the completion of [30] Professor Herbert Amann informed the author
of his contribution to (CGL) in LP(Q) (private communication):

PROPOSITION 1.1 Assume that € is bounded, s € R and
2
2§q§2—|—ﬁp, 1<p< oo (1.8)

Then for any initial value ug € LP(Q) there exists a unique local C*-solution
u(t) = u(x,t) to (CGL), that is, there exists T = Tyax > 0 such that

u e O([0,T); LP(Q)) N CH((0,T); LP(2)).
The proof is based on his local theory for semilinear parabolic problems

developed in [1]-[3].

REMARK 1.3 As a consequence of Proposition 1.1 with p = 2, we can
assert in Theorem 1.2 that u € C([0,00); L*(Q)) N CY(R4; L2(Q)).

2 Preliminaries

Our strategy for the proofs of Theorems 1.1 and 1.2 is to rewrite (CGLeq)
as an abstract evolution equation in a complex Hilbert space X. Defining the
m-accretive (maximal monotone) operators S, B in X := L*(Q) = L?(Q, C)
as (for S see Brézis [8, Théoreme IX.25]):

Su = —Au, D(S):= H}(Q)N H*(Q), (2.1)
Bu := |u|""%u, D(B):= L*“~Y(Q)n L*Q), (2.2)

(CGL) is formulated in the form of initial value problems for ordinary dif-
ferential equations with operator-coefficients, which will simply be called the
abstract Cauchy problem:

Dyu+ (A +ia)Su(t) + (k +i8)Bu(t) — yu(t) = 0, a.e.on Ry,

(ACP)
u(0) = uo.
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Here Diu := du/dt and we call u € C([0,00); X) a strong solution to (ACP)
with ug € X if u has the following four properties:

(a) u(t) € D(S)N D(B) a.a. t > 0;
(b) u e W' (Ry; X) (= u is strongly differentiable a.e. on R );

loc

(c) u satisfies (ACPeq) in L (R4; X);
(d) u(0) = uo-

In the proof of Theorem 1.1 we shall apply the celebrated Komura-Kato
generation theorem for semigroups of nonlinear contractions on Hilbert spaces
(this theorem is generalized to the Crandall-Liggett theorem). In other words,
the solvability of (ACP) is reduced to the abstract stationary problem:

)
)

(AStP) u+ (A +ia)Su+ (k4 iB)Bu = v.

To show that (A +ia)S + (k + i) B is m-accretive in X, we may adopt the
approximate stationary problem:

(AStP). ue + (A +1ia)Seue + (k +i8)Bue = v,

where S, is the Yosida approximation of S: S. == e 1(1 — (1 +&S5)71). It is
worth noticing that (A +ia)S is m-accretive in X for every A > 0 and « € R
because S is actually nonnegative selfadjoint. Since (A+ia)Se is bounded and
accretive, (AStP). is uniquely solvable if the m-accretivity of B is preserved
under the multiplication by x+43. (The operator (A +ia)S + (k +i5) B, also
works similarly.)

In the proof of Theorem 1.2 we start with the approximate evolution prob-
lem (ACP)., which is defined as (ACP) with B replaced with its Yosida
approximation Be. Since B. is Lipschitz continuous on X, (ACP), is always
uniquely solvable in X.

Next, we have to pay attention to the aspect of S, B and B. as subdifferential
operators in X. Namely, it is well known that S = 0p and B = v, where ¢
and 1 are proper lower semi-continuous convex functions on X:

@(u) = {(1/2)|VU%2 if ue H&(Q)’

400 otherwise,

Uw) = {(w)”“q“ if w e L9(2) 1 13(9),

+00 otherwise.

In order to understand B, it is indispensable to start with Moreau- Yosida
reqularization of :

¥ (v) := inf {¢(w) + %Hw —o|*we L*(Q)}, e>0.
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In fact, it can be shown that
Ye(v) = Y((1+eB) ') + (¢/2)[| Bovl|” < 9(v), Vv e L*(Q),

1. is a convex function of class C* with Fréchet derivative 9(1).), which is
equal to B.:

e 1= 0(¢e) = "/}e/ = B. = (0Y) (2.3)
(cf. [5], [7] and [32]). This viewpoint is essential when we try to prove smooth-
ing effect of the solution operators, that is, U(t)ug = u(t) € D(S) N D(B)
(a.a. t > 0) even if up € X. Thus, in the proof of Theorem 1.2 we adopt the
approximate Cauchy problem:

Dyue + (A +10)9p(ue (1)) + (1 + 18)0e (ue(t)) — yue(t) =0
(ACP). a.e. on Ry,

u:(0) = up.

