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Preface

The meeting on Differential Equations: Inverse and Direct Problems was held
in Cortona, June 21-25, 2004. The topics discussed by well-known specialists
in the various disciplinary fields during the Meeting included, among others:
differential and integrodifferential equations in Banach spaces, linear and non-
linear theory of semigroups, direct and inverse problems for regular and singu-
lar elliptic and parabolic differential and/or integrodifferential equations, blow
up of solutions, elliptic equations with Wentzell boundary conditions, models
in superconductivity, phase transition models, theory of attractors, Ginzburg-
Landau and Schrödinger equations and, more generally, applications to partial
differential and integrodifferential equations from Mathematical Physics.
The reports by the lecturers highlighted very recent, interesting and original
research results in the quoted fields contributing to make the Meeting very
attractive and stimulating also to younger participants.
After a lot of discussions related to the reports, some of the senior lecturers
were asked by the organizers to provide a paper on their contribution or some
developments of them.
The present volume is the result of all this. In this connection we want to
emphasize that almost all the contributions are original and are not expositive
papers of results published elsewhere. Moreover, a few of the contributions
started from the discussions in Cortona and were completed in the very end
of 2005.
So, we can say that the main purpose of the editors of this volume has con-
sisted in stimulating the preparation of new research results. As a consequence,
the editors want to thank in a particular way the authors that have accepted
this suggestion.
Of course, we warmly thank the Italian Istituto Nazionale di Alta Matematica
that made the Meeting in Cortona possible and also the Universitá degli Studi
di Milano for additional support.
Finally, the editors thank the staff of Taylor & Francis for their help and
useful suggestions they supplied during the preparation of this volume.

Angelo Favini and Alfredo Lorenzi

Bologna and Milan, December 2005
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Degenerate first order identification

problems in Banach spaces 1

Mohammed Al-Horani and Angelo Favini

Abstract We study a first order identification problem in a Banach space. We
discuss both the nondegenerate and (mainly) the degenerate case. As a first step,
suitable hypotheses on the involved closed linear operators are made in order to
obtain unique solvability after reduction to a nondegenerate case; the general case
is then handled with the help of new results on convolutions. Various applications
to partial differential equations motivate this abstract approach.

1 Introduction

In this article we are concerned with an identification problem for first order
linear systems extending the theory and methods discussed in [7] and [1]. See
also [2] and [9]. Related nonsingular results were obtained in [11] under differ-
ent additional conditions even in the regular case. There is a wide literature
on inverse problems motivated by applied sciences. We refer to [11] for an
extended list of references. Inverse problems for degenerate differential and
integrodifferential equations are a new branch of research. Very recent results
have been obtained in [7], [5] and [6] relative to identification problems for de-
generate integrodifferential equations. Here we treat similar equations without
the integral term and this allows us to lower the required regularity in time of
the data by one. The singular case for infinitely differentiable semigroups and
second order equations in time will be treated in some forthcoming papers.

The contents of the paper are as follows. In Section 2 we present the non-
singular case, precisely, we consider the problem

u′(t) + Au(t) = f(t)z , 0 ≤ t ≤ τ ,

u(0) = u0 ,

Φ[u(t)] = g(t) , 0 ≤ t ≤ τ ,

1Work partially supported by the Italian Ministero dell’Istruzione, dell’Università e della
Ricerca (M.I.U.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi Inversi
and by the University of Bologna, Funds for Selected Research Topics.

1
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2 M. Al-Horani and A. Favini

where −A generates an analytic semigroup in X, X being a Banach space,
Φ ∈ X∗, g ∈ C1([0, τ ],R), τ > 0 fixed, u0, z ∈ D(A) and the pair (u, f) ∈
C1+θ([0, τ ];X) × Cθ([0, τ ];R), θ ∈ (0, 1), is to be found. Here Cθ([0, τ ]; X)
denotes the space of all X-valued Hölder-continuous functions on [0, τ ] with
exponent θ, and

C1+θ([0, τ ];X) = {u ∈ C1([0, τ ];X); u′ ∈ Cθ([0, τ ];X)}.

In Section 3 we consider the possibly degenerate problem

d

dt
((Mu)(t)) + Lu(t) = f(t)z , 0 ≤ t ≤ τ ,

(Mu)(0) = Mu0 ,

Φ[Mu(t)] = g(t) , 0 ≤ t ≤ τ ,

where L, M are two closed linear operators in X with D(L) ⊆ D(M), L
being invertible, Φ ∈ X∗ and g ∈ C1+θ([0, τ ];R), for some θ ∈ (0, 1). In this
possibly degenerate problem, M may have no bounded inverse and the pair
(u, f) ∈ Cθ([0, τ ]; D(L))×Cθ([0, τ ];R) is to be found. This problem was solved
(see [1]) when λ = 0 is a simple pole for the resolvent (λL + M)−1. Here we
consider this problem under the assumption that M and L act in a reflexive
Banach space X with the resolvent estimate

‖λM(λM + L)−1‖L(X) ≤ C, Re λ ≥ 0 ,

or the equivalent one

‖L(λM + L)−1‖L(X) = ‖(λT + I)−1‖L(X) ≤ C, Re λ ≥ 0 ,

where T = ML−1. Reflexivity of X allows to use the representation of X
as a direct sum of the null space N(T ) and the closure of its range R(T ), a
consequence of the ergodic theorem (see [13], pp. 216-217). Here, a basic role
is played by real interpolation space, see [12].

In Section 4 we give some examples from partial differential equations de-
scribing the range of applications of the previous abstract results.

2 The nonsingular case

Let X be a Banach space with norm ‖ · ‖X (sometimes, ‖ · ‖ will be used for
the sake of brevity), τ > 0 fixed, u0, z ∈ D(A), where −A is the generator of
an analytic semigroup in X, Φ ∈ X∗ and g ∈ C1([0, τ ],R). We want to find a

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate first order identification problems in Banach spaces 3

pair (u, f) ∈ C1+θ([0, τ ];X)× Cθ([0, τ ];R), θ ∈ (0, 1), such that

u′(t) + Au(t) = f(t)z , 0 ≤ t ≤ τ , (2.1)
u(0) = u0 , (2.2)
Φ[u(t)] = g(t) , 0 ≤ t ≤ τ , (2.3)

under the compatibility relation

Φ[u0] = g(0) . (2.4)

Let us remark that the compatibility relation (2.4) follows from (2.2)-(2.3).
To solve our problem we first apply Φ to (2.1) and take equation (2.3) into

account; we obtain the following equation in the unknown f(t):

g′(t) + Φ[Au(t)] = f(t)Φ[z] . (2.5)

Suppose the condition
Φ[z] 6= 0 (2.6)

to be satisfied. Then we can write (2.5) under the form:

f(t) =
1

Φ[z]
{g′(t) + Φ[Au(t)]} , 0 ≤ t ≤ τ , (2.7)

and the solution u of (2.1)-(2.3) is assigned by the formula

u(t) = e−tAu0 +
∫ t

0

e−(t−s)A {g′(s) + Φ[Au(s)]}
Φ[z]

z ds

=
∫ t

0

e−(t−s)A Φ[Au(s)]
Φ[z]

z ds + e−tAu0

+
1

Φ[z]

∫ t

0

e−(t−s)Ag′(s)z ds . (2.8)

Apply the operator A to (2.8) and obtain

Au(t) =
∫ t

0

e−(t−s)A Φ[Au(s)]
Φ[z]

Az ds + e−tAAu0

+
1

Φ[z]

∫ t

0

e−(t−s)Ag′(s)Az ds . (2.9)

Let Au(t) = v(t); then (2.7) and (2.9) can be written, respectively, as follows:

f(t) =
1

Φ[z]
{g′(t) + Φ[v(t)]} , 0 ≤ t ≤ τ , (2.10)

v(t) =
∫ t

0

e−(t−s)A Φ[v(s)]
Φ[z]

Az ds + e−tAAu0

+
1

Φ[z]

∫ t

0

e−(t−s)Ag′(s)Az ds . (2.11)

Copyright © 2006 Taylor & Francis Group, LLC



4 M. Al-Horani and A. Favini

Let us introduce the operator S

Sw(t) =
∫ t

0

e−(t−s)A Φ[w(s)]
Φ[z]

Az ds .

Then (2.11) can be written in the form

v − Sv = h (2.12)

where

h(t) = e−tAAu0 +
1

Φ[z]

∫ t

0

e−(t−s)Ag′(s)Az ds .

It is easy to notice that h ∈ C([0, τ ];X).
To prove that (2.12) has a unique solution in C([0, τ ];X), it is sufficient to

show that Sn is a contraction for some n ∈ N. For this, we note

‖Sv(t)‖ ≤ M ‖Φ‖X∗

|Φ(z)|
∫ t

0

‖v(s)‖ ‖Az‖ ds

‖S2v(t)‖ ≤ M ‖Φ‖X∗

|Φ(z)|
∫ t

0

‖Tv(s)‖ ‖Az‖ ds

≤
(

M ‖Φ‖X∗ ‖Az‖
|Φ(z)|

)2 ∫ t

0

(∫ s

0

‖v(σ)‖ dσ

)
ds

≤
(

M ‖Φ‖X∗ ‖Az‖
|Φ(z)|

)2 ∫ t

0

(t− σ)‖v(σ)‖ dσ

≤
(

M ‖Φ‖X∗ ‖Az‖
|Φ(z)|

)2

‖v‖∞ t2

2
,

where ‖v‖∞ = ‖v‖C([0,τ ];X) .
Proceeding by induction, we can find the estimate

‖Snv(t)‖ ≤
(

M ‖Φ‖X∗‖Az‖
|Φ(z)|

)n
tn

n!
‖v‖∞ ,

which implies that

‖Snv‖∞ ≤
(

M ‖Φ‖X∗‖Az‖
|Φ(z)| τ

)n 1
n!
‖v‖∞ .

Consequently, Sn is a contraction for sufficiently large n. At last notice that
f(t) z is then a continuous D(A)-valued function on [0, τ ], so that (2.1), (2.2)
has in fact a unique strict solution. However, we want to discuss the maximal
regularity for the solution v = Au, and for this we need some additional
conditions. We now recall that if −A generates a bounded analytic semigroup
in X, then the real interpolation space (X,D(A))θ,∞ = DA(θ,∞) coincides
with {x ∈ X; supt>0 t1−θ‖Ae−tAx‖ < ∞}, (see [3]).

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate first order identification problems in Banach spaces 5

Consider formula (2.11) and notice that (see [10])

e−tAAu0 ∈ Cθ([0, τ ];X) if and only if Au0 ∈ DA(θ,∞) .

Moreover, if g ∈ C1+θ([0, τ ];R) and Az ∈ DA(θ,∞), then
∫ t

0

e−(t−s)Ag′(s)Az ds ∈ Cθ([0, τ ];X)

and
∫ t

0

e−(t−s)AAz Φ[v(s)] ds =
(
e−tAAz ∗ Φ[v]

)
(t) ∈ Cθ([0, τ ];X) .

See [7] and [6].
Therefore, if we assume

Au0, Az ∈ DA(θ,∞) , (2.13)

then v(t) ∈ Cθ([0, τ ]; X), i.e., Au(t) ∈ Cθ([0, τ ];X) which implies that f(t) ∈
Cθ([0, τ ];R). Then there exists a unique solution (u, f) ∈ C1+θ([0, τ ]; X) ×
Cθ([0, τ ];R).

We summarize our discussion in the following theorem.

THEOREM 2.1 Let −A be the generator of an analytic semigroup, Φ ∈
X∗, u0, z ∈ DA(θ+1,∞) and g ∈ C1+θ([0, τ ];R). If Φ[z] 6= 0 and (2.4) holds,
then problem (2.1)-(2.3) admits a unique solution (u, f) ∈ [C1+θ([0, τ ]; X) ∩
Cθ([0, τ ];D(A))]× Cθ([0, τ ];R).

3 The singular case

Consider the possibly degenerate problem

Dt(Mu) + Lu = f(t)z , 0 ≤ t ≤ τ , (3.1)

(Mu)(0) = Mu0 , (3.2)

Φ[Mu(t)] = g(t) , 0 ≤ t ≤ τ , (3.3)

where L, M are two closed linear operators with D(L) ⊆ D(M), L being
invertible, Φ ∈ X∗ and g ∈ C1+θ([0, τ ];R) for θ ∈ (0, 1). Here M may have
no bounded inverse and the pair (u, f) ∈ C([0, τ ];D(L))× Cθ([0, τ ];R), with
Mu ∈ C1+θ([0, τ ]; X), is to be determined so that the following compatibility
condition must hold:

Φ[Mu(0)] = Φ[Mu0] = g(0) . (3.4)

Copyright © 2006 Taylor & Francis Group, LLC



6 M. Al-Horani and A. Favini

Let us assume that the pair (M, L) satisfies the estimate

‖λM(λM + L)−1‖L(X) ≤ C, Re λ ≥ 0 , (3.5)

or the equivalent one

‖L(λM + L)−1‖L(X) = ‖(λT + I)−1‖L(X) ≤ C, Re λ ≥ 0 , (3.6)

where T = ML−1.
Various concrete examples of this relation can be found in [8]. One may

note that λ = 0 is not necessarily a simple pole for (λ + T )−1, T = ML−1.
Let Lu = v and observe that T = ML−1 ∈ L(X). Then (3.1)-(3.3) can be
written as

Dt(Tv) + v = f(t)z , 0 ≤ t ≤ τ , (3.7)

(Tv)(0) = Tv0 = ML−1v0 , (3.8)

Φ[Tv(t)] = g(t) , 0 ≤ t ≤ τ , (3.9)

where v0 = Lu0.
Since X is a reflexive Banach space and (3.5) holds, we can represent X as

a direct sum (cfr. [8, p. 153], see also [13], pp. 216-217)

X = N(T )⊕R(T )

where N(T ) is the null space of T and R(T ) is the range of T . Let T̃ = T
R(T )

:
R(T ) → T

R(T )
be the restriction of T to R(T ). Clearly T̃ is a one to one map

from R(T ) onto R(T ) (T̃ is an abstract potential operator in R(T ). Indeed,
in view of the assumptions, −T̃−1 generates an analytic semigroup on R(T ),
(see [8, p. 154]).

Finally, let P be the corresponding projection onto N(T ) along R(T ).
We can now prove the following theorem:

THEOREM 3.1 Let L, M be two closed linear operators in the reflex-
ive Banach space X with D(L) ⊆ D(M), L being invertible, Φ ∈ X∗ and g ∈
C1+θ([0, τ ];R). Suppose the condition (3.5) to hold with (3.4), too. Then prob-
lem (3.1)-(3.3) admits a unique solution (u, f) ∈ Cθ([0, τ ];D(L))×Cθ([0, τ ];R)
provided that

Φ[(I − P )z] 6= 0 , sup
t>0

tθ‖(tT̃ + 1)−1yi‖X < +∞ , i = 1, 2

where y1 = (I − P )Lu0 and y2 = T̃−1(I − P )z.

Proof. Since P is the projection onto N(T ) along R(T ), it is easy to check
that problem (3.7)-(3.9) is equivalent to the couple of problems
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DtT̃ (I − P )v + (I − P )v = f(t)(I − P )z , 0 ≤ t ≤ τ , (3.10)

T̃ (I − P )v(0) = T̃ (I − P )v0 , (3.11)

Φ[T̃ (I − P )v(t)] = g(t) , 0 ≤ t ≤ τ , (3.12)

and
Pv(t) = f(t)Pz . (3.13)

Let w = T̃ (I−P )v, so that (I−P )v = T̃−1w, and hence system (3.10)-(3.12)
becomes

w′(t) + T̃−1w = f(t)(I − P )z , 0 ≤ t ≤ τ , (3.14)
w(0) = w0 = T̃ (I − P )v0 = Tv0 , (3.15)
Φ[w(t)] = g(t) , 0 ≤ t ≤ τ . (3.16)

Then, according to Theorem 2.1, there exists a unique solution (w, f) ∈
C1+θ([0, τ ];R(T )) × Cθ([0, τ ];R) with T̃−1w ∈ Cθ([0, τ ];R(T )) to problem
(3.14)-(3.16) provided that

Φ[(I − P )z] 6= 0 , (I − P )Lu0 , T̃−1(I − P )z ∈ DT̃−1(θ,∞) .

Therefore, (I−P )v ∈ Cθ([0, τ ]; R(T )), Pv ∈ Cθ([0, τ ]; N(T )) and hence there
exists a unique solution (u, f) ∈ Cθ([0, τ ];D(L)) × Cθ([0, τ ];R) with Mu ∈
C1+θ([0, τ ];X) to problem (3.1)-(3.3) . ¤

Our next goal is to weaken the assumptions on the data in the Theorems
1 and 2. To this end we again suppose −A to be the generator of an analytic
semigroup in X of negative type, i.e., ‖e−tA‖ ≤ ce−ωt, t ≥ 0, where c, ω > 0,
g ∈ C1+θ([0, τ ];R), but we take u0 ∈ DA(θ + 1;X), z ∈ DA(θ0,∞), where
0 < θ < θ0 < 1. Our goal is to find a pair (u, f) ∈ C1([0, τ ];X)× C([0, τ ];R),
Au ∈ Cθ([0, τ ];X) such that equations (2.1)-(2.3) hold under the compatibil-
ity relation (2.4).

THEOREM 3.2 Let −A be a generator of an analytic semigroup in X
of positive type, 0 < θ < θ0 < 1, g ∈ C1+θ([0, τ ];R), u0 ∈ DA(θ + 1,∞),
z ∈ DA(θ0,∞). If, in addition, (2.4), (2.6) hold, then problem (2.1)-(2.3) has
a unique solution (u, f) ∈ Cθ([0, τ ], D(A))× Cθ([0, τ ];R).

Proof. Recall (see [10, p. 145]) that if u0 ∈ D(A), f ∈ C([0, τ ];R), z ∈
DA(θ0,∞), then problem (2.1)-(2.2) has a unique strict solution. Moreover, if
u0 ∈ DA(θ + 1; X), then the solution u to (2.1)-(2.2) has the maximal regu-
larity u′, Au ∈ C([0, τ ];X) ∩ B([0, τ ];DA(θ0,∞)), where B([0, τ ]; Y ) denotes
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the space of all bounded functions from [0, τ ] into the Banach space Y . In
addition Au ∈ Cθ([0, τ ];X).

In order to prove our statement, we need to study suitably the properties of
the function u and to use carefully some properties of the convolution operator
and real interpolation spaces.

One readily sees that u satisfies

Au(t) =
∫ t

0

Φ[Au(s)]
Φ[z]

Ae−(t−s)A z ds + e−tAAu0

+
1

Φ[z]

∫ t

0

A e−(t−s)A z g′(s) ds

so that v(t) = Au(t) must satisfy

v(t) =
∫ t

0

Ae−(t−s)A z
Φ[v(s)]
Φ[z]

ds + e−tAAu0

+
1

Φ[z]

∫ t

0

A e−(t−s)A z g′(s) ds .

Let us introduce the operator S : C([0, τ ];X) → C([0, τ ];X) by

(Sw)(t) =
∫ t

0

Ae−(t−s)A z
Φ[w(s)]

Φ[z]
ds .

Since z ∈ DA(θ0,∞), i.e.,

‖Ae−tAz‖ ≤ c

t1−θ0
, t > 0 ,

we deduce

‖Sw(t)‖ ≤ c

∫ t

0

‖Φ‖X∗ ‖z‖θ0,∞
‖w(s)‖

(t− s)1−θ0
ds ,

‖S2w(t)‖ ≤ [c‖Φ‖X∗ ‖z‖θ0,∞]
∫ t

0

‖Sw(s)‖
(t− s)1−θ0

ds

≤ [c‖Φ‖X∗ ‖z‖θ0,∞]2
∫ t

0

ds

(t− s)1−θ0

∫ s

0

‖w(σ)‖
(s− σ)1−θ0

dσ

= [c‖Φ‖X∗ ‖z‖θ0,∞]2
∫ t

0

(∫ t

σ

ds

(t− s)1−θ0(s− σ)1−θ0

)
‖w(σ)‖ dσ

= c2
1

[∫ 1

0

dη

(1− η)1−θ0η1−θ0

]
(t− σ)1−2(1−θ0)‖w(σ)‖ dσ ,

where c1 = c‖Φ‖X∗ ‖z‖θ0,∞, ‖ · ‖DA(θ0,∞) denoting the norm in DA(θ0,∞).
Recall that

B(p, q) =
∫ 1

0

(1− η)p−1 ηq−1 dη =
Γ(p) Γ(q)
Γ(p + q)

.
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Then

‖S3w(t)‖ ≤ c3
1

∫ 1

0

dη

(1− η)1−θ0η1−θ0

∫ 1

0

dη

(1− η)1−θ0η2(1−θ0)−1

×
∫ 1

0

(t− σ)2−3(1−θ0) ‖w(σ)‖ dσ

≤ c3
1 B(θ0, θ0)B(θ0, 2θ0)

∫ 1

0

(t− σ)2−3(1−θ0) ‖w(σ)‖ dσ

≤ c3
1

Γ(θ0)3

Γ(3θ0)
t3θ0

3θ0
‖w‖C([0,t];X) .

By induction, we easily verify that

‖Snw(t)‖ ≤ cn
1

Γ(θ0)n

Γ(nθ0)
tnθ0

nθ0
‖w‖C([0,t];X) .

Since n
√

Γ(nθ0) →∞ as n →∞, we conclude that the operator S has spectral
radius equal to 0. On the other hand, since z ∈ DA(θ0,∞), θ0 > θ, and
g′ ∈ Cθ([0, τ ];R), we deduce by [6] (Lemma 3.3) that the convolution

∫ t

0

g′(s)Ae−(t−s)A z ds

belongs to Cθ([0, τ ];X).
Moreover, since Au0 ∈ DA(θ,∞), e−tAAu0 ∈ Cθ([0, τ ]; X). It follows that
equation (2.12), i.e.,

v − Sv = h ,

with

h(t) = e−tAAu0 +
1

Φ[z]

∫ t

0

Ae−(t−s)A z g′(s) ds

has a unique solution v ∈ C([0, τ ]; X). In order to obtain more regularity for
v, we use Lemma 3.3 in [6] (see also [7]) again. To this end, we introduce the
following Lp-spaces related to any positive constant δ:

Lp
δ((0, τ); X) =

{
u : (0, τ) → X : e−tδu ∈ Lp((0, τ); X)

}
,

endowed with the norms ‖u‖δ,0,p = ‖e−tδu‖Lp((0,τ);X). Moreover,

‖g‖δ,θ,∞ = ‖e−tδg‖Cθ([0,τ ];X) .

Lemma 3.3 in [6] establishes that, in fact, if z ∈ DA(θ0,∞)), 0 < θ < θ0 < 1,
then

∥∥∥
∫ t

0

Ae−(t−s)A z Φ[v(s)] ds
∥∥∥

δ,θ,∞
≤ c δ−θ0+θ+1/p ‖Φ[v(.)]‖δ,0,p
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10 M. Al-Horani and A. Favini

provided that (θ0 − θ)−1 < p. Now,
∫ t

0

|Φ[v(t)]|p e−δpt dt ≤ ‖Φ‖p
X∗ ‖v‖p

Lp
δ((0,τ);X)

≤ τ ‖Φ‖p
X∗ ‖v‖p

δ,θ,∞ .

Choose δ suitably large and recall that h ∈ Cθ([0, τ ];X). Then the norm of
S as an operator from Cθ([0, τ ]; X) (with norm ‖ · ‖δ,θ,∞) into itself is less
than 1, so that we can deduce that the solution v = Au has the regularity
Cθ([0, τ ];X), as desired. ¤

As a consequence, Theorem 3.1 has the following improvement.

THEOREM 3.3 Let L, M be two closed linear operators in the reflexive
Banach space X with D(L) ⊆ D(M), L being invertible, Φ ∈ X∗ and g ∈
C1+θ([0, τ ];R). Suppose (3.4), (3.5) to hold.
If 0 < θ < θ0 < 1 and Φ[(I−P )z] 6= 0 , sup

t>0
tθ0‖(tT +1)−1(I−P )z‖X < +∞,

sup
t>0

tθ‖(tT + 1)−1(I − P )Lu0‖X < +∞, then problem (3.1)-(3.3) admits a

unique solution (u, f) ∈ Cθ([0, τ ];D(L))×Cθ([0, τ ];R) with Mu ∈ C1+θ([0, τ ];
X).

4 Applications

In this section we show that our abstract results can be applied to some con-
crete identification problems. For further examples for which the theory works
we refer to [8].

Problem 1. Consider the following identification problem related to a bounded
region Ω in Rn with a smooth boundary ∂Ω

Dtu(x, t) =
n∑

i,j=1

Dxi(aij(x)Dxj u(x, t)) + f(t)v(x) , (x, t) ∈ Ω× [0, τ ] ,

u(x, t) = 0 , ∀ (x, t) ∈ ∂Ω× [0, τ ] ,
u(x, 0) = u0(x) , x ∈ Ω ,

Φ[u(x, t)] =
∫

Ω

η(x)u(x, t) dx = g(t) , ∀ t ∈ [0, τ ] ,

where the coefficients aij enjoy the properties

aij ∈ C(Ω) , aij = aji , i, j = 1, 2, ..., n

n∑

i,j=1

aij(x) ξi ξj ≥ c0|ξ|2 ∀x ∈ Ω , ∀ ξ ∈ Rn ,
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c0 being a positive constant. Moreover, g ∈ C1([0, τ ];R). We take

Au = −
n∑

i,j=1

Dxi(aijDxj u) , D(A) = W 2,p(Ω) ∩W 1,p
0 (Ω) ,

where 1 < p < +∞ is assumed. Concerning η, we suppose η ∈ Lq(Ω), where
1/p + 1/q = 1. As it is well known, −A generates an analytic semigroup in
Lp(Ω) and thus we can apply Theorem 3.2 provided that u0 ∈ DA(θ + 1;∞),
i.e., Au0 ∈ DA(θ,∞), v ∈ DA(θ0;∞), 0 < θ < θ0 < 1. On the other hand,
the interpolation spaces DA(θ,∞) are well characterized. Then our problem
admits a unique solution

(u, f) ∈ Cθ([0, τ ];W 2,p(Ω) ∩W 1,p
0 (Ω))× Cθ([0, τ ];R),

if g ∈ C1+θ([0, τ ];R), g(0) =
∫
Ω

η(x)u0(x) dx and
∫
Ω

η(x) v(x) dx 6= 0.

Problem 2. Let Ω be a bounded region in Rn with a smooth boundary ∂Ω.
Let us consider the identification problem

Dtu(x, t) =
n∑

i,j=1

Dxi(aij(x)Dxj u(x, t)) + f(t)v(x) , (x, t) ∈ Ω× [0, τ ] ,

u(x, t) = 0 , (x, t) ∈ ∂Ω× [0, τ ] ,

u(x, 0) = u0(x) , x ∈ Ω ,

Φ[u(x, t)] = u(x, t) = g(t) , t ∈ [0, τ ] ,

where x ∈ Ω is fixed, and the pair (f, u) is the unknown.
Here we take

X = C0(Ω) =
{
u ∈ C(Ω), u(x) = 0 ∀x ∈ ∂Ω

}
,

endowed with the sup norm ‖u‖X = ‖u‖∞.
If the coefficients aij are assumed as in Problem 1, and

Au = −
n∑

i,j=1

Dxi
(aij(x)Dxj

u(x)) , D(A) =
{
u ∈ C0(Ω) ; Au ∈ C0(Ω)

}
,

then −A generates an analytic semigroup in X. The interpolation spaces
DA(θ;∞) have no simple characterization, in view of the boundary condi-
tions imposed to Au. Hence we notice that Theorem 3.2 applies provided that
u0 ∈ D(A2) and v0 ∈ D(A), 0 < θ < 1, g ∈ C1+θ([0, τ ];R), u0(x) = g(0) and
v(x) 6= 0.

Notice that we could develop a corresponding result to Theorem 3.2 related
to operators A with a nondense domain, but this is not so simple and the

Copyright © 2006 Taylor & Francis Group, LLC



12 M. Al-Horani and A. Favini

problem will be handled elsewhere.

Problem 3. Let us consider the following identification problem on a bounded
region Ω in R, n ≥ 1, with a smooth boundary ∂Ω:

Dt[m(x)u] = ∆u + f(t)w(x), (x, t) ∈ Ω× [0, τ ] , (4.1)

u = 0 on ∂Ω× [0, τ ] , (4.2)

(mu)(x, 0) = m(x)u0(x) , x ∈ Ω , (4.3)∫

Ω

η(x) (mu)(x, t) dx = g(t) , ∀t ∈ [0, τ ] , (4.4)

where m ∈ L∞(Ω), ∆ : H1
0 (Ω) :→ H−1(Ω) is the Laplacian, u0 ∈ H1

0 (Ω),
w ∈ H−1(Ω), η ∈ H1

0 (Ω), g ∈ C1+θ([0, τ ];R), 0 < θ < 1, and the pair (u, f) ∈
Cθ([0, τ ];H1

0 (Ω))×Cθ([0, τ ];R) is the unknown. Of course, the integral in (4.4)
stands for the duality between H−1(Ω) and H1

0 (Ω). Theorem 3.3 applies with
X = H−1(Ω), see [8, p. 75]. We deduce that if g(0) =

∫
Ω

η(x) m(x)u0(x) dx,
w(x) = m(x)ζ(x) for some ζ ∈ H1

0 (Ω),
∫
Ω

η(x)m(x)ζ(x) dx 6= 0 and (∆u0)(x)
= m(x)ζ1(x) for some ζ1 ∈ H1

0 (Ω), then problem (4.1)-(4.4) has a unique
solution (u, f) ∈ Cθ([0, τ ]; H1

0 (Ω))×Cθ([0, τ ];R), mu ∈ C1+θ([0, τ ];H−1(Ω)).

Problem 4. Consider the degenerate parabolic equation

Dtv = ∆[a(x)v] + f(t)w(x) , (x, t) ∈ Ω× [0, τ ] , (4.5)

together with the initial-boundary conditions

a(x)v(x, t) = 0 , (x, t) ∈ ∂Ω× [0, τ ] , (4.6)
v(x, 0) = v0(x) , x ∈ Ω , (4.7)

and the additional information
∫

Ω

η(x)v(x, t) dx = g(t) , t ∈ [0, τ ] . (4.8)

Here Ω is a bounded region in Rn, n ≥ 1, with a smooth boundary ∂Ω, a(x) ≥
0 on Ω and a(x) > 0 almost everywhere in Ω is a given function in L∞(Ω),
w ∈ H−1(Ω), v0 ∈ H1

0 (Ω), η ∈ H1
0 (Ω), g is a real valued-function on [0, τ ], at

least continuous, and the pair (v, f) is the unknown. Of course, we shall see
that functions w, v0 and g need much more regularity. Call a(x)v = u. Then,
if m(x) = a(x)−1 and u0(x) = a(x)v0(x) we obtain a system like (4.1)-(4.4).
Let M be the multiplication operator by m from H1

0 (Ω) into H−1(Ω) and let
L = −∆ be endowed with Dirichlet condition, that is, L : H1

0 (Ω) → H−1(Ω),
as previously. Take X = H−1(Ω). Then it is seen in [8, p. 81] that (3.5) holds
if
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i) a−1 ∈ L1(Ω), when n = 1,

ii) a−1 ∈ Lr(Ω) with some r > 1, when n = 2,

iii) a−1 ∈ L
n
2 (Ω), when n ≥ 3.

In order to apply Theorem 3.3 we suppose u0(x) = a(x)v0(x) ∈ H1
0 (Ω). As-

sumption (3.4) reads
∫

Ω

η(x)v0(x) dx =
∫

Ω

η(x)
u0(x)
a(x)

dx = g(0) .