3 Proof of Theorem 1.1

In this section we first give a sufficient condition guaranteeing the m-accretivity
of the linear combination of two m-accretive operators (S and B in X as in
Section 2) with complex coefficients and then take into account the character
of S and B as subdifferential operators. Namely, we begin by showing that
A + 7 is m-accretive in X when we define

A:=AN+ia)S+ (k+i8)B—~, D(A):=D(S)NnD(B). (3.1)
We have to answer to the following questions:
(i) the accretivity of (k + i5)B;
(ii) the maximality of A 4 ~.

Now let B be a nonlinear operator in a complex Hilbert space X. Then B
is said to be sectorially-valued in the sense of Kato [18, Section V.3.10] if

Im (Buy — Bug,u1 — u2) x| < (tanwy)Re (Bui—Bug, u; — ug) x
Vul,u2 c D(B) (32)

(We assume for simplicity that B is single-valued, with 0 < w, < 7/2.) It is
easy to see that (3.2) is equivalent to the following condition:

Re (¢"(Buy — Bug),u1 —uz)x >0 V0 with |0] <w, :=7/2—w, (3.3)
Here we can state two abstract theorems which lead us to Theorem 1.1. The

first theorem is concerned with the solvability of (ACP) with ug € D(A).
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THEOREM 3.1 ([28]). Let S be a nonnegative selfadjoint operator in X,
B an m-accretive operator in X, satisfying (3.2). Assume that D(S)ND(B) #
0. Assume further that

Im (Secu, Bu)x| < (tanwg)Re (Scu, Bu)x, VYue D(B), Ye>0. (34)

If k71|B] < 1/ tanw,, then (A +ia)S + (k+i8)B is m-accretive in X, so that
—A defined as (3.1) generates a quasi-contraction semigroup {U(t)} (of type
v) on D(A) :

U u—Ut)|x <ellu—v||x, Yt>0, VquD( ), (3.5)

where D(A) is the closure of D(A). In particular, if ug € D(A), then u(t) :=
U(t)ug is the unique strong solution to (ACP ), with property U(t)up € D(A)
for every t > 0.

The second theorem is concerned with (ACP) with uy € X.

THEOREM 3.2 ([29]). Under the setting of Theorem 3.1 assume that B
is given by the form of subdifferential: B = 0v¢ (and regard S = 9¢p), in which
1 satisfies homogeneity of degree q :

Jq € [2,00); Y(Cu) =|¢|%(u) Yue D), V¢eC with Re( > 0.
Then the semigroup {U(t)} has smoothing effect on the initial data:

()ﬁ D(A), Vt>0,

and u(t) := U(t)ug for ug € D(A) is the unique strong solution to (ACP ).

REMARK 3.1 In [29] we have actually replaced (3.4) with
Tm (Su, O (u)) x| < (tanwy)Re (Su, 0Y.(u))x, Yu € D(S), Ve > 0. (3.6)

Under condition (3.2) it is not so difficult to show that (3.4) is equivalent to
(3.6) (for a proof see [31]).

OUTLINE OF PROOFS It follows from the sectorial-valuedness of B
that if 18] < 1/tanw, (k > 0), then (k +iB)B is accretive in X:
Re((k +i0)(Buy — Bug),u1 — u2)x
=k Re(Buy — Bug,u; —us)x — fIm(Bu; — Bug,u; — u2)x

KR
> (= — 18] Itm(Buy — Bug,us — w)x| > 0.

tan wg
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As for the maximality of (x + ¢8)B (i.e., R(1 + (k + i8)B) = X, which is
equivalent to that of B) it suffices to note that the m-accretivity of B is
reduced to that of the mapping 2z + |2z[772z on C (cf. [28, Lemma 3.1]).
Thus, as mentioned in Section 2, for every v € X there is a unique solution
ue € D(B) to (AStP).. Next, it follows from (3.4) that

AlScullx < (A +ia)Seu + (k +iB8)Bullx, Yue D(B), A> 0,

while the boundedness of {u.} follows from the condition D(S) N D(B) #
(. In this way (AStP). yields the boundedness of {Scuc}: Al|Scuc|lx <
vl x + ||uel|x, so that we can show that {u.} satisfies Cauchy condition
for convergence. Since both of {S.u.} and {Bu.} converge weakly as ¢ | 0,
w := lim, o u¢ is proved to be a unique solution to (AStP) (the weak closed-
ness of S and the demi-closedness of B in X). This concludes the m-accretivity
of A+~v=(A+ix)S+ (k4 i0)B and the generation of the corresponding
semigroup {U(t)} on D(A).

However, Theorem 3.1 guarantees the existence of unique strong solutions
to (ACP) just for initial values from D(A) = D(S) N D(B) (usual theory of
nonlinear (quasi-)contraction semigroups).

Now, under the setting of Theorem 3.2, we consider the sequence {u,(-)} =
{U()ugn} of solutions to (ACP) with initial value {ug,} C D(A), where
{upn} is an approximate sequence for vy € D(A):

Dyug + (A + i) (Sun)(t) + (5 +iB)0¢ (un(t)) — yun(t) =0
(ACP), a.e. on Ry,

Un (0) = ug p-

We see from (3.5) that U(-)ug = lim u,(-) in C([0,T]; X) for every T > 0.

The proof of the smoothing effect U(t)up = lim w,(t) € D(A) (t > 0) is
n—oo

based on the equality:

Dy(1 0 uy)(t) = Re(0(un(t)), Dyun(t)) ., for a.e. on (0,00).

Setting 7 := (A2 4+ a?) 1Ak, we can show that {Su,}, {9¢(u,)} are bounded
in LX(T1,T; X) for all T > 1:

T
/T_l(H(Sun)(t)ll%c + 0| 0v(un () |%) dt < MT(1+T?)e |Juonlk,
where M > 0 and k > 2v; := 2max{v,0} are two constants. In view of
(ACPeq),,, {Dyu,} is also bounded in L*(T~1,T; X). Therefore U(t)uo, the
limit of u,,(t), satisfies (ACPeq) a.e. on (T~%, T). In fact, D; and S are weakly
closed, while dv is demi-closed in L?(T~% T; X). Since T > 1 is arbitrary,
U(t)ug is a strong solution to (ACP). But, what we have proved is

U(t)up € D(A) for a.e. on (0,00), YV ug € D(A). (3.7)
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Nevertheless, we can remove the term “a.e.” in (3.7). In fact, we can choose
to > 0in “U(tg)ug € D(A)” as small as possible so that we can take U/(tg)ug
as a new initial value in Theorem 3.1 to conclude that U(¢t)ug € D(A) (t > to).

In what follows we shall verify the inequalities (3.4) and (3.2) when S, B
are given by (2.1), (2.2), respectively.

Verification of (3.4). Let z, y € C with z # y. Then in [22, Lemma 2.2]
Liskevich-Perelmuter derived the following remarkable inequality (a simpler
proof is given in [29, Lemma 2.1]):

Im (Z —7)(|2["%2 — [y|"y)| _ lg—2|
Re(z=7)(|z[97%2 = [yli7%y) ~ 2v/q -1

Setting z := v(z), y := w(z) and integrating it on Q, we have a new inequality
for complex-valued functions: for v,w € L1(Q) (v # w)

1 < g < +oo.

|Im<v7w, |U|q721)7 |’U_}|q72w>Lq7Lq’| |q—2| 1+i -1 <3 8)
Re (o= w2 [l 2wl o e ~2va=1 a @ o &

note that [v|72v € L9 (Q) ¥ v € LI(N). Next, we utilize the m-accretive
realization A, of the minus Laplacian (with Dirichlet condition) in L?(Q):

A, = —A with D(4,) == W>1(Q)NnW,4Q), 1<q< .