Take g ∈ C1+θ([0, τ ];R), 0 < θ < 1. Since R(T ) = R((1/a)∆−1), let aw =
ζ ∈ H1

0 (Ω), a∆u0 = a∆(av0) = ζ1 ∈ H1
0 (Ω),

∫
Ω

η(x) ζ(x)
a(x) dx 6= 0.

Then we conclude that there exists a unique pair (v, f) satisfying (4.5)-(4.8)
with regularity

∆(av) ∈ Cθ([0, τ ];H−1(Ω)) , v ∈ C1+θ([0, τ ];H−1(Ω)) .

In many applications a(x) is comparable with some power of the distance
of x to the boundary ∂Ω and hence the assumptions depend heavily from
the geometrical properties of the domain Ω. For example, if Ω = (−1, 1),
a(x) = (1− x2)α or a(x) = (1− x)α(1 + x)β , 0 < α, β < 1 are allowed.
More generally, in Rn, one can handle a(x) = (1−‖x‖2)α for some α > 0 with
Ω = {x ∈ Rn : ‖x‖ < r}, r > 0. Precisely, if n = 2, then 0 < α < 1, if n ≥ 3
then 0 < α < 2/n.

Problem 5. Let us consider another degenerate parabolic equation, precisely

Dtv = x(1− x)D2
xv + f(t)w(x), (x, t) ∈ (0, 1)× (0, τ), (4.9)

with the initial condition

v(x, 0) = v0(x), x ∈ (0, 1), (4.10)

but with a Wentzell boundary condition (basic in probability theory and in
applied sciences)

lim
x→0

x(1− x)D2
xv(x, t) = 0, t ∈ (0, 1).

We add the additional information:

Φ[v(·, t)] = v(x̄, t) = g(t), t ∈ [0, τ ], (4.11)

where x̄ ∈ (0, 1) is fixed. Here we take X = H1(0, 1), with the norm

‖u‖2X := ‖u‖2L2(0,1) + ‖u′‖2L2(0,1) + |u(0)|2 + |u(1)|2.
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Introduce operator (A,D(A)) defined by

D(A) :=
{
u ∈ H1(0, 1); u′′ ∈ L1

loc(0, 1) and x(1− x)u′′ ∈ H1
0 (0, 1)

}
,

Au = −x(1− x)u′′, u ∈ D(A).

Then −A generates an analytic semigroup in H1(0, 1), see [8, pp. 249-250],
[4]. So, we can apply Theorem 3.2; therefore, if 0 < θ < θ0 < 1, g ∈
C1+θ([0, τ ];R), v0 ∈ DA(θ + 1,∞), w ∈ DA(θ0,∞) (in particular, v0 ∈
D(A2), w ∈ D(A)), g(0) = v0(x̄), w(x̄) 6= 0, then there exists a unique
pair (v, f) ∈ Cθ([0, τ ]; D(A))×Cθ([0, τ ];R) satisfying (4.9)–(4.11) and Dtv ∈
Cθ([0, τ ];H1(0, 1)). Of course, general functionals Φ in the dual space H(0, 1)∗

could be treated.
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A nonisothermal dynamical Ginzburg-

Landau model of superconductivity.

Existence and uniqueness theorems

Valeria Berti and Mauro Fabrizio

Abstract A time-dependent Ginzburg-Landau model describing superconduc-
tivity with thermal effects into account is studied. For this problem, the absolute
temperature is a state variable for the superconductor. Therefore, we modify the
classical time-dependent Ginzburg-Landau equations by including the tempera-
ture dependence. Finally, the existence and the uniqueness of this nonisothermal
Ginzburg-Landau system is proved.

1 Introduction

There are some materials which exhibit a sharp rise in conductivity at tem-
peratures of the order of 5oK and currents started in these metals persist for
a long time. This is the essence of superconductivity which was discovered by
Kamerlingh Onnes in 1911 (cf.[1], [2], [5], [6], [7], [15], [16], [17]). He observed
that the electrical resistance of various metals such as mercury, lead and tin
disappeared completely in a small temperature range at a critical tempera-
ture Tc which is characteristic of the material. The complete disappearance
of resistance is most sensitively demonstrated by experiments with persistent
currents in superconducting rings.

In 1914 Kamerlingh Onnes discovered that the resistance of a superconduc-
tor could be restored to its value in the normal state by the application of
a large magnetic field. About ten years later, Tuyn and Kamerlingh Onnes
performed experiments on cylindrical specimens, with the axis along the di-
rection of the applied field, and showed that the resistance increases rapidly in
a very small field interval. The value Hc of H at which the jump in resistance
occurs is termed threshold field. This value Hc is zero at T = Tc and increases
as the T is lowered below Tc.

In the first part of the paper we recall the London model of superconduc-
tivity, the traditional Ginzburg-Landau theory and the dynamical extension
presented by Gor’kov and Éliashberg [11]. These models are able to describe
the phase transition which occurs in a metal or alloy superconductor, when

17
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18 V. Berti and M. Fabrizio

the temperature is constant, but under the critical value Tc. In these hy-
potheses the material will pass from the normal to the superconductor state
if the magnetic field is lowered under the threshold field Hc. In this paper we
present a generalization of the Ginzburg-Landau theory which considers vari-
able both the magnetic field and the temperature. Also this model describes
the phenomenon of superconductivity as a second-order phase transition. The
two phases are represented in the plane H − T by two regions divided by a
parabola.

The second part of the paper is devoted to the proof of existence and unique-
ness of the solutions of the nonisothermal Ginzburg-Landau equations. In a
previous paper ([3]) we have shown the well posedness of the problem ob-
tained by neglecting the magnetic field. In this paper, the existence and the
uniqueness of the solutions of the nonisothermal Ginzburg-Landau equations
are proved after formulating the problem by means of the classical state vari-
ables (ψ,A, φ) together with the temperature u = T/Tc. The existence of
the weak solutions in a bounded time interval is established by applying the
Galerkin’s technique. Then, by means of energy estimates we obtain the ex-
istence of global solutions in time. Finally, we prove further regularity and
uniqueness of the solutions.

2 Superconductivity and London theory

Until 1933 the magnetic properties of a superconductor were tacitly assumed
to be a consequence of the property of infinite conductivity. Meissner and
Ochsenfeld checked experimentally this assumption and found that such is
not the case. They observed the behavior of a cylinder in an applied uniform
magnetic field. When the temperature is above the critical value Tc, the sample
is in the normal state and the internal magnetic field is equal to the external
magnetic field. If the cylinder is cooled through Tc, the magnetic field inside
the sample is expelled, showing that a superconducting material exhibits a
perfect diamagnetism (Meissner effect).

The phenomenological theory of the brothers Heinz and Fritz London, de-
veloped in 1935 soon after the discovery of the Meissner effect, is based on the
diamagnetic approach in that it gives a unique relation between current and
magnetic field. At the same time it is closely related to the infinite conductiv-
ity approach in that the allowed current distributions represent a particular
class of solutions for electron motion in the absence of scattering.

In the London theory the electrons of a superconducting material are di-
vided in normal (as the electrons in a normal material scatter and suffer
resistance to their motion) and superconducting (they cross the metal with-
out suffering any resistance). Below the critical temperature Tc, the current
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A nonisothermal dynamical Ginzburg-Landau model 19

consists of superconducting electrons and normal electrons. Above the critical
temperature only normal electrons occur. Accordingly we write the current
density as the sum of a normal and superconducting part, i.e.,

J = Jn + Js.

The normal density current Jn is required to satisfy Ohm’s law, namely

Jn = σE, (2.1)

σ being the conductivity of normal electrons. In the London theory, the behav-
ior of Js is derived through a corpuscular scheme. Since the superconducting
electrons suffer no resistance, their motion in the electric field E is governed
by

mv̇s = −qE

where m,−q,vs are the mass, the charge and the velocity of the supercon-
ducting electrons. Let ns be the density of superconducting electrons so that
Js = −nsqvs. Multiplication by −nsq/m and the assumption that ns is con-
stant yield

J̇s =
nsq

2

m
E. (2.2)

Assume further that the superconductor is diamagnetic and that time vari-
ations are slow enough that the displacement current is negligible. Maxwell’s
equations become

Ḃ = −∇×E, ∇×B = µ0Js.

Comparison gives
Ḃ = − m

nsq2
∇×J̇s

whence
Ḃ = −α∇×(∇×Ḃ)

where α = m/(µ0nsq
2). The usual identity ∇×(∇×) = ∇(∇·) −∆ and the

divergence-free condition of B give

∆Ḃ =
1
α
Ḃ.

Appropriate initial values of B and Js and an integration in time allow B
and Js to satisfy the equations

∆B =
1
α
B, (2.3)

B = −µ0α∇×Js. (2.4)

Equations (2.1) through (2.4) are the basic relations of the London theory.
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Take the curl of (2.1) and compare with (2.4) and the induction law; we
have

α∇×J = −B
µ0
− σαḂ.

Similarly, take the time derivative of (2.1) and compare with (2.2) to have

αJ̇ =
1
µ0

E + ασĖ.

These equations have the advantage that only the total current density J
occurs rather than Jn and Js. This is appreciated if the separation of the
total current J into the two components Jn,Js looks somewhat artificial.

Equations (2.3) and (2.4) can be used to evaluate the magnetic induction
(field) in a superconductor. If, for simplicity, B is allowed to depend on a
single Cartesian coordinate, x say, then by (2.3) the only bounded solution as
x ≥ 0 is

B(x) = B(0) exp(−x/
√

α).

This result shows that, roughly, B penetrates in the half-space x ≥ 0 of a
distance

√
α =

√
m/(µ0nsq2). That is why the quantity

λL =
m

µ0nsq2

is called London penetration depth. This implies that a magnetic field is ex-
ponentially screened from the interior of a sample with penetration depth λL,
i.e., the Meissner effect.

3 Ginzburg-Landau theory

The Ginzburg-Landau theory [10] deals with the transition of a material from
a normal state to a superconducting state. If a magnetic field occurs then the
transition involves a latent heat which means that the transition is of the first
order. If, instead, the magnetic field is zero the transition is associated with a
jump of the specific heat and no latent heat (second-order transition). Landau
[14] argued that a second-order transition induces a sudden change in the sym-
metry of the material and suggested that the symmetry can be measured by a
complex-valued parameter ψ, called order parameter. The physical meaning of
ψ is specified by saying that |ψ|2 is the number density, ns, of superconducting
electrons. Hence ψ = 0 means that the material is in the normal state, T > Tc,
while |ψ| = 1 corresponds to the state of a perfect superconductor (T = 0).
There must exist a relation between ψ and the absolute temperature T and
this occurs through the free energy e. Incidentally, at first Gorter and Casimir
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[12] elaborated a thermodynamic potential with a real-valued order parame-
ter. Later, Ginzburg and Landau argued that the order parameter should be
complex-valued so as to make the theory gauge-invariant.

With a zero magnetic field, at constant pressure and around the critical
temperature Tc the free energy e0 is written as

e0 = −a(T )|ψ|2 +
1
2
b(T )|ψ|4; (3.1)

higher-order terms in |ψ|2 are neglected which means that the model is valid
around the critical temperature Tc for small values of |ψ|. If a magnetic field
occurs then the free energy of the material is given by

∫

Ω

e(ψ, T,H)dv =
∫

Ω

[e0(ψ, T ) +
1
2
µH2 +

1
2m

| − i~∇ψ − qAψ|2]dv (3.2)

where ~ is Planck’s constant and A is the vector potential associated to H,
i.e., µH = ∇×A. The free energy (3.2) turns out to be gauge-invariant.
Assume that the free energy is stationary (extremum) at equilibrium. Regard
T as fixed, which means that quasi-static processes are considered whereby
Js = ∇×H. The corresponding Euler-Lagrange equations, for the unknowns
ψ and A, are

1
2m

(i~∇+ qA)2ψ − aψ + b|ψ|2ψ = 0, (3.3)

Js = −i
~q
2m

(ψ̄∇ψ − ψ∇ψ̄)− q2

m
|ψ|2A. (3.4)

Examine the consequences of (3.3)–(3.4). The boundary condition takes the
form

(−i~∇ψ − qAψ) · n
∣∣
∂Ω

= 0.

By (3.4) this implies that
Js · n

∣∣
∂Ω

= 0.

Also, letting ψ = |ψ| exp(iθ), we obtain from (3.4) that

Js = −~q
m
|ψ|2∇θ − q2

m
|ψ|2A = −Λ−1(

~
q
∇θ + A). (3.5)

Hence the London equation

∇×(ΛJs) = −B (3.6)

follows.
To make the theory apparently gauge-invariant, we express the free energy

in terms of Js rather than of A. As shown in [7], §3.1, we have

|i~∇ψ + qAψ|2 = ~2(∇|ψ|)2 + |ψ|2(~∇θ + qA)2 = ~2(∇|ψ|)2 + ΛJ2
s.
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Hence we can write the free energy (3.2) as a functional of f = |ψ| and T,H
in the form

∫

Ω

e(f, T,H)dv =
∫

Ω

[
− a(T )f2 +

1
2
b(T )f4 +

1
2
µH2

+
~2

2m
(∇f)2 − 1

2
ΛJ2

s

]
dv, (3.7)

the sign before ΛJ2
s arising from the Legendre transformation between A and

H. The term ~2(∇f)2/2m represents the energy density associated with the
interaction between the superconducting phase and the normal phase.

As is the case in Ginzburg-Landau theory, we restrict attention to time-
independent processes where Js = J = ∇×H. Hence the functional (3.7) is
stationary with respect to f and H, with H×n fixed at the boundary ∂Ω, if
the Euler-Lagrange equations

− ~
2

2m
∆f +

m

2q2f3
J2

s − af + bf3 = 0 (3.8)

µH = −∇×ΛJs (3.9)

hold together with the boundary condition

∇f · n
∣∣
∂Ω

= 0.

Equation (3.9) coincides with (3.6) and hence with the Ginzburg-Landau equa-
tion (3.5) or (3.4). Also, equation (3.8) reduces to equation (3.3) when the
phase θ of ψ is chosen to be zero as is the case for the system (3.8), (3.9).

Since the vector potential A is a nonmeasurable quantity, equation (3.9)
may seem more convenient than (3.4) as long as the relation ∇×ΛJs = −B
may be preferable to (3.5).

4 Quasi-steady model

Starting from the BCS theory of superconductivity, Schmid ([18]) and Gor’kov
& Éliashberg ([11]) have elaborated a generalization to the dynamic case of
the Ginzburg-Landau theory within the approximation that the temperature
T is near the transition value Tc. They consider the variables ψ, A and the
electrical potential φ which, together with the vector potential A, is subject
to the equations

∇×A = B , E = −Ȧ +∇φ. (4.1)
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By adhering to [9] we complete the quasi-steady model of superconductivity
through the equations

γ(ψ̇ − i
q

~
φψ) = − 1

2m
(i~∇+ qA)2 + aψ − b|ψ|2ψ,

σ(Ȧ−∇φ) = −∇×∇×A + Js, (4.2)

Js = − i~q
2m

(ψ̄∇ψ − ψ∇ψ̄)− q2

m
|ψ|2A,

where γ is an appropriate relaxation coefficient.
The system of equations must be invariant under a gauge transformation

(ψ,A, φ) ←→ (ψei(q/~)χ,A +∇χ, φ + χ̇)

where the gauge χ is an arbitrary smooth function of (x, t). Among the possible
gauges we mention the London gauge

∇ ·A = 0 , A · n|∂Ω = 0 ,

the Lorentz gauge
∇ ·A = −φ

and the zero-electrical potential gauge φ = 0. Reference [13] investigates these
gauges and shows that the condition φ = 0 is incompatible with the London
gauge ∇ ·A = 0.

The system (4.2) is associated with the initial conditions

ψ(x, 0) = ψ0(x) , A(x, 0) = A0(x). (4.3)

Equation (4.2)2 follows from the Maxwell equation

∇×H = Js + Jn + εĖ

by disregarding the derivative Ė and letting Jn = σE. That is why the problem
(4.2) is called quasi-steady.