Then we can show that A, is sectorial of type S(tanw),

w:=tan"! (7|q — 2| )
' 2V/qg—1/"

in the sense of Goldstein [14, Definition 1.5.8, p. 37] (cf. Henry [16, p. 32]; see
also [26]): for all u € D(A4,),

- lg — 2| -

[ (Agu, [ul"™?u) o o | < 2\/—R6<Aqua [ul ") o, o (3.9)
It seems to be a surprise that the constant in (3.8) and (3.9) coincides. Such
a coincidence will be explained as a proof of (3.4) in the rest of this section.

Now we want to prove (3.9) with A, replaced with its Yosida approximation
Ay e for all v e L1(Q),

Iql

2\/7 Re(A q7e”»|v‘q72”>m,m’-

The proof of (3.10) is simply performed by combining (3.8) with (3.9). Noting
that (1 +e4,) " v € LY(Q) for every v € LI(f2), we can express the pairing

[Tm(Ag, v, [v]*™?v) o por| < (3.10)
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(Ag,cv,|v[7%v) 4 1o as follows:

(Ag, ev, |v|q_2v>L4,LQ’
=(Ag(1+edy) o, [(1+edg) 0| (1 +eAg) " 0) o 1o
+e o= (1+edy) o, [T %0 — [(1+4,) " 0" (1 +e4y) ') o par

where we have used the definition of Yosida approximation. Here we interpret
one and the same element (1+£A4,)~'v on the right-hand side in two different
ways, namely as u = (1 +e4,)"'v € D(4,) in the first term and as w :=
(1+¢eA,) tv € LI(Q) in the second term. In this way we can write down the
pairing as follows:

(Ag,ev, |v|q_2”>Lq,LQ’
= (Agu, [uT2u) o por + e o —w, [0]7720 — [w|Tw) o po-

Applying (3.9) and (3.8) to the first and second terms on the right-hand side,
respectively, we can obtain (3.10).
Finally, let u € D(B), ¢ > 2. Then we have

(Seu, Bu) 2 = (Aq cu, |u|q*2u>Lq7Lq/, Y u € D(B). (3.11)
In fact, noting that D(B) = L*(Q) N L24~1(Q) c L9(R), we can conclude
that Scu = A, cu € L2(Q) N LY(Q) and Bu = |u|?%u € L?(Q) N LY (Q). This
proves (3.11). By virtue of (3.10) we can obtain (3.4) with X = L?(Q2) and

q—2
2v/q—1’

in this connection see also Remark 4.2 below.

tanwg = ¢4 :=

Verification of (3.2). (3.2) is also derived from (3.8) in the same way as
above.

4 Proof of Theorem 1.2

Given a nonnegative selfadjoint operator S in a complex Hilbert space X, let
©(v) be the proper lower semi-continuous convex function defined as

(1/2)S"2v]%  if v € D(p) := D(SY/?),
p(v) =

400 otherwise,
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where S'/2 is the square root of S = dp. Then the equation in (ACP). is
given by

(ACPeq)e  Dyuc(t) + (A + i) dp(uc(t)) + (k +i0) 00 (ue(t)) — yue(t) =0

a.e. on R, where ¢ > 0 is another proper lower semi-continuous convex
function on X.

Now we introduce five conditions on ¢ and ¢ (or S = d¢ and 0v).

(A1) {u e X;p(u) <c}is compact in X V ¢ > 0.
(A2) Jq€2,00); P(Cu) = [¢|"(u) ¥V u € D),V ¢ € C with Re¢ > 0.

(A3) 30€[0,1;V (N k,8) € Ry xRy x R 3 ¢1 = ¢1(\, K, 0) > 0 such that
for uw € D(S) and € > 0,

A

(5000 0)x] € o) + ol ()
where J. = (1+ &) L.
(A4) D(S) C D(9) and 3 ¢5 > 0 such that
106l < ex((Sullx + Jullx) ¥u € D(S).
(AB) V (A k,8) € Ry x Ry x R 3 ¢3 = e3(\, 5, 8) > 0 such that
@(u) — B(v), u - v)x]
<oy [y g J%ﬁﬁ(u—w (12)

for u,v € D(0Y)ND(p). Here 6 € [0,1] is the same constant as in (A3).

As a consequence of condition (A1) we can use compactness methods to
prove the convergence of approximate solutions to (ACP).. In (CGL) we
assume that 0 C R™ is bounded so that Rellich’s theorem is available.

Now we can state two abstract theorems which lead us to Theorem 1.2. The
first theorem is concerned with the existence of solutions to (ACP).

THEOREM 4.1 ([30]). Let S be a nonnegative selfadjoint operator in
X, ¥ a proper lower semi-continuous convex function on X. Assume that
conditions (Al)-(A4) are satisfied. Then for any initial value ug € D(p) N
D(v) there exists a strong solution u to (ACP) such that u € C%'/2([0,T]; X)
VT >0.
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In connection with (CGL) this theorem is interpreted as follows. To avoid
the restriction on the coefficient x + i3 of the nonlinear term |u|?"?u the size
of the power g — 1 is strictly restricted in Theorem 4.1 (cf. (1.4)). To see this
0 € [0,1] in condition (A3) is a key constant. In the process to verify (A3) 6
is given by

2(q — 2) 4
0= = 2<q< 24 —; 4.3
fn(q) 5 —Ng—2) 2592ty (4.3)
note that 0 = fn(2) < fn(q) < fn(2+4/N) = 1. To the contrary, in [29,
Theorem 4.1] there is a strong restriction on k + ¢, whereas the power is not
restricted. Conditions (A1), (A2) are common in these theorems.

In the second theorem an additional condition (A5) guarantees the well-
posedness of (ACP).

THEOREM 4.2 ([30]). Let S and v be the same as in Theorem 4.1.
Assume that conditions (A1l)-(AB) are satisfied. Then for any ug € X =
D(p) N D(v)) there exists a unique strong solution u to (ACP), with norm
bound

lu@®lx < elluollx, Vt=0, (4.4)

such that u € C’loo’cl/z(RJr;X). In addition, solutions depend continuously on

initial data: there exists two constants ks € R, kg > 0 such that
[lu(t) —v(t)||x < M(t,uo,vo)ek3t||u0 —vollx Y ug,vg € X. (4.5)

Here M (t,uq,vp) := exp [k4e27+t(||u0|\x Vv ||v0||X)2].

REMARK 4.1  The coefficient on the right-hand side of (4.5) seems to be a
little bit complicated. So it may be meaningful to describe a particular case of
(4.5). Suppose that v < 0, and introduce the ball By, := {v € X;|jv||x < L}.
Setting U(t)ug := u(t) and log M := k4 L?, we have

||U(t)U0 — U(t)'UO”X < M€k3t||U0 — 'UO”X Vit> 0, v ug, Vg € Br,.
This implies by (4.4) that {U(t)} forms a Lipschitz semigroup on the closed

convex subset By, in the sense of Kobayashi-Tanaka [19].

OUTLINE OF PROOFS. Let up € D(¢) N D(¢) and € > 0. Then under
condition (A2) there exists a unique strong solution u. to (ACP). such that
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for all T > 0, u. € C%/2([0,T]; X) ([29, Proposition 3.1(i)]). In addition we
have

Ju-(®)llx < e fluollx ¥t >0, (4.6)

t t
1
20 [ plus)ds +an [ (nlo)ds < 3 fuolk, vz o (47
0 0

note that Re ((k + i3)0v (ue),ue) > kRe (0Y(Joue), Jous) = grip(Jeue) (see
[29, Lemma 3.2]). Next, (4.7) yields under conditions (A2) and (A3) that

puc(t)) < eXmlpug), V>0, (4.8)
t
2
/ [Suc(s)ll%eds < S ™ o(u), ¥t 2 0. (4.9)
0

Here K (t,ug) := kit + koe?'+|lug||%, with
ki = 2v4 + (1 —0) e V/K2 + 532, ko :=0ci\/K2 + 32/ (2qK).
Therefore we see from (4.6), (4.9), (A4) and (ACPeq). that
{Su.},{0v.(u:)}, {Dyuc} are bounded in L?(0,T; X). (4.10)
As a consequence {u.} is equicontinuous on [0, T7:
ue(t) — ue(s)||x < || Deuellr2rx)lt — sV, Vt,s€[0,T].  (4.11)