Moreover, by letting ψ = f exp(iθ), from (4.2)1, we deduce the evolution
equation for the variable f . In terms of the observable variables f,ps,H,E,
the system (4.2) can be written in the form

γḟ =
~2

2m
∇2f − q2

2m
p2

sf + af − bf3 (4.4)

∇×ps = −µH (4.5)

∇×H = Λ−1(f)ps + σE (4.6)

∇×E = −µḢ (4.7)

Copyright © 2006 Taylor & Francis Group, LLC



24 V. Berti and M. Fabrizio

along with the boundary conditions

∇f · n|∂Ω = 0, H× n|∂Ω = g , ps · n|∂Ω = 0 (4.8)

and the initial conditions

f(x, 0) = f0(x) , H(x, 0) = H0(x). (4.9)

Observe that by (4.5) and (4.7) we have

ṗs =
m

q
v̇s = E−∇φs.

This result can be viewed as the Euler equation for a nonviscous electronic
liquid (see [15]), where the scalar function φs represents the thermodynamic
potential per electron. The previous relation allows the quasi-steady problem
(4.4)–(4.7) to be written as

γḟ =
~2

2m
∆f − q2

2m
p2

sf + af − bf3,

1
µ
∇×∇×ps = −Λ−1(f)ps − σṗs − σ∇φs.

Moreover (4.6) provides

∇ · (Λ−1(f)ps) = ∇ · Js = −∇ · (σE) = −σρ. (4.10)

In the theory of Gor’kov and Éliashberg [11], which is based on the system
(4.2), the function φs is assumed to depend on f and on the total electron
density ρ in the form

φs = Λ(f)ρ. (4.11)

The comparison of (4.10) and (4.11) gives

∇ · (Λ−1(f)ps) = −σΛ−1(f)φs. (4.12)

5 Phase transition in superconductivity
with thermal effects

We present a generalization of the model which describes the phase transition
in superconductivity without neglecting thermal effects. The main assumption
is that the phase transition is of second order and that the effects due to the
variation of the temperature are like the ones shown by varying the magnetic
field. In this sense the temperature T can be considered as the dual variable
of the magnetic field H.
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In order to justify the model here examined, we consider the expression of
Gauss free energy in terms of the variables (ψ, T,A)

E(ψ, u,A)

=
∫

Ω

[
−a(T )|ψ|2 +

1
2
b(T )|ψ|4 +

1
2µ
|∇ ×A|2 +

1
2m

|i~∇ψ + qAψ|2
]

dv.

Following [8] and [19] we consider the linear approximation of a(T ) in a neigh-
borhood of the critical temperature, namely

a(T ) = −a0

(
T

Tc
− 1

)
= −a0(u− 1),

where u = T
Tc

> 0. Finally, we suppose constant the coefficient b(T ). By means
of the temperature u, the critical value uc is now given by uc = 1, while the
domain of definition is R+.

Under these hypotheses the free energy takes the following form

E(ψ, u,A)

=
∫

Ω

[
a0(u− 1)|ψ|2 +

b0

2
|ψ|4 +

1
2µ
|∇ ×A|2 +

1
2m

|i~∇ψ + qAψ|2
]
dv

(5.1)

which as a function of f, u, H can be written as

E(f, u,H) =
∫

Ω

[
a0(u− 1)f2 +

b0

2
f4 +

µ

2
H2 +

~2

2m
|∇f |2 +

1
2
Λ(f)|∇×H|2

]
dv.

When we use the representation (5.1) as free energy with a0 = b0 = 1, then
the first Gor’kov Éliashberg equation takes the dimensionless form

γḟ =
1
κ2
4f − (f2 − 1 + u)f − f |A− 1

κ
∇θ|2 (5.2)

4φ + γf2(θ̇ − κφ) = 0 (5.3)

where κ > 0 is the Ginzburg-Landau parameter. From (5.1) or (5.2) it is
possible to retrieve the phase diagram, which separates the normal from su-
perconductor zone. This relation is represented by a parabola in the H − T
plane (see [1]), which can be approximated considering the points for which
the coefficient of f is zero. Namely, the points such that

−1 + u +
∣∣∣A− 1

κ
∇θ

∣∣∣
2

= 0 .

The temperature effect will be supposed negligible on the first Maxwell
equation, which we write in the London gauge (∇ ·A = 0)

Ȧ−∇φ +∇×∇×A + f2(A− 1
κ
∇θ) = 0. (5.4)
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Finally, we need to consider the heat equation, which must be related to the
equation (5.2) in order to have a thermodynamic compatibility. Hence let us
consider the first law of thermodynamics or heat equation

αuut − ufft = k∇ · u∇u (5.5)

where α and k are two positive scalar constants. From (5.5), under the hy-
pothesis of small perturbations for |∇u|2, we obtain the entropy equation

αut − fft = k4u (5.6)

6 Existence and uniqueness of the solutions

In this section we prove the existence and the uniqueness of the solutions of the
nonisothermal time dependent Ginzburg-Landau equations. To this purpose
we write the system (4.2) in dimensionless form and the equation (5.6) by
means of the complex variable ψ. Therefore we obtain

γ(ψt − iκφψ)− 1
κ2
4ψ +

2i

κ
A · ∇ψ + |A|2ψ + ψ

(|ψ|2 − 1 + u
)

= 0 , (6.1)

At −∇φ +∇×∇×A− i

2κ

(
ψ∇ψ̄ − ψ̄∇ψ

)
+ |ψ|2A = 0 , (6.2)

αut − k4u− 1
2
(
ψψ̄t + ψ̄ψt

)
= 0 . (6.3)

The problem is completed by the boundary conditions

∇ψ·n|∂Ω = 0, (∇×A)×n|∂Ω = Hex×n, ∇φ·n|∂Ω = 0, u|∂Ω = ũ, (6.4)

where Hex is the external magnetic field, and the initial data

ψ(x, 0) = ψ0(x) , A(x, 0) = A0(x) , u(x, 0) = u0(x) . (6.5)

In order to deal with homogeneous boundary conditions we introduce the
new variables û = u − ũ and Â = A − Aex, where Aex is related to the
external magnetic field by ∇×Aex = Hex and satisfies

∇ ·Aex = 0 , Aex · n|∂Ω = 0 .

By assuming ũ constant and Hex independent of time and such that∇×Hex =
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0, the system (6.1)–(6.5) reduces to

γ(ψt − iκφψ)− 1
κ2
4ψ +

2i

κ
(Â + Aex) · ∇ψ + |Â + Aex|2ψ

+ψ
(|ψ|2 − 1 + û + ũ

)
= 0 , (6.6)

Ât −∇φ +∇×∇× Â− i

2κ

(
ψ∇ψ̄ − ψ̄∇ψ

)
+ |ψ|2(Â + Aex) = 0 , (6.7)

αût − k4û− 1
2
(
ψψ̄t + ψ̄ψt

)
= 0 , (6.8)

∇ψ · n|∂Ω = 0 , Â · n|∂Ω = 0 , (∇× Â)× n|∂Ω = 0 ,

∇φ · n|∂Ω = 0 , û|∂Ω = 0 , (6.9)

ψ(x, 0) = ψ0(x) , Â(x, 0) = Â0(x) , û(x, 0) = û0(x) . (6.10)

Let us denote by Lp(Ω), p > 0 and Hs(Ω), s ∈ R, the usual Lebesgue and
Sobolev spaces, endowed with the standard norms ‖ · ‖p and ‖ · ‖Hs . In partic-
ular, we denote by ‖ · ‖ the norm in L2(Ω). Given a time interval [a, b] and a
Banach space X, we denote by C(a, b, X) [Lp(a, b, X)] the space of continuous
[Lp] functions from [a, b] into X, with the usual norms

‖f‖C(a,b,X) = sup
t∈[a,b]

‖f(t)‖X ,
[
‖f‖p

Lp(a,b,X) =
∫ b

a

‖f(t)‖p
X

]
.

Finally let us introduce the following functional spaces

D(Ω) =
{
A : A ∈ H1(Ω), ∇ ·A = 0, A · n|∂Ω = 0

}
,

H1
m(Ω) =

{
φ : φ ∈ H1(Ω),

∫

Ω

φdv = 0
}

.

DEFINITION 6.1 A triplet (ψ, Â, û) such that ψ ∈ L2(0, τ, H1(Ω)) ∩
H1(0, τ, L2(Ω)), Â ∈ L2(0, τ,D(Ω))∩H1(0, τ,H1(Ω)′), û ∈ L2(0, τ, H1

0 (Ω))∩
H1(0, τ, H−1(Ω)), satisfying (6.10), is a weak solution of the problem (6.6)–
(6.10) with φ ∈ L2(0, τ,H1

m(Ω)), Aex ∈ D(Ω) if
∫

Ω

[
γ(ψt − iκφψ)χ +

1
κ2
∇ψ · ∇χ− 2i

κ
ψ(Â + Aex) · ∇χ + |Â + Aex|2ψχ

+ψχ(|ψ|2 − 1 + û + ũ)
]
dv = 0 , (6.11)

∫

Ω

[
Ât · b + φ∇ · b +∇× Â · ∇ × b− i

2κ

(
ψ∇ψ̄ − ψ̄∇ψ

) · b

+|ψ|2(Â + Aex) · b
]
dv = 0 , (6.12)

∫

Ω

[
αûtv + k∇û · ∇v − 1

2
(
ψψ̄t + ψ̄ψt

)
v

]
dv = 0 , (6.13)

for each χ ∈ H1(Ω), b ∈ H1(Ω), v ∈ H1
0 (Ω) and for a.e. t ∈ [0, τ ].
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Notice that, since any b ∈ H1(Ω) can be decomposed as b = a +∇ϕ, with
a ∈ D(Ω) and ϕ ∈ H2(Ω), the equation (6.12) can be replaced by

∫

Ω

[
Ât · a +∇× Â · ∇ × a− i

2κ

(
ψ∇ψ̄ − ψ̄∇ψ

) · a

+|ψ|2(Â + Aex) · a
]
dv = 0 ,

∫

Ω

[
φ4ϕ− i

2κ

(
ψ∇ψ̄ − ψ̄∇ψ

) · ∇ϕ + |ψ|2(Â + Aex) · ∇ϕ

]
dv = 0 .

The following theorem proves the existence of the local solutions of the
problem (6.6)–(6.10).

THEOREM 6.1 Let ψ0 ∈ H1(Ω), Â0 ∈ D(Ω), û0 ∈ L2(Ω). Then there exist
τ0 > 0 and a solution (ψ, Â, û) of the problem (6.6)–(6.10) in the time in-
terval (0, τ0). Moreover ψ ∈ L2(0, τ0, H

2(Ω)) ∩ C(0, τ0,H
1(Ω)), Â ∈ L2(0, τ0,

H2(Ω)) ∩ C(0, τ0,H
1(Ω)), û ∈ C(0, τ0, L

2(Ω)).

Proof. The proof is based on the Faedo-Galerkin method. Let χj ,aj and
vj , j ∈ N be solutions of the boundary value problems




−4χj = λjχj

∇χj · n|∂Ω = 0





∇×∇× aj = µjaj

∇ · aj = 0

aj · n|∂Ω = 0

(∇× aj)× n|∂Ω = 0

{−4vj = ξjvj

vj |∂Ω = 0

where the eigenvalues λj , µj , ξj satisfy the inequalities 0 = λ1 < λ2 < ...,
0 < µ1 < µ2 < ..., 0 < ξ1 < ξ2 < ... and the eigenfunctions {χj}j∈N, {aj}j∈N
and {vj}j∈N constitute orthonormal bases of L2(Ω). Moreover χj ∈ H1

m(Ω)
for each j ≥ 2.

We denote by

ψm(x, t) =
m∑

j=1

αjm(t)χj(x) , Âm(x, t) =
m∑

j=1

βjm(t)aj(x) ,

φm(x, t) =
m∑

j=1

γjm(t)χj(x) , ûm(x, t) =
m∑

j=1

δjm(t)vj(x) ,
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which satisfy, for each j = 1, ...,m, the equations
∫

Ω

[
γ(ψm

t − iκφmψm)χj +
1
κ2
∇ψm · ∇χj − 2i

κ
ψm(Âm + Aex) · ∇χj

+|Âm + Aex|2ψmχj + ψmχj(|ψm|2 − 1 + ûm + ũ)
]
dv = 0 , (6.14)

∫

Ω

[
Âm

t · aj +∇× Âm · ∇ × aj − i

2κ

(
ψm∇ψ̄m − ψ̄m∇ψm

) · aj

+|ψm|2(Âm + Aex) · aj

]
dv = 0 , (6.15)

∫

Ω

[
αûm

t vj − 1
2
(
ψmψ̄m

t + ψ̄mψm
t

)
vj + k∇ûm · ∇vj

]
dv = 0 , (6.16)

∫

Ω

[
φm4χj − i

2κ

(
ψ̄m∇ψm − ψm∇ψ̄m

) · ∇χj

+|ψm|2(Âm + Aex) · ∇χj

]
dv = 0 . (6.17)

The function φm is supposed to verify the condition
∫

Ω

φmdv = 0 ,

for all t ∈ R. Moreover, since χj ∈ H1
m(Ω), j ≥ 2, from the previous equation

we deduce γ1m = 0, for each m ∈ N, so that

φm(x, t) =
m∑

j=2

γjm(t)χj(x) .

Let (ψ0m, Â0m, û0m) be a sequence which converges to (ψ0, Â0, û0) with re-
spect to the norm of H1(Ω)×H1(Ω)× L2(Ω) and denote by

ψm(x, 0) = ψ0m(x) , Âm(x, 0) = A0m(x) , ûm(x, 0) = u0m(x) .

Then the equations (6.14)–(6.16) constitute a system of ordinary differential
equations for the unknowns αjm, βjm and δjm with initial conditions

αjm(0) =
∫

Ω

ψ0mχjdv , βjm(0) =
∫

Ω

A0m · ajdv , δjm(0) =
∫

Ω

u0mvjdv .

Notice that (6.17) allows to express γjm, j ≥ 2, as a function of αjm, βjm and
δjm.

Therefore the standard theory of ordinary differential equations ensures the
existence and uniqueness of the local solutions.

By letting

F = γ‖ψm‖2H1 + ‖Âm‖2 + ‖∇ × Âm‖2 + ‖ i

κ
∇ψm + ψm(Âm + Aex)‖2

+
1
2
‖|ψm|2 − 1‖2 + α‖ûm‖2 + 1,
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the inequality

dF
dt

+
γ

2
‖ψm

t ‖2 +
1

2κ2
‖4ψm‖2 +

1
2
‖∇φm‖2 +

k

2
‖∇ûm‖2 + ‖Âm

t ‖2

+‖∇ × Âm‖2 ≤ cF5 (6.18)

can be proved. See [4] for details. An integration in (0, t) leads to

F ≤ (F(0)−4 − ct)−1/4 t < τ0, (6.19)

where τ0 depends on the norms ‖ψ0m‖H1 , ‖A0m‖H1 , ‖u0m‖. The previous in-
equalities allow to pass to the limit as m → ∞ and prove the existence of a
solution (ψ,A, u) of the problem (6.6)–(6.10) satisfying ψ ∈ C(0, τ0,H

1(Ω)),
Â ∈ C(0, τ0,H

1(Ω)) and û ∈ C(0, τ0, L
2(Ω)).