In view of condition (A1) (4.8) yields that for every ¢ € [0,T] the family
{uc(t)}eso is relatively compact in X. Therefore, applying Ascoli’s theorem,
we can find a function v € C([0,00); X) as the limit of a convergent subse-
quence {ue, } selected from {u.} such that

w= lim u., in C([0,T);X), VT>0, (4.12)

n—oo

with w(0) = up € D(¢) N D(¢). Letting n — oo in (4.11) with ¢ replaced
with &, we have u € C%'/2(]0,T); X) for any T > 0. Since u., — J. u., =
enOe, (U, ), (4.10) yields that

u= lim J. u., in L*(0,T;X), VYT >0. (4.13)

Since S, D, are weakly closed and 0% is demi-closed, we see from (4.12), (4.13)
and (4.10) that Su., — Su, Dyu., — Dyu and

e, (ue, ) = OU(Je, ue, ) — OY(u) asn — oo

weakly in L?(0,T; X). Therefore, we can conclude that u is a strong solution
to (ACP) (for details see [29, Section 4]).
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Here we want to mention two inequalities for strong solutions u to (ACP):

2)\/ ds—l—qm/ P(u(s)) ds < 762’7+t||u0||x, Vit>0, (4.14)

A [t 1
tp(u(t) + 5 / sl Su(s)[k ds < eIl F 2 g3, Ve >0, (4.15)
0

which will be essential in the proof of Theorem 4.2. To prove (4.15) begin
with (4.1) with 0. and J.u, respectively, replaced with 9y and u (by letting
€ 1 0). (Then an error in the proof of (4.15) in [30] is easily corrected.)

The important role of condition (A5) in Theorem 4.2 is to derive (4.5) as
a consequence of (4.14) and to guarantee the uniqueness of strong solutions
0 (ACP). The constants k; (j = 3,4) in (4.5) are given in almost the same
form as for k1 and ko:

=yt (- O /TR, k= Oes/wF 2 (0ar).

At the same time (4.5) enables us to extend the set of initial data from D(¢)N
D(%) to its closure D(y) N D(¢)) = X. The situation is completely similar to
the inference in Theorem 3.2. In fact, (4.15) implies that ||Sul|z2(r-1 7;x) is
bounded for all T" > 1.

Finally, we shall verify (4.1) and (4.2) when S = 9y, B = 01 are given by
(2.1), (2.2), respectively. First we state a formula for the derivative of the func-
tion J.u by which we can carry out integration by parts in the computation

of (Su, e (u))rz

LEMMA 4.1 Fore € [0,00) and x € Q put

(14 e0y) tu(z), >0,

us(x) == (Jeu)(x) = {u(x), e=0.

(a) ([29, Lemma 6.1 with p = 2]). If u € H}(Q), then u. € H}(Q) (as a
function of ), with

1 q—2
—V.,u —e——|u|"*u.Re(u; Vyu), e >0,
Vo A TH e Jac 1el” TueRteliE Va) (4.16)
V.u, =0,
where Jac := (1 +¢luc|72)(1 +¢e(q — 1)|uc|?72) is the Jacobian determinant.

(b) ([31]). Ifu € D(dy), then u. € C*([0, E]; L*(2)) V E > 0 (as a function
of €), with

1
Qe ) T4e(q— Dufe?

S P e=0.

e (u), e >0,
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For a proof of (a) put uc(x) = ve(z) 4+ iw.(x). Then, applying the implicit
(or inverse) function theorem to the simultaneous equation derived from the
real and imaginary parts of u. + eluc|? 2u. = u € H(2) N CY(Q), we can
obtain the formulas for Vv, and V,w,. Therefore, Jac appears when we solve
the simultaneous equation for V,v. and V,w.. In the second step the usual
approximating procedure yields (4.16).

Verification of (4.1). Put u. = J.u as in Lemma 4.1. Then in view of the
form of Yosida approximation 9t (u) = ¢! (u — u.) we see from (4.16) that
(Su, 0 (u)) 2 is written as

£ a-2 - 2
/Q HI;”WV“'Q do /Q T Ju.|" (@ Vu) - Re (@ V) dr,  (4.17)
€

where V := V. Using Hélder’s inequality, we have, for u € H}(Q) N H?(Q),
(¢ = )7H(Su, 0¢pe (u)) 2| < / Jue |72 Vul? da < ||ue|| T2 Vul| 2o, (4.18)
Q

In the next step we need the inequality
N
q

[Vulla < C|Vaul| [z Aul|f2, 0<a:= <1. (4.19)

N
2
This is a consequence of the well known Gagliardo-Nirenberg interpolation
inequality (see (4.22) below). Let 6 be as defined by (4.3). Then, applying
(4.19) and Young’s inequality, we can show that for any n > 0 there exists
C(n) > 0 such that (4.1) holds:

(S, 0e () 12| < C(ue)’ 1S 2ullFs + 0l Sullfse, we = Jou.

Thus we can explain the restriction on ¢:

q—2

g _1-2 N_N
- (1—a)g 2

4
<1l < a= < —.
= a q - N

= q¢<2+

2N

REMARK 4.2 It is worth noticing that (3.6) follows from (4.17). The
proof is fairly simple (see [29, Lemma 6.2 with p = 2]). In fact, setting

|u€|q—2

= [ v
€

‘“E‘q_4

I =
2(v) o Jac

(weVu) - Re (wzVu) dz,
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we see from (4.17) that the real and imaginary parts of (Su, 9. (u))r2 have
similar expressions:

Re (Su, s () 2 = I (u) + (¢ — 2)Re Ly(u) = 0, (4.20)
m (S, D4 (u)) 2 = (g — 2)Tm (). (4.21)
Applying the Cauchy-Schwarz inequality to I»(u), we have
Ia(w)[? < I (u)Re L (u)
which can be combined with (4.20) and (4.21) as follows:
(¢~ 2) 72| (Su, 9o () 122 = [Tm Ly (u) 2 = I (w)” — [Re Lo(u)

< I (u)Re Iy(u) — [Re I(u))?

[Re (Su, 0 (1)) 2 — (¢ — 2)Re Ir(u)]Re I (u) — [Re Io(u))?
1

= NCES Re (Su, 0. (u))121/q — 1[Re I(u)] — (¢ — 1)[Re I2(u)]?

1 2
< W[Re@%a%(u))m] .

In the last step we have used the inequality ab = 2(a/2)b < (a/2)? + b%. Since
Re (Su, 0 (u))r2 > 0 as pointed out in (4.20), we obtain (3.6) with X = L?
and tanw, = cq.

Verification of (4.2). First we prepare an inequality asserting the local
Lipschitz continuity of the mapping z — |2|972z = 9(|2|?/q):

[[217722 — |w] 2w
(¢ =Dz —wl

1
S/ sz 4+ (1 — s)w|9 % ds
0

(a—2)/q
) Vz,weC(z#w),;

1 1
< (51217 + 5wl

in the proof we have used the convexity of the function z — |z|%, which is a
simple consequence of Holder’s inequality (1/q+ 1/¢’ = 1):

[sz 4+ (1 — s)w|?
< (olel + (1= 9)al)? = (V910577 + (1= 5)afu - (1 - )"

< (sl2] + (1= 8)w|) (s + (1 = £))7 = sl2|" + (1 = 5)|w]|”.
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Then we can prove the inequality for u,v € L4~ (Q) N HY(Q) C LY(Q):

(@ =17 (Jul"u — o]0, u — v) L2 |

dx

< /Q lu(z) — v(z)|? (; lu(z)|? + %Iv(x)|q)(q_2)/q

1 1 (¢=2)/q
< (Gl + Zllollge) ™l = vl

q q (¢=2)/q
= (Jv + Z0@) " llu vl
This is nothing but (4.18) (in Verification of (4.1)) with |juc |z« = (q(u.))"/9
and || Vu| L« replaced with [(¢/2)(v(u)+v(v))] Y49 and |lu—v||La, respectively.
From now on we can compute in the same way as in the proof of (4.1) to
conclude (4.2); in this case we can apply the Gagliardo-Nirenberg inequality
itself (see Tanabe [33, Section 3.4] or Giga-Giga [11, Section 6.1]):
—a a N N

HWMSQWMHWWH7OSW=§—;§L (4.22)
Therefore, the “6” coincides with that in (4.1). This result seems to be parallel
to the fact that (3.2) and (3.4) in Theorem 3.1 hold for the same tanw,.