The local solutions, defined in the time interval (0, τ0) by Theorem 6.1, can
be extended to the whole interval (0, +∞). Indeed we construct a Lyapunov
functional for the system

γft − 1
κ2
4f + (f2 − 1 + u)f − f |A− 1

κ
∇θ|2 = 0 , (6.20)

At −∇φ +∇×∇×A + f2(A− 1
κ
∇θ) = 0 , (6.21)

4φ + γf2(θt − κφ) = 0 , (6.22)

αut − fft − k4u = 0 , (6.23)

by multiplying the equations respectively by ft,At − κ−1∇θt,−φ + κ−1θt, û
and integrating in Ω. We obtain

‖ft‖2 +
1
2

d

dt

[
1
κ2
‖∇f‖2 +

1
2
‖f2 − 1‖2

]
+

∫

Ω

fft

[
|A− 1

κ
∇θ|2 + u

]
dv = 0,

‖At‖2 +
1
2

d

dt

(
‖∇ ×A‖2 − 2

∫

∂Ω

A×Hex · nda

)

+
∫

Ω

[
f2(A− 1

κ
∇θ) ·

(
At − 1

κ
∇θt

)
+

1
κ
∇φ · ∇θt

]
dv = 0,

‖∇φ‖2 + γκ‖ 1
κ

fθt − fφ‖2 − 1
κ

∫

Ω

∇φ · ∇θtdv = 0,

α

2
d

dt
‖û‖2 + k‖∇û‖2 −

∫

Ω

ûfftdv = 0 .

Adding the previous equations, we get

dG
dt

+ ‖ft‖2 + ‖At‖2 + ‖∇φ‖2 + γκ‖f(
1
κ

θt − φ)‖2 + k‖∇u‖2 = 0 , (6.24)
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where the functional G is defined as

G =
1
2

(
1
κ2
‖∇f‖2 +

1
2
‖f2 − 1‖2 + ‖f(A− 1

κ
∇θ)‖2 + ‖∇ ×A‖2

−2
∫

∂Ω

A×Hex · nda + ν‖Hex‖2H−1/2(∂Ω) + α‖u‖2 +
∫

Ω

ũf2dv

)

and the constant ν is sufficiently large in order to make G positive.
The relation (6.24) yields

G(t) ≤ G(0) , ∀t ≥ 0,

which guarantees that the local solutions defined in (0, τ0) can be extended
in (0,∞). As a consequence of last inequality, we can prove some a priori
estimates of the solutions. In particular, if the initial data are chosen such
that the energy is finite, we have

‖f‖2H1 + ‖A‖2H1 + ‖f∇θ‖2 + ‖u‖2 ≤ C . (6.25)

Moreover, by integrating the relation (6.24) in (0, t) we obtain the further
estimate∫ t

0

[‖ft‖2 + ‖At‖2 + ‖∇φ‖2 + ‖fθt‖2 + ‖∇u‖2]ds ≤ C . (6.26)

The inequalities (6.25) and (6.26) lead to an estimate for the variable ψ

‖ψ‖2H1 +
∫ t

0

‖ψt‖2ds ≤ C . (6.27)

It can be proved ([3]) that if f0(x) ≤ 1 almost everywhere in Ω, then

f(x, t) ≤ 1 , (6.28)

for all t > 0. Accordingly, the relations (6.1), (6.25), (6.26) and (6.27) yield
∫ t

0

‖4ψ‖2ds ≤ C . (6.29)

THEOREM 6.2 The solution (ψ,A, u) of the system (6.1)–(6.5), with ini-
tial data (ψ0,A0, u0) ∈ H1(Ω)×D(Ω)× L2(Ω) is unique.

Proof. Let (ψ1,A1, u1), (ψ2,A2, u2) be two solutions of the problem (6.6)–
(6.10) with the same initial data (ψ0,A0, u0) and sources Aex, ũ. By denoting
by ψ = ψ1 − ψ2, A = A1 − A2, φ = φ1 − φ2 and u = u1 − u2, from the
equations (6.6)–(6.8) and the inequalities (6.25)–(6.29) we deduce ([4])

1
2

d

dt

[
γ‖ψ‖2 +

1
κ2
‖∇ψ‖2 + ‖A‖2 + ‖∇ ×A‖2 + α‖u‖2

]

≤ ϕ1(t)‖ψ‖2H1 + ϕ2(t)‖A‖2H1 + C‖u‖2
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where ϕ1, ϕ2 are L1-functions of time. Therefore, an application of Gronwall’s
inequality proves ψ = 0, A = 0, u = 0.
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Some global in time results

for integrodifferential parabolic

inverse problems

Fabrizio Colombo, Davide Guidetti
and Vincenzo Vespri

Abstract We discuss a global in time existence and uniqueness result for an
inverse problem arising in the theory of heat conduction for materials with mem-
ory. The novelty lies in the fact this is a global in time well posed problem in the
sense of Hadamard, for semilinear parabolic inverse problems of integrodifferen-
tial type.

1 Introduction

In this paper we discuss some strategies we can use in the study of parabolic
integrodifferential inverse problems. The choice of the strategy depends on
what type of nonlinearities are involved. We consider the heat equation for
materials with memory since it is one of the most important physical examples
to which our methods apply. Other models, for instance in the theory of
population dynamics, can also be considered within our framework. We recall,
for the sake of completeness, the heat equation for materials with memory.
Let Ω be an open and bounded set in R3 and T be a positive real number.
The evolution equation for the temperature u is given, for (t, x) ∈ [0, T ]× Ω,
by

Dtu(t, x) = k∆u(t, x) +
∫ t

0

h(t− s)∆u(s, x) ds + F (u(t, x)), (1.1)

where k is the diffusivity coefficient, h accounts for the memory effects and F is
the heat source. In the inverse problem we consider, besides the temperature
u, also h as a further unknown, and to determine it we add an additional
measurement on u represented in integral form by

∫

Ω

φ(x)u(t, x) dx = G(t), ∀t ∈ [0, T ], (1.2)

35
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where φ and G are given functions representing the type of device used to mea-
sure u (on a suitable part of the body Ω) and the result of the measurement,
respectively. We associate with (1.1)–(1.2) the initial-boundary conditions, for
example of Neumann type:

{
u(0, x) = u0(x), x ∈ Ω,

Dνu(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω,
(1.3)

ν denoting the outward normal unit vector.
So one of the problems we are going to investigate is the following.

PROBLEM 1.1 (The Inverse Problem with two types of nonlinearities):
determine the temperature u : [0, T ] × Ω −→ R and the convolution kernel
h : [0, T ]× Ω −→ R satisfying (1.1)–(1.3).

In the case when F is independent of u, but depends only on x and on t,
we assume that the heat source is placed in a given position, but its time
dependence is unknown, so we can suppose that

F (t, x) = f(t)g(x),

where f has to be determined and g is a given datum. Then we also assume
that the diffusion coefficient k is unknown. The second inverse problem we
will study is as follows.

PROBLEM 1.2 (An inverse problem with a nonlinearity of convolution
type): determine the temperature u : [0, T ]×Ω −→ R, the diffusion coefficient
k and the functions h : [0, T ] −→ R, f : [0, T ] −→ R satisfying the system





Dtu(t, x) = k∆u(t, x) +
∫ t

0
h(t− s)∆u(s, x) ds + f(t)g(x),

u(0, x) = u0(x), x ∈ Ω,

∂u

∂ν
(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ω,

(1.4)

with the additional conditions
∫

Ω

u(t, x)µj(dx) = Gj(t), ∀t ∈ [0, T ], j = 1, 2, (1.5)

where g, u0, G1, G2 are given data and µ1 and µ2 are finite Borel measures
in C(Ω).

REMARK 1.1 The additional conditions considered for Problem 1.2 (cf.
(1.5)) is more general than the one considered for Problem 1.1 (cf. (1.2)). This
is due to the fact that in Problem 1.2 we will choose the space of continuous
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functions as reference space. Such a setting has the advantage to allow addi-
tional measurements of the temperature also on the boundary of Ω, while in
the Lp-setting (if we consider additional measurements of type (1.5)), one is
compelled to make further measurements inside the body. In fact, for Problem
1.2 the measure µj (1 ≤ j ≤ 2) is Borel measure in Ω, e.g., concentrated on
the surface ∂Ω, while, in the other case, φ (cf. (1.2)) is an element of Lp′(Ω)
with 1/p + 1/p′ = 1.

Several identification problems involving the heat equation with memory
have been faced and solved in the recent years; see for example [4, 5, 6, 8, 9,
12, 14] and the literature therein. The type of results we find are theorems of
local in time existence and uniqueness for the solution of the inverse problem
considered. What is still an open problem is to find global in time existence
and uniqueness theorems for a sufficiently large class of nonlinearities that
involve the function F (u(t, x)).

Since in this paper we want to show what kind of difficulties we have to over-
come to solve Problem 1.1 (Problem 1.2, even though it has more unknowns,
from a technical view point is a particular case) we make the following classifi-
cation of the difficulties one has to face when dealing with this kind of inverse
problems.

The main difficulty arises because there are two types of nonlinearities:
one is in the convolution term

∫ t

0
h(t− s)∆u(s, x) ds, while the second one is

obviously due to the nonlinear function F (u(t, x)).
There are several papers in which nonlinearities of convolution type have

been studied. In particular, in [10, 11] the authors prove global in time results,
in suitable weighted spaces, for convolution kernels that depend also on one
space variable.

Such spaces are the natural tool to face inverse problems in which there are
only nonlinearities of convolution type.

The presence of the nonlinear function F (u(t, x)) of the unknown u leads
us to look for a priori estimates for the unknowns u and h, so that from a
local in time result we obtain a global in time one.

The problem that arises with both nonlinearities is that the weighted spaces
are not suitable in treating the nonlinear term F (u(t, x)). What has been
done in the recent paper [7] is to find methods that allow us to treat both
nonlinearities simultaneously.

In the case where we are looking for a local in time solution there is a
wide class of function spaces in which it is possible to set our problem; see
for example [4, 5, 6, 12, 14, 20, 22], but in the case we have to find a priori
estimates just a few spaces are useful to this aim.

In this paper we present global in time results in the space of bounded
functions with values in an interpolation space for a problem that involves
only the nonlinearity of convolution type and then we show the very recent
results in the Sobolev setting in the case there are both type of nonlinearities.
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In the literature we can find the recent paper [21], in which the authors prove
a conditioned global in time result for a phase-field model using a different
strategy with respect to ours that suits well for the particular coupling of the
equations of the phase-field system they consider. This is due to the fact that
the two types of nonlinearities belong to two different equations.

Our final target is to generalize the technique developed in [7] to the dif-
ferent phase-field models that we can find in the literature; see for example
[2, 3, 16, 20, 24, 25].

Let us explain what are the main differences in dealing with one or two
types of nonlinearities showing the strategies we use.

In the case when the term F is a given datum that does not depend on
the temperature u, or as in Problem 1.2 where F = fg with f unknown, we
use the weighted spaces, to be introduced in the sequel, and we proceed as
follows.

(1) In the case it is possible to formulate our problem in at least two func-
tion spaces, we consider an abstract formulation of the inverse problem
relating it to a Banach space X. This is not strictly necessary if the
results hold just in the case when X can be uniquely chosen.

(2) We choose a functional setting. For example we can take the space of
bounded functions on [0, T ] or the Sobolev spaces on [0, T ] with values
in the Banach space X and we select the related optimal regularity
theorem for the linearized version of the problem.

(3) We prove that the abstract version of the problem is equivalent to a
suitable fixed point system.

(4) Since the fixed point system contains integral operators, we have to
estimate them in the weighted spaces we are considering (exponential
weight eσt, σ ∈ R+, t ∈ [0, T ] is usually used). The estimates for the
integral operators must be such that suitable constants depending on σ
approaches zero as σ →∞.

(5) By the Contraction Principle we prove that the equivalent problem has
a unique solution, so we get existence and uniqueness of a solution to
our inverse problem.

(6) We apply the abstract results to the concrete problem.

Let us come to the doubly nonlinear case in which F depends on u. The
main idea to solve the problem in this case is to prove that there exists a local
in time solution of the inverse problem in Sobolev spaces without weights,
then we linearize the convolution term and we find a priori estimates for u
and for the convolution kernel h. More precisely we proceed as follows.

(a) In this case we do not give an abstract formulation since at the moment
we are able to prove our results only in the Sobolev setting.
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(b) We use the Sobolev spaces W k,p(0, T ;Lp(Ω)).

(c) Analogue to (3), but the concrete system is considered instead of the
abstract one.

(d) The fixed point system contains integral operators; we have to estimate
them in the Sobolev spaces we have chosen.

(e) We apply the Contraction Principle to prove that there exists a unique
local in time solution. Thanks to the equivalence theorem previously
obtained we get local in time existence and uniqueness of the solution to
our inverse problem. We prove a global in time uniqueness result without
the condition that Fu be bounded.

(f) We linearize the convolution term thanks to the local in time existence
and uniqueness theorem. We observe that a unique solution (û, ĥ) exists
in [0, τ ] for some τ > 0. We set vτ (t) = v(τ + t) and hτ (t) = h(τ + t)
and consider, for 0 < t < τ , the splitting
∫ τ+t

0

h(τ + t− s)∆v(s, x)ds = hτ ∗∆v̂(t, x) + ĥ ∗∆vτ (t, x) + F̃ (t, x),

where the symbol ∗ stands for the convolution (see below) and F̃ (t, x)
is a given data depending on the known functions (û, ĥ). This way of
rewriting the convolution term allows us to avoid the weighted spaces
that have a bad behavior when we deal with the nonlinearity F (u).

(g) We deduce the a priori estimates for vτ (t) and hτ (t) for 0 < t < τ with
the condition Fu be bounded. In a finite number of steps we extend the
solution to the interval [0, T ].

2 Functional settings and preliminary material

Let X be a Banach space with norm ‖ · ‖ and let T > 0. We denote by
C([0, T ]; X) the usual space of continuous functions with values in X, while
we denote by B([0, T ];X) the space of bounded functions with values in X.
B([0, T ];X) will be endowed with the sup-norm

‖u‖B([0,T ];X) := sup
0≤t≤T

‖u(t)‖ (2.1)

and C([0, T ];X) will be considered a closed subspace of B([0, T ];X). We will
use the notations C([0, T ];R) = C([0, T ]) and B([0, T ];R) = B([0, T ]). By
L(X) we denote the space of all bounded linear operators from X into itself
equipped with the sup–norm, while L(X;R) = X ′ is the space of all bounded
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linear functionals on X considered with the natural norm. We set N0 :=
N ∪ {0}. If s ∈ Z, s ≥ 2 we set W s,p

B (Ω) := {f ∈ W s,p(Ω) : Dνf ≡ 0}. We
denote by Bs

p,q(Ω) (s > 0, 1 ≤ p, q ≤ +∞) the Besov spaces. The symbol
(·, ·)θ,p stands for the real interpolation functor (0 < θ < 1, 1 ≤ p ≤ +∞).
For all h ∈ L1(0, T ) and f : (0, T ) → X we define the convolution

h ∗ f(t) :=
∫ t

0

h(t− s)f(s)ds,

whenever the integral has a meaning. Let p ∈ [1, +∞), m ∈ N0; if f ∈
Wm,p(0, T ; X) (see [1]), we set

‖f‖W m,p(0,T ;X) :=
m−1∑

j=0

‖f (j)(0)‖X + ‖f (m)‖Lp(0,T ;X).

For the sake of brevity we define the Banach space

X(T, p) = W 1,p(0, T ; Lp(Ω)) ∩ Lp(0, T ;W 2,p(Ω)),

where T ∈ R+, p ∈ [1, +∞]. If u ∈ X(T, p) we set

‖u‖X(T,p) = ‖u‖W 1,p(0,T ;Lp(Ω)) + ‖u‖Lp(0,T ;W 2,p(Ω)).

We now give the definition:

DEFINITION 2.1 Let A : D(A) ⊆ X → X be a linear operator, possibly
with D(A) 6= X. Operator A is said to be sectorial if it satisfies the following
assumptions:

• there exist θ ∈ (π/2, π) and ω ∈ R, such that any λ ∈ C \ {ω} with
|arg(λ− ω)| ≤ θ belongs to the resolvent set of A.

• there exists M > 0 such that ‖(λ − ω)(λI − A)−1‖L(X) ≤ M for any
λ ∈ C \ {ω} with |arg(λ− ω)| ≤ θ.

The above definition of sectorial operator is important to define the semi-
group of bounded linear operators {etA}t≥0, in L(X), so that t → etA is an
analytic function from (0, +∞) to L(X).
Let us define the family of interpolation spaces (see [23] or [29]) DA(θ,∞),
θ ∈ (0, 1), between D(A) and X by

DA(θ,∞) =
{

x ∈ X : |x|DA(θ,∞) := sup
0<t<1

t1−θ‖AetAx‖ < ∞
}

(2.2)

with the norm
‖x‖DA(θ,∞) = ‖x‖+ |x|DA(θ,∞). (2.3)
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We also set

DA(1 + θ,∞) = {x ∈ D(A) : Ax ∈ DA(θ,∞)}. (2.4)

DA(1 + θ,∞) turns out to be a Banach space when equipped with the norm

‖x‖DA(1+θ,∞) = ‖x‖+ ‖Ax‖DA(θ,∞). (2.5)

For Problem 1.2 we will use the following optimal regularity result:

THEOREM 2.1 (Optimal regularity in spaces B([0, T ];DA(θ,∞))) Let X
be a Banach space. Consider the Cauchy Problem:

(CP )

{
u′(t) = Au(t) + f(t), t ∈ [0, T ],

u(0) = u0,
(2.6)

where A : D(A) → X is a sectorial operator and θ ∈ (0, 1). For any f ∈
C([0, T ]; X)∩B([0, T ];DA(θ,∞)), u0 ∈ DA(θ+1,∞) the Cauchy problem (CP)
admits a unique solution u ∈ C1([0, T ]; X)∩C([0, T ];D(A))∩B([0, T ];DA(θ+
1,∞)).

Proof. See the book [23] or the original paper [27].

As we have discussed in the introduction for Problem 1.1 at the moment we
have the only possibility to choose Sobolev spaces, if we want a global in time
result. For this reason we do not formulate the inverse problem in an abstract
setting. As a consequence the optimal regularity result we are in need of is
formulated just for the concrete case.

THEOREM 2.2 (Optimal regularity in spaces X(T, p)) Let ∆ be the Laplace
operator and k0 ∈ R+. Consider the problem





Dtu(t, x) = k0∆u(t, x) + F (t, x), (t, x) ∈ [0, T ]× Ω,

Dνu(t, x′) = 0, (t, x′) ∈ [0, T ]× ∂Ω,

u(0, x) = u0(x), x ∈ Ω.

(2.7)

Then, if p ∈ (1, +∞), F ∈ Lp(0, T ;Lp(Ω)) and u0 ∈ (Lp(Ω),W 2,p
B (Ω))1−1/p,p,

(2.7) has a unique solution u ∈ X(T, p). Moreover, for all T0 ∈ R+, there
exists C(T0) ∈ R+, such that, if 0 < T ≤ T0,

‖u‖X(T,p) ≤ C(T0)(‖F‖Lp(0,T ;Lp(Ω)) + ‖u0‖(Lp(Ω),W 2,p
B (Ω))1−1/p,p

). (2.8)

Proof. It is that of Theorem 8.1 in [15].
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From Theorem 3.5 in [17], we have that, for p ∈ (1, +∞):

(Lp(Ω),W 2,p
B (Ω))1−1/p,p =





B
2(1−1/p)
p,p (Ω) if 1 < p < 3,

{f ∈ B
2(1−1/p)
p,p (Ω) : Dνf ≡ 0} if 3 < p < +∞.

(2.9)

3 The main results

We present in the following subsections the results we have obtained in the
case we deal only with the nonlinearity of convolution type and the case in
which both nonlinearities are involved. The space of bounded functions is used
in the first case, while the Sobolev setting is used in the second case.

3.1 The case of one nonlinearity of convolution type

We give the Inverse Problem 1.2 an abstract formulation and then we apply
the abstract Theorem 3.1 to the concrete case.

PROBLEM 3.1 (Inverse Abstract Problem (IAP)) Let A be a sectorial
operator in X. Determine a positive number k and three functions u, h, f ,
such that

(α)

{
u ∈ C2([0, T ];X) ∩ C1([0, T ];D(A)),

Dtu ∈ B([0, T ];DA(1 + θ,∞)), D2
t u ∈ B([0, T ];DA(θ,∞)),

(β) h ∈ C([0, T ]),

(γ) f ∈ C1([0, T ]),

satisfying the system
{

u′(t) = kAu(t) +
∫ t

0
h(t− s)Au(s)ds + f(t)g, t ∈ [0, T ],

u(0) = u0,
(3.1)

and the additional conditions:

〈u(t), φj〉 = Gj(t), t ∈ [0, T ], j = 1, 2, (3.2)

where φj (j = 1, 2) are given bounded linear functionals on X, and Gj, u0, g
are given data.

We study the (IAP) under the following assumptions:

(H1) θ ∈ (0, 1), X is a Banach space and A is a sectorial operator in X.
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(H2) u0 ∈ DA(1 + θ + ε,∞), for some ε ∈ (0, 1− θ).

(H3) g ∈ DA(θ + ε,∞), for some ε ∈ (0, 1− θ).

(H4) φj ∈ X ′, for j = 1, 2.

(H5) Gj ∈ C2([0, T ]), for j = 1, 2.

(H6) The matrix

M :=

(
< Au0, φ1 > < g, φ1 >

< Au0, φ2 > < g, φ2 >

)
(3.3)

is invertible and its inverse is defined by

M−1 :=

(
a11 a12

a21 a22

)
. (3.4)

(H7) We require that the linear system
{

k0 < Au0, φ1 > +f0 < g, φ1 >= G′1(0),

k0 < Au0, φ2 > +f0 < g, φ2 >= G′2(0),
(3.5)

has a unique solution (k0, f0) with k0 > 0.

(H8) v0 := k0Au0 + f0g ∈ DA(1 + θ,∞).

(H9) < u0, φj >= Gj(0), < v0, φj >= G′j(0), j = 1, 2.

REMARK 3.1 Owing to (H6) the first component k0 of the solution (k0, f0)
is positive if and only if

1
det M

[G′1(0) < g, φ2 > −G′2(0) < g, φ1 >] > 0.

The main abstract result is the following:

THEOREM 3.1 Assume that conditions (H1)–(H9) are fulfilled. Then
Problem 3.1 has a unique (global in time) solution (k, u, h, f), with k ∈ R+,
and u, h, f satisfying conditions (α), (β) and (γ).

Proof. See Section 4 for the main steps of the proof or Section 5 in [13] for
all the details.

An application to the concrete case. We choose as reference space

X = C(Ω), (3.6)
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where Ω is an open bounded set in Rn (in the introduction we have considered
the physical case n = 3, but the result holds for any n ∈ N) with boundary of
class C2(1+θ+ε), for some θ ∈ (0, 1/2), ε ∈ (0, (1/2)− θ). We define




D(A) =

{
u ∈

⋂

1≤p<+∞
W 2,p(Ω) : ∆u ∈ C(Ω), Dνu|∂Ω = 0

}
,

Au := ∆u, ∀u ∈ D(A).
(3.7)

It was proved by Stewart (see [28]) that A is a sectorial operator in X. Then
we recall the following characterizations concerning the interpolation spaces
related to A (see [23]):

DA(ξ,∞) =

{
C2ξ(Ω), if 0 < ξ < 1/2,

{u ∈ C2ξ(Ω) : Dνu|∂Ω = 0}, if 1/2 < ξ < 1.
(3.8)

Consequently, if 0 < ξ ≤ θ + ε, we have

DA(1 + ξ,∞) = {u ∈ C2(1+ξ)(Ω) : Dνu|∂Ω = 0}. (3.9)

So we consider the Inverse Problem 1.2 under the following assumptions:

(K1) Ω is an open bounded set in Rn with boundary of class C2(1+θ+ε), for
some θ ∈ (0, 1/2), ε ∈ (0, (1/2)− θ).

(K2) u0 ∈ C2(1+θ+ε)(Ω), Dνu0|∂Ω = 0.

(K3) g ∈ C2(θ+ε)(Ω).

(K4) For j = 1, 2, µj is a bounded Borel measure in Ω. We set, for ψ ∈ X,

< ψ, φj >:=
∫

Ω

ψ(x)µj(dx). (3.10)

(K5) Suppose that (H5) holds.

(K6) Suppose that (H6) holds with φj (j = 1, 2) defined in (3.10) and A
defined in (3.7).

(K7) Suppose that (H7) holds.

(K8) v0 := k0∆u0 + f0g ∈ C2(1+θ)(Ω), Dνv0|∂Ω = 0.

(K9) Suppose that (H9) holds.

Applying Theorem 3.1 we immediately deduce:

THEOREM 3.2 Assume that conditions (K1)–(K9) are satisfied. Then the
Inverse Problem 1.2 has a unique (global in time) solution (k, u, h, f), such
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that
u ∈ C2([0, T ]; C(Ω)) ∩ C1([0, T ];D(A)),

Dtu ∈ B([0, T ]; C2(1+θ)(Ω)), D2
t u ∈ B([0, T ]; C2θ(Ω)),

h ∈ C([0, T ]), f ∈ C1([0, T ]), k ∈ R+,

A being defined in (3.7).

3.2 The case of two nonlinearities

We solve the Inverse Problem 1.1 under the following conditions on the data:

(I1) Ω is an open bounded subset of Rn, lying on one side of its boundary
∂Ω, which is a submanifold of Rn of class C2.

(I2) p ∈ (1,+∞), n ∈ N, with n < 2p.

(I3) u0 ∈ W 2,p
B (Ω).

(I4) φ ∈ W 2,p′(Ω). We set ψ := ∆φ.

(I5) F ∈ C∞(R).

(I6) v0 := ∆u0 + F (u0) ∈ (Lp(Ω),W 2,p
B (Ω))1−1/p,p.

(I7) g ∈ W 2,p(0, T ).

(I8) Φ(u0) = g(0) and Φ(v0) = g′(0).

(I9) Φ(∆u0) :=
∫
Ω

φ(x)∆u0(x)dx 6= 0.

(I10) Fu is bounded.

THEOREM 3.3 (Global in time). Let the assumptions (I1)–(I10) hold. Let
T > 0 and p ≥ 2. Then Problem 1.1 has a unique solution

(u, h) ∈ [W 2,p(0, T ; Lp(Ω)) ∩W 1,p(0, T ; W 2,p(Ω))]× Lp(0, T ).

Proof. See Section 5 for the main steps of the proof or Section 7 in [7] for
all the details.

4 The strategy for nonlinearity of convolution type
in weighted spaces

We now want to show in a more explicit way how we obtain our results
sketching some proofs. We follow the list in the introduction.
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Step (1). The abstract formulation is Problem 3.1.

Step (2). The functional setting is the space of bounded function with values
in an interpolation space, see (α) for the function u.

Step (3). We reformulate Problem 3.1 in terms of the equivalent nonlinear
fixed point system (4.10). In proving Theorem 4.1 we find out a set of regular-
ity and compatibility conditions on the data that makes the inverse problem
well posed. To this aim, we start by introducing some notations. We set

A0 := k0A. (4.1)

As k0 > 0, see (H7), A0 is a sectorial operator in X. Next, we set, for t ∈ [0, T ],

h1(t) := a11G
′′
1(t) + a12G

′′
2(t), (4.2)

w1(t) := a21G
′′
1(t) + a22G

′′
2(t), (4.3)

v(t) := etA0v0. (4.4)

We immediately observe that h1 and w1 belong to C([0, T ]) and, owing to
Theorem 2.1, v ∈ C([0, T ];D(A)) ∩ B([0, T ];DA(1 + θ,∞)). Next, we define,
again for t ∈ [0, T ],

h(t) := h1(t)− k0a11 < Av(t), φ1 > −k0a12 < Av(t), φ2 >, (4.5)

w(t) := w1(t)− k0a21 < Av(t), φ1 > −k0a22 < Av(t), φ2 > . (4.6)

Of course, h and w belong to C([0, T ]). Finally, we introduce the follow-
ing (nonlinear) operators, defined for every (v, h, w) ∈ [C([0, T ];D(A)) ∩
B([0, T ];DA(1 + θ,∞))]× C([0, T ])× C([0, T ]):

R1(v, h, w)(t) := etA0 ∗ (hAu0 + wg + h ∗Av)(t), (4.7)

R2(v, h, w)(t) := −k0[a11 < AR1(v, h, w)(t), φ1 >

+a12 < AR1(v, h, w)(t), φ2 >]

−a11 < h ∗Av(t), φ1 >

−a12 < h ∗Av(t), φ2 >

−a11 < h ∗AR1(v, h, w)(t), φ1 >

−a12 < h ∗AR1(v, h, w)(t), φ2 >, (4.8)
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R3(v, h, w)(t) := −k0[a21 < AR1(v, h, w)(t), φ1 >

+a22 < AR1(v, h, w)(t), φ2 >]

−a21 < h ∗Av(t), φ1 >

−a22 < h ∗Av(t), φ2 >

−a21 < h ∗AR1(v, h, w)(t), φ1 >

−a22 < h ∗AR1(v, h, w)(t), φ2 > . (4.9)

We observe that R2 and R3 are well defined, because

R1(v, h, w) ∈ C([0, T ];D(A)) ∩ B([0, T ];DA(1 + θ,∞)).

Moreover, R2(v, h, w) and R3(v, h, w) both belong to C([0, T ]).
Now we can introduce the following problem:

PROBLEM 4.1 Determine three functions v, h, w, such that

(α′) v ∈ C([0, T ];D(A)) ∩ B([0, T ];D(1 + θ,∞)),

(β′) h ∈ C([0, T ]),

(γ′) w ∈ C([0, T ]),

satisfying the system 



v = v +R1(v, h, w),

h = h +R2(v, h, w),

w = v +R3(v, h, w).

(4.10)

THEOREM 4.1 (Equivalence) Let A be a sectorial operator in the Banach
space X and θ ∈ (0, 1). Let us assume that the data g, u0, φj and Gj (j = 1, 2)
satisfy the conditions (H1)–(H9). Suppose that k, u, f , h satisfy Problem 3.1,
with k ∈ R+ and u, f , h fulfilling the regularity conditions (α), (β), (γ). Then

(I) k = k0, the triplet (v, h, w), where v = u′, w = f ′ satisfies the conditions
(α′), (β′), (γ′) and solves Problem 4.1;

(II) conversely, if (v, h, w), with the above regularity, is a solution of the
Problem 4.1, then the triplet (u, h, f), where u = u0+1∗v, f = f0+1∗w,
satisfies the regularity conditions (α), (β), (γ) and solves Problem 3.1
with k = k0.

Proof. It is Theorem 4.2 in [13] and it is based on Theorem 2.1.
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Step (4). Fundamental estimates for the integral operators Rj, j = 1, 2, 3, in
the weighted space.

We introduce some crucial estimates that will be essential to obtain global
in time existence and uniqueness of a solution to our inverse problem. Let
λ > 0, T > 0, θ ∈ (0, 1). If f ∈ B([0, T ];X), we set

‖u‖Bλ([0,T ];X) := sup
0≤t≤T

e−λt‖u(t)‖. (4.11)

We denote by Cλ([0, T ];X) the space C([0, T ];X) equipped with the norm
‖ · ‖Bλ([0,T ];X).
We will use the notations Cλ([0, T ];R) = Cλ([0, T ]) and Bλ([0, T ];R) =
Bλ([0, T ]). We now state some useful estimates in these weighted spaces for
the solution of the Cauchy problem given by Theorem 2.1. We will list in the
following theorems what kind of estimates we are in need of.

THEOREM 4.2 Let A : D(A) → X be a sectorial operator, θ ∈ (0, 1).
Let us suppose that f ∈ C([0, T ];X)∩B([0, T ];DA(θ,∞)). Then the following
estimates hold:

‖etA ∗ f‖Cλ([0,T ];X) ≤
C0

1 + λ
‖f‖Cλ([0,T ];X); (4.12)

if θ ≤ ξ ≤ 1 + θ,

‖etA ∗ f‖Bλ([0,T ];DA(ξ,∞)) ≤
C(θ, ξ)

(1 + λ)1+θ−ξ
‖f‖Bλ([0,T ];DA(θ,∞)), (4.13)

with C0 and C(θ, ξ) independent of f and λ.

Proof. It is that of Theorem 4.3 in [13].

THEOREM 4.3 Let λ ≥ 0, h ∈ C([0, T ]) and u ∈ C([0, T ];X) ∩ B([0, T ];
DA(θ,∞)). Then there exists C > 0, independent of T , λ, h, u, such that, if

h ∗ u(t) :=
∫ t

0

h(t− s)u(s)ds, (4.14)

h ∗ u ∈ C([0, T ]; X) ∩ B([0, T ];DA(θ,∞)) and satisfies the following estimate:

‖h ∗ u‖Bλ([0,T ];DA(θ,∞)) ≤ C min
{

T‖h‖Bλ([0,T ])‖u‖Bλ([0,T ];DA(θ,∞)),

(1 + λ)−1‖h‖Bλ([0,T ])‖u‖B([0,T ];DA(θ,∞)),

(1 + λ)−1‖h‖B([0,T ])‖u‖Bλ([0,T ];DA(θ,∞))

}
.

(4.15)

Proof. It is that of Theorem 4.4 in [13].
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The above theorems give us the possibility to estimate the operators Rj ,
j = 1, 2, 3.

LEMMA 4.1 Assume that conditions (H1)–(H9) are satisfied. Let R1, R2,
R3 be the operators defined in (4.7), (4.7), (4.8), respectively. Then there ex-
ists C > 0 such that, for all λ ≥ 0, v, v1, v2 ∈ C([0, T ];D(A))∩B([0, T ];DA(1+
θ,∞)), h, h1, h2 ∈ C([0, T ]) and w, w1, w2 ∈ C([0, T ]) we have

‖R1(v, h, w)‖Bλ([0,T ];DA(1+θ,∞)) ≤ C[‖h ∗Av‖Bλ([0,T ];DA(θ,∞))

+(1 + λ)−ε(‖h‖Bλ([0,T ]) + ‖w‖Bλ([0,T ]))

+(1 + λ)−1(‖h− h‖Bλ([0,T ])

+‖v − v‖Bλ([0,T ];DA(1+θ,∞)))

+‖h− h‖Bλ([0,T ])‖v − v‖Bλ([0,T ];DA(1+θ,∞)];
(4.16)

‖R1(v1, h1, w1)−R1(v2, h2, w2)‖Bλ([0,T ];DA(1+θ,∞))

≤ C[‖h1 − h2‖Bλ([0,T ])‖v1 − v‖Bλ([0,T ];DA(1+θ,∞))

+ ‖h2 − h‖Bλ([0,T ])‖v1 − v2‖Bλ([0,T ];DA(1+θ,∞))

+ (1 + λ)−ε(‖h1 − h2‖Bλ([0,T ]) + ‖w1 − w2‖Bλ([0,T ]))

+ (1 + λ)−1‖v1 − v2‖Bλ([0,T ];DA(1+θ,∞))]; (4.17)

and, if i ∈ {2, 3},

‖Ri(v, h, w)‖Bλ([0,T ])

≤ C[‖R1(v, h, w)‖Bλ([0,T ];DA(1+θ,∞)) + (1 + λ)−1‖h‖Bλ([0,T ])

+ ‖h− h‖Bλ([0,T ])‖R1(v, h, w)‖Bλ([0,T ];DA(1+θ,∞))]; (4.18)

‖Ri(v1, h1, w1)−Ri(v2, h2, w2)‖Bλ([0,T ])

≤ C[‖R1(v1, h1, w1)−R1(v2, h2, w2)‖Bλ([0,T ];DA(1+θ,∞))

+ (1 + λ)−1‖h1 − h2‖Bλ([0,T ])

+ ‖h1 − h2‖Bλ([0,T ])‖R1(v1, h1, w1)‖Bλ([0,T ];DA(1+θ,∞))

+‖h2 − h‖Bλ([0,T ])‖R1(v1, h1, w1)−R1(v2, h2, w2)‖Bλ([0,T ];DA(1+θ,∞))]. (4.19)

Proof. It is that of Lemma 5.1 in [13] and it is based on Theorems 4.2 and
4.3.
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Step 5. By the Contraction Principle we prove Theorem 3.1. Let λ ≥ 0. We
set

Y (λ) := (Cλ([0, T ];D(A)) ∩ Bλ([0, T ];DA(1 + θ,∞))× Cλ([0, T ])2, (4.20)

and we endow it with the norm

‖(v, h, w)‖Y (λ) := max{‖v‖Bλ([0,T ];DA(1+θ,∞)), ‖h‖Bλ([0,T ]), ‖w‖Bλ([0,T ])},
(4.21)

with v ∈ Cλ([0, T ];D(A)) ∩ Bλ([0, T ];DA(1 + θ,∞)), h ∈ Cλ([0, T ]) and w ∈
Cλ([0, T ]). With the norm (4.21) Y (λ) becomes a Banach space.
Let λ ≥ 0, ρ > 0 and set

Y (λ, ρ) := {(v, h, w) ∈ Y (λ) : ‖(v, h, w)− (v, h, w)‖Y (λ) ≤ ρ}. (4.22)

Then, for every ρ > 0, Y (λ, ρ) is a closed subset of Y (λ).
Now we introduce the following operator N : if (v, h, w) ∈ Y (λ), we set

N(v, h, w) := (v +R1(v, h, w), h +R2(v, h, w), w +R3(v, h, w)). (4.23)

Clearly N is a nonlinear operator in Y (λ).
Now we show that Problem 3.1 has a solution (k, u, h, f), with the regularity
properties (α), (β), (γ).
Applying Theorem 4.1, we are reduced to looking for a solution (v, h, w) of
system (4.10), satisfying the conditions (α′), (β′), (γ′). This is equivalent to
looking for a fixed point of N in Y (λ), for some λ ≥ 0. For the details see
Section 5 in [13].

Step (6). An application of the abstract result is Theorem 3.2.

5 The strategy for the case of two nonlinearities
in Sobolev spaces

We show the main ideas on which is based the global in time result for the
doubly nonlinear problem.

Step (a)–(b). We consider in this case the concrete formulation of the prob-
lem since the correct functional setting is the Sobolev space

X(T, p) = W 1,p(0, T ; Lp(Ω)) ∩ Lp(0, T ;W 2,p(Ω)).

Step (c). An equivalent reformulation of the problem is the following:

THEOREM 5.1 Let the assumptions (I1)–(I9) hold. Let u and h verify
the conditions

u ∈ W 2,p([0, T ];Lp(Ω)) ∩W 1,p([0, T ]; W 2,p(Ω)), h ∈ Lp([0, T ]), (5.1)
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and solve the system (1.1)–(1.3). We set v := Dtu, so v and h satisfy the
conditions

v ∈ W 1,p(0, T ; Lp(Ω)) ∩ Lp(0, T ; W 2,p(Ω)), h ∈ Lp([0, T ]). (5.2)

Then v and h solve the system (5.4) and (5.6). On the other hand, let v, h
satisfy the conditions (5.2) and solve the system (5.4) and (5.6). If we set
u := u0 + 1 ∗ v, then u, h verify the conditions (5.1) and solve the system
(1.1)–(1.3).

Proof. We split the proof into two steps.

Step 1. Suppose that the problem (1.1)–(1.3) has a solution

u ∈ W 2,p(0, T ; Lp(Ω)) ∩W 1,p(0, T ;W 2,p(Ω)), h ∈ Lp(0, T ).

We set
Dtu(t, x) := v(t, x), (5.3)

and we differentiate the first equation in (1.1) to get




Dtv(t, x) = ∆v(t, x) + h(t)∆u0 + h ∗∆v(t, x)

+ Fu(u0(x) + 1 ∗ v(t, x))v(t, x),

v(0, x) := v0 = Au0(x) + F (u0(x)), x ∈ Ω,

Dνv(t, x) = 0, t ∈ [0, T ], x ∈ ∂Ω.

(5.4)

If (I1)–(I9) hold, obviously we have v ∈ W 1,p(0, T ;Lp(Ω))∩Lp(0, T ; W 2,p(Ω))
and h ∈ Lp(0, T ). Apply now functional Φ (cf. (I9)) to the first equation and,
keeping in mind that Φ(Dtu)(t) = g′(t) and Φ(D2

t u)(t) = g′′(t), we get

g′′(t) = Φ[∆v(t, ·)] + h(t)Φ[∆u0(·)]
+h ∗ Φ[∆v(t, ·)] + Φ[Fu(u0(·) + 1 ∗ v(t, ·))v(t, ·)]. (5.5)

We can write, setting χ−1 := Φ[∆u0(·)] 6= 0,

h(t) = χg′′(t)− χΦ[Fu(u0(·) + 1 ∗ v(t, ·))v(t, ·)]
−χΦ[∆v(t, ·)]− χh ∗ Φ[∆v(t, ·)]. (5.6)

Step 2. Suppose now that v ∈ W 1,p(0, T ; Lp(Ω)) ∩ Lp(0, T ;W 2,p(Ω)) and
h ∈ Lp(0, T ) satisfy system (5.4) and (5.6). Since Dtu(t, x) := v(t, x) we
observe that the first equation in (5.4) can be rewritten as

Dt[Dtu(t, x)−∆u(t, x)− h ∗∆u(t, x)− F (u(t, x))] = 0,

which gives

Dtu(t, x)−∆u(t, x)− h ∗∆u(t, x)− F (u(t, x)) = C(x). (5.7)
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Setting t = 0, we have

v0(x)−∆u0(x)− f(u0(x)) = C(x),

so we get C = 0. So, from equation (5.7) we deduce the first equation in (1.1).
Consider the equation for h in (5.5), it can be written as:

Dtg
′(t) = Dt[Φ[∆u(t, ·)] + h ∗ Φ[∆u(t, ·)] + Φ[F (u(t, ·))]]. (5.8)

This gives

c + g′(t) = Φ[∆u(t, ·)] + h ∗ Φ[∆u(t, ·)] + Φ[F (u(t, ·))].

At t = 0 we have
c + g′(0) = Φ[∆u0(·) + F (u0(·))].

Since ∆u0(x) + F (u0(x)) = v0 and g′(0) = Φ[v0] we get c = 0. Then the
equation

DtΦ[u(t, ·)] = g′(t)

becomes
c′ + Φ[u(t, ·)] = g(t).

Setting t = 0 and recalling the compatibility condition Φ[u(0)] = g(0), we get
c′ = 0 so that

Φ[u(t, ·)] = g(t).

Step (d). We get the preliminary lemmas that are necessary to estimate the
operators entering in the equivalent reformulation of the problem.

THEOREM 5.2 Let X be a Banach space, p ∈ (1, +∞), τ ∈ R+, h ∈
Lp(0, τ), f ∈ Lp(0, τ ; X). Then h ∗ f ∈ Lp(0, τ ; X) and

‖h ∗ f‖Lp(0,τ ;X) ≤ τ1−1/p ‖h‖Lp(0,τ)‖f‖Lp(0,τ ;X).

Proof. It is that of Theorem 3.2 in [7].

THEOREM 5.3 Let X be a Banach space, τ ∈ R+, p ∈ (1, +∞), z ∈
W 1,p(0, τ ; X), with z(0) = 0. Then

‖z‖L∞(0,τ ;X) ≤ τ1−1/p ‖z‖W 1,p(0,τ ;X), (5.9)

‖z‖Lp(0,τ ;X) ≤ p−1/p τ ‖z‖W 1,p(0,τ ;X). (5.10)

Proof. It is that of Theorem 3.3 in [7].
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THEOREM 5.4 Under the conditions (I1) and (I2), W 2,p(Ω) is continu-
ously embedded in C(Ω) and is a space of pointwise multipliers for W s,p(Ω),
for s = 0, 1, 2.

Proof. It is that of Theorem 3.4 in [7].

THEOREM 5.5 Under the assumptions (I1),(I2) and (I3), if S ∈ C∞(R),
then the map v → S ◦ v is of class C∞ from W 2,p(Ω) into itself. Moreover,
for all k ∈ N0, (S ◦ ·)(k) is bounded with values in Lk(W 2,p(Ω),W 2,p(Ω)) in
every bounded subset of W 2,p(Ω).

Proof. It is that of Theorem 3.5 in [7].

THEOREM 5.6 Assume that (I1) and (I2) are satisfied, S ∈ C∞(R),
u0 ∈ W 2,p(Ω). Let R ∈ R+, 0 < τ ≤ T and let V1 and V2 be elements of
X(τ, p) such that

max
j∈{1,2}

‖Vj‖Lp(0,τ ;W 2,p(Ω)) ≤ R.

Then

‖S(u0 + 1 ∗ V1)V1 − S(χ0 + 1 ∗ V2)V2‖Lp(0,τ ;Lp(Ω))

≤ C(R, T )τ (p−1)/(2p)‖V1 − V2‖X(τ,p).

Proof. It is that of Theorem 3.6 in [7].

THEOREM 5.7 Let p ∈ (1, +∞), Ω satisfying (H1), φ ∈ Lp′(Ω), τ ∈ R+.
We define in Lp(0, τ ; Lp(Ω)) the operator

Φ[f ](t) :=
∫

Ω

φ(x)f(t, x)dx.

If u ∈ X(τ, p), we consider the map u → Φ[∆u]. Then Φ[∆u] ∈ Lp(0, τ) and

‖Φ[∆u]‖Lp(0,τ) ≤ ω(τ)‖u‖X(τ,p), (5.11)

with ω(τ) > 0, independent of u, and lim
τ→0

ω(τ) = 0.

Proof. It is that of Theorem 3.7 in [7].

Step (e). The local in time existence theorem and the global in time unique-
ness theorem without the condition Fu bounded.
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THEOREM 5.8 (Local in time existence and uniqueness). Let the assump-
tions (I1)–(I9) hold. Then there exists τ ∈ (0, T ], depending on the data, such
that the inverse problem (1.1)–(1.3) has a unique solution

(u, h) ∈ [W 2,p(0, τ ; Lp(Ω)) ∩W 1,p(0, τ ; W 2,p(Ω))]× Lp(0, τ).

Proof. It is that of Theorem 2.1 in [7] and its proof is based on Theorems
2.2 and 5.2–5.7.

THEOREM 5.9 (Global in time uniqueness). Let the assumptions (I1)–
(I9) hold. If τ ∈ (0, T ], and if the inverse problem in Definition 1.2 has two
solutions (uj , hj) ∈ W 2,p(0, τ ; Lp(Ω)) ∩ W 1,p(0, τ ; W 2,p(Ω)) × Lp(0, τ), j ∈
{1, 2}, then u1 = u2 and h1 = h2.

Proof. It is that of Theorem 2.2 in [7] and its proof is based on Theorems
2.2 and 5.2–5.7.

Step (f). We linearize the convolution term. From the local in time existence
and uniqueness theorem we observe that a unique solution û, ĥ exists in [0, τ ]
for some τ > 0. So we can consider the equations:





Dtv(τ + t, x) = ∆v(τ + t, x) + h(τ + t)∆u0

+
∫ τ+t

0
h(τ + t− s)∆v(s, x)ds + Fu(u0(x) + 1 ∗ v(τ + t, x))v(τ + t, x),

v(τ, x) = uτ (x), x ∈ Ω,

Dνv(τ + t, x) = 0, t ∈ [0, T ], x ∈ ∂Ω,

Φ[v(τ + t, ·)] :=
∫
Ω

φ(x)v(τ + t, x)dx = g′(τ + t), t ∈ [0, T ].
(5.12)

We define the new unknowns

vτ (t) = v(τ + t), hτ (t) = h(τ + t), gτ (t) = g(τ + t), (5.13)

and we observe that

1 ∗ v(τ + t, x) =
∫ τ+t

0

v(s)ds =
∫ τ

0

v̂(s)ds +
∫ τ+t

τ

v(s)ds

=
∫ τ

0

v̂(s)ds +
∫ t

0

vτ (s′)ds′

where we have set s− τ = s′ and defined

ũ0(x) := u0(x) + 1 ∗ v̂(t, x).
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So we can rewrite

Fu(u0(x) + 1 ∗ v(τ + t, x)) v(τ + t, x) = Fu(ũ0(x) + 1 ∗ vτ (t, x)) vτ (t, x).

Let now 0 < t < τ . Thanks to the splitting
∫ τ+t

0

h(τ + t− s)∆v(s, x)ds

=
∫ τ

0

ĥ(τ + t− s)∆v̂(s, x)ds +
∫ t+τ

τ

ĥ(τ + t− s)∆v(s, x)ds

=
∫ t

0

hτ (t− s)∆v̂(s, x)ds +
∫ τ

t

ĥ(τ + t− s)∆v̂(s, x)ds

+
∫ t+τ

τ

ĥ(τ + t− s)∆v(s, x)ds (5.14)

and setting s− τ = s′, we have
∫ t+τ

τ

ĥ(τ + t− s)∆v(s, x)ds =
∫ t

0

ĥ(t− s′)∆vτ (s′, x)ds′.

Consequently, the convolution term becomes linear in the unknowns involved
in the convolution so that the system becomes:





Dtvτ (t, x) = ∆vτ (t, x) + hτ (t)∆u0 + hτ ∗∆v̂(t, x)

+ĥ ∗∆vτ (t, x) + Fu(ũ0(x) + 1 ∗ vτ (t, x))vτ (t, x) + F̃ (t, x)

vτ (0, x) = uτ (x), x ∈ Ω,

Dνvτ (t, x) = 0, t ∈ [0, T ], x ∈ ∂Ω,

Φ[vτ (t, ·)] :=
∫
Ω

φ(x)vτ (t, x)dx = g′τ (t), t ∈ [0, T ],

(5.15)

where we have set

F̃ (t, x) :=
∫ τ

t

ĥ(τ + t− s)∆v̂(s, x)ds.

Steps (g) and (h). We deduce the a priori estimates for vτ and hτ .
The idea is to get – thanks to the fact that Fu is bounded – the a priori
estimates for the unknowns vτ and hτ . The proof is based on the following
lemma.

LEMMA 5.1 Assume that the assumptions (I1)–(I10) are fulfilled, p ≥ 2.
Let (v̂, ĥ) ∈ X(τ, p) × Lp(0, τ) be a solution of (5.4)–(5.6) in [0, τ ] × Ω, with
0 < τ < T . Then, there exists C > 0, such that, for all δ ∈ (0, τ ∧ (T − τ)], if
(v, h) ∈ X(τ + δ, p)×Lp(0, τ + δ) is a solution of (5.4)–(5.6) in [0, τ + δ]×Ω,
then

‖vτ‖X(τ+δ,p) + ‖hτ‖Lp(0,τ+δ) ≤ C.
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Proof. It is that of Lemma 7.3 in [7].

Now, in a finite number of steps we can extend the solution to the interval
[0, T ]. For all the details see Section 7 in [7].
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Fourth order ordinary differential

operators with general Wentzell

boundary conditions 1

Angelo Favini, Gisèle Ruiz Goldstein,
Jerome A. Goldstein and Silvia Romanelli

Abstract
We consider the fourth order ordinary differential operator Au := (au′′)′′ with
boundary conditions

Au(j) + βj(au′′)′(j) + γju(j) = 0, j = 0, 1

and one of u′(j), u′′(j) vanishes for j = 0, 1. Here β0 < 0 < β1.
Then A is essentially selfadjoint and bounded below on the Hilbert space
H = L2(0, 1)⊕ C2

w, the completion of C[0, 1] under the inner product

(u, v)H =

Z 1

0

u(x)v(x) dx +

1X
j=0

wju(j)v(j)

where wj := (−1)j+1/βj for j = 0, 1. Applications to partial differential
equations are given.

1 Introduction

In some previous papers (see, e.g., [5], [6], [4]) we showed how to solve linear
parabolic equations of the form Dtu = Au (A a second order elliptic operator)
with boundary conditions of the form αAu + β ∂u

∂n + γu = 0 on ∂Ω, provided
that β, γ ∈ C1(∂Ω), β > 0 on ∂Ω. Here we find the corresponding results for
the fourth order operator A of the type Au := (au′′)′′, where we assume that

(A1) a ∈ C4[0, 1], a(x) > 0 in [0, 1],

with general Wentzell boundary conditions of the type

(BC)j Au(j)+βj(au′′)′(j)+ γju(j) = 0 j = 0, 1,

1Work partially supported by the GNAMPA-INdAM.

59

Copyright © 2006 Taylor & Francis Group, LLC



60 A. Favini, G. Ruiz Goldstein, J. A. Goldstein and S. Romanelli

where β0 < 0 < β1, and γj ∈ R, for j = 0, 1. In order to study positivity and
essential selfadjointness of A in suitable Hilbert spaces, obtained as comple-
tions of C[0, 1] with respect to an inner product depending on βj , j = 0, 1,
additional boundary conditions must be imposed. Notice that boundedness
below and essential selfadjointness of an operator B guarantee the existence
of an analytic semigroup and of a cosine function generated by the closure of
−B (see, e.g., [10], Theorem 6.12, Theorem 6.6, Theorem 7.4, Theorem 8.5).
For the treatment of the higher dimensional case we refer to [7]. A classifi-
cation of general boundary conditions for symmetry, boundedness below and
quasiaccretivity of the operator Au = u′′′′ will be studied in the paper [8]. Ex-
amples of fourth order elliptic operators with classical boundary conditions
can be found, e.g., in [11], Chapter 2, Section 9.8.

2 The main results

We consider the case when the coefficient a is sufficiently regular and strictly
positive, i.e.,

(A1) a ∈ C4[0, 1], a(x) > 0 in [0, 1].

Then we assume that

(A2) w = (w1, w2) ∈ R2, wj > 0 for j = 0, 1.

(A3) H := L2(0, 1) ⊕C2
w denotes the completion of C[0, 1] with respect to

the norm associated with the inner product

(u, v)H :=
∫ 1

0

u(x)v(x) dx +
1∑

j=0

wju(j)v(j), u, v ∈ H.

Note that if u ∈ H1(0, 1), then u ∈ C[0, 1] and u can be identified with
(u, u|{0,1}) ∈ H.

Let us introduce the following additional boundary conditions:

(BC)2 u′(0) = 0 = u′′(1),

(BC)3 u′′(0) = 0 = u′(1),

(BC)4 u′(0) = 0 = u′(1),

(BC)5 u′′(0) = 0 = u′′(1).

Let us consider u, v ∈ C4[0, 1] which verify (BC)j , where β0 < 0 < β1, and
γj ∈ R, for j = 0, 1. We start by studying the symmetry, if A is defined on

Dk(A) := {u ∈ C4[0, 1] : (BC)j , j = 0, 1, and (BC)k hold}
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for some k = 2, 3, 4, 5, where wj := (−1)j+1/βj for j = 0, 1.
Let us evaluate

(Au, v)H =
∫ 1

0

(au′′)′′(x)v(x) dx +
1∑

j=0

wjAu(j)v(j) (2.1)

and denote by

C1 :=
1∑

j=0

wjAu(j)v(j). (2.2)

Integration by parts in (2.1) gives

(Au, v)H =
∫ 1

0

(au′′)′′(x)v(x) dx + C1 (2.3)

= −
∫ 1

0

(au′′)′(x)v′(x) dx + (au′′)′v̄|10 + C1

=
∫ 1

0

(au′′)(x)v′′(x) dx− au′′v̄′|10 + B1 + C1

(where B1 = (au′′)′v̄|10)

= −
∫ 1

0

u′(x)(av′′)′(x) dx + u′av̄′′|10 + B2 + B1 + C1

(where B2 = −(au′′)v̄′|10)

=
∫ 1

0

u(x)(av′′)′′(x) dx− u(av′′)′|10 + B3 + B2 + B1 + C1

(where B3 = u′(av′′)|10)

=
∫ 1

0

u(x)Av(x) dx +
4∑

i=1

Bi + C1

(where B4 = −u(av′′)′|10)

= (u,Av)H +
4∑

i=1

Bi + C1 − C̃1

(where C̃1 =
1∑

j=0

wju(j)Av(j)) .

We show that if we add one of the additional boundary conditions (BC)k
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for k = 2, 3, 4, 5, then

4∑

i=1

Bi + C1 − C̃1 = 0, (2.4)

and, consequently, (A,Dk(A)) is symmetric.

Let us examine all the cases corresponding to (BC)k, k = 2, 3, 4, 5.

Case (BC)2. Assume that u, v satisfy (BC)2, i.e.,

u′(0) = 0 = u′′(1) and v′(0) = 0 = v′′(1).

This implies

B2 = B3 = 0. (2.5)

Moreover, from the boundary conditions (BC)j , j = 0, 1, it follows that

Au(j) = −βj(au′′)′(j)− γju(j), j = 0, 1
Av(j) = −βj(av′′)′(j)− γjv(j), j = 0, 1 .

Hence

C1 − C̃1 =
1∑

j=0

wjAu(j)v(j)−
1∑

j=0

wju(j)Av(j)

=
1∑

j=0

wjv(j)[−βj(au′′)′(j)− γju(j)]

−
1∑

j=0

wju(j)[−βj(av′′)′(j)− γjv(j)]

=
1∑

j=0

wjβj [u(j)(av′′)′(j)− v(j)(au′′)′(j)]. (2.6)

On the other hand

B1 + B4 = (au′′)′(1)v(1)− u(1)(av′′)′(1)

+u(0)(av′′)′(0)− (au′′)′(0)v(0). (2.7)

Thus, plugging (2.5), (2.6) and (2.7) in the left hand side of (2.4), we obtain

(1− w1β1) · [(au′′)′(1)v(1)− u(1)(av′′)′(1)]

+(1 + w0β0) · [u(0)(av′′)′(0)− (au′′)′(0)v(0)] = 0, (2.8)

and assertion (2.4) holds.
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Case (BC)3. Assume that u, v satisfy (BC)3, i.e.,

u′′(0) = v′′(0) = 0, u′(1) = v′(1) = 0.

Thus, as in case (BC)2, B2 = B3 = 0 and similar arguments as in case (BC)2
allow us to conclude that assertion (2.4) holds.

Case (BC)4. Suppose that u, v satisfy (BC)4, i.e.,

u′(0) = v′(0) = 0, u′(1) = v′(1) = 0.

Then again B2 = B3 = 0 and similar arguments as in case (BC)2 lead to the
conclusion that assertion (2.4) holds.

Case (BC)5. Assume that u, v satisfy (BC)5, i.e.,

u′′(0) = v′′(0) = 0, u′′(1) = v′′(1) = 0.

Therefore, B2 = B3 = 0 and as before the assertion follows.
In order to prove positivity, let us consider u ∈ C4[0, 1] and observe that,

according to calculations in (2.3), we have

(Au, u)H =
∫ 1

0

a|u′′|2 dx− au′′ū′|10 + (au′′)′ū|10

+
1∑

j=0

wjAu(j)u(j).

If, in addition, u satisfies (BC)j , j = 0, 1, and (BC)k for some k = 2, 3, 4, 5,
then au′′ū′|10 = 0 and we obtain

(Au, u)H =
∫ 1

0

a|u′′|2 dx + (au′′)′ū|10 (2.9)

+
1∑

j=0

wjAu(j)u(j).

Now, by taking into account (BC)j , j = 0, 1, we have

(Au, u)H =
∫ 1

0

a|u′′|2 dx + (au′′)′ū|10

+
1∑

j=0

wj [−βj(au′′)′(j)− γju(j)]u(j)

=
∫ 1

0

a|u′′|2 dx + (1− β1w1)(au′′)′(1)u(1)

−(1 + β0w0)(au′′)′(0)u(0)− γ0w0|u(0)|2 − γ1w1|u(1)|2. (2.10)
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This is the reason we assume wj := (−1)j+1/βj , j = 0, 1. Then this choice of
(w0, w1) uniquely determines H. It follows that

(Au, u)H =
∫ 1

0

a|u′′|2 dx− γ0w0|u(0)|2 − γ1w1|u(1)|2. (2.11)

Thus, if we add the assumption γj ≤ 0, j = 0, 1, it yields that

(Au, u)H =
∫ 1

0

a|u′′|2 dx +
1∑

j=0

|γj |wj |u(j)|2 ≥ 0. (2.12)

In particular, if γj < 0, j = 0, 1, then

(Au, u)H =
∫ 1

0

a|u′′|2 dx +
1∑

j=0

|γj |wj |u(j)|2 > 0, (2.13)

unless u = 0.

Now we prove the following result which is of independent interest.

LEMMA 2.1 Given w0 > 0, w1 > 0, there exists ε > 0 such that for any
u ∈ C2[0, 1] we have

∫ 1

0

|u′′(x)|2 dx +
1∑

j=0

wj |u(j)|2 ≥ ε
( ∫ 1

0

|u(x)|2 dx +
1∑

j=0

wj |u(j)|2
)
.

Proof. Let us consider u ∈ C2[0, 1] and x0 ∈ [0, 1] such that

u(1)− u(0) =
∫ 1

0

u′(x) dx = u′(x0).

Then

u(x) =
∫ x

0

u′(y) dy + u(0)

=
∫ x

0

( ∫ y

x0

u′′(z) dz + u′(x0)
)
dy + u(0)

=
∫ x

0

( ∫ y

x0

u′′(z) dz
)

dy + xu′(x0) + u(0).

Since (a + b)2 ≤ 2a2 + 2b2 for any a, b ∈ R, we deduce that
∫ 1

0

|u(x)|2 dx ≤ 2
∫ 1

0

|u′′(x)|2 dx + 2
∫ 1

0

|xu′(x0) + u(0)|2 dx.

Therefore, for any x ∈ [0, 1]:
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|xu′(x0) + u(0)|2 ≤ 2|u′(x0)|2 + 2|u(0)|2

= 2(|u(1)− u(0)|2) + 2|u(0)|2

≤ 4|u(1)|2 + 4|u(0)|2 + 2|u(0)|2

≤ 6(|u(1)|2 + |u(0)|2).
This gives

∫ 1

0

|u(x)|2 dx ≤ 2
∫ 1

0

|u′′(x)|2 dx + 12
1∑

j=0

|u(j)|2,

or, equivalently,
∫ 1

0

|u′′(x)|2 dx ≥ 1
2

∫ 1

0

|u(x)|2 dx− 6
1∑

j=0

|u(j)|2.

It follows that for any 0 < α ≤ 1, we have
∫ 1

0

|u′′(x)|2 dx +
1∑

j=0

wj |u(j)|2 ≥ α

2

∫ 1

0

|u(x)|2 dx +
1∑

j=0

|u(j)|2(wj − 6α).

Choose α := min{1, w0/12, w1/12}, thus wj − 6α ≥ wj/2, for j = 0, 1. Hence
∫ 1

0

|u′′(x)|2 dx +
1∑

j=0

wj |u(j)|2 ≥ α

2

( ∫ 1

0

|u(x)|2 dx +
1∑

j=0

|u(j)|2wj

)
.

Then the assertion is true with ε = α/2.

Let us state our main result.

THEOREM 2.1 Under the assumptions (A1)−−(A3), the operator A with
domain

Dk(A) := {u ∈ C4[0, 1] : u satisfies (BC)j , j = 0, 1, and (BC)k}
is essentially selfadjoint and bounded below on the space H for any k =
2, 3, 4, 5, provided that β0 < 0 < β1, wj := (−1)j+1/βj, and H is the cor-
responding Hilbert space. In addition, we have A ≥ εI and ε ≥ 0 (resp. ε > 0)
if γj ≤ 0 (resp. γj < 0), for j = 0, 1.

Proof. Let us define Ak the realization of A in H with domain Dk(A) for
k = 2, 3, 4, 5. If u ∈ Dk(A), then by (2.10) we obtain

(Aku, u)H =
∫ 1

0

a|u′′|2 dx−
1∑

j=0

γjwj |u(j)|2.
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Thus