5 Development in the future

As a concluding remark we want to mention the possibility to unify Theorems
3.2 and 4.2 (see Remark 1.1). Now we introduce the following seven conditions
on S and 1:

(B1) 3 g € [2,00) such that ¥(Cu) = |(]9%(u) for v € D(y)) and ¢ € C with
Re( > 0.

(B2) 0 is sectorially-valued: 3¢, > 0 such that

Im (9 (u) — Y (v),u—v)| < cgRe(OY(u) —0Y(v),u—v) Y u,v € D(OY).

(B3) For the same constant ¢, as in (B2),

[Im(Swu, 0. (uw))| < c,Re(Su, Oy (u)) Vu e D(S).
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(B5) 30 €[0,1]; Y > 0 3Cy = Ca(n) > 0 such that for u,v € D(p) N D(3))
and € > 0,

Ien (@0 () — e (), — )| < ma — ) + o[ LT e

(B6) Vn > 03C5 = Cs(n) > 0 such that for u € D(S) and ¢ > 0,
[Im (S, 89 (u))| < nllSull* + Csv(u) p(w),
where 6 € [0, 1] is the same constant as in (B5).

(B7) 3C4 > 0 such that for u,v € D(9¢) and v, u > 0,

[tm (9t (u) — Oy (), v)| < Culv — pl (al|Ov (u)[|* + 71|00 (v) 7).
where o, 7 > 0 are constants satisfying o +7 = 1.

Using these conditions (partially or as a whole) we can assert

THEOREM 5.1 ([31]). Let \,k € Ry and o, 3,7 € R.

(I) (Accretive nonlinearity) Assume that |5]/k € [0, ¢; '] and conditions (B1)—
(B3) are satisfied. Then for any initial value ug € D(p) N D(v) there exists
a unique strong solution u € C([0,00); X) to (ACP) such that

(8) u € O (R X), with [u(®)]| < e |luo|) V¢ > 0;

loc

(b) Su, 0 (u), Diu € L2 (Ry; X);

loc
(c) (u), w(u) € Wige (Ry.).
Furthermore, let v be the unique strong solution to (ACP ) with v(0) = vy €

X. Then
lu(t) — v(t)| < e|lug —vol| Vt>0. (5.1)

(IT) (Nonaccretive nonlinearity) Assume that |3]/k € (c; ', 00) and the seven
conditions (B1)—(B7) are satisfied. Then for any ug € X = D(S) there exists
a unique strong solution u € C([0,00); X) to (ACP). Also, u has property
(c) in part (I) and

(a) u € CLARe: X), with [[u(®)]] < eluoll V> 0;

loc
(b) Su, OY(u), Dyu € L2 (Ry; X).

loc

Furthermore, let v be the unique strong solution to (ACP) with v(0) = vy €
X. Then

u(t) — v(t)|| < eKlt+K282—y+t(”“0HVH'UOH)Q||u0 — vl Vt>0, (5.2)
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where the constants K1 and Ky depend on || — ¢, 'k > 0:
K=+ 1 -0)(|8] - c¢g'%)Ca,  K:=0(8] - c;'w)C2/(2q5).  (5.3)

Part (I) is nothing but Theorem 3.2 (in view of Remark 3.1), while Part
(IT) generalizes Theorem 4.2 to the effect that the compactness of the level
sets for ¢ is replaced with the new condition (B7) which guarantees, together
with condition (B5), the convergence of the family of solutions to (ACP),;
the verification of (B7) is based on Lemma 4.1 (b). Therefore the boundedness
of Q is not required when we apply Theorem 5.1 Part (II) to problem (CGL).

REMARK 5.1 It is observed from (5.3) that K1 — v and Ky — 0 as
|8] = ¢; 'k, that is, (5.2) coincides with (5.1) in this limit.

Acknowledgments. The author expresses his hearty thanks to the orga-
nizers of the meeting, “Evolution Equations: Inverse and Direct Problems,”
especially Angelo Favini and Alfredo Lorenzi, for giving him a chance to con-
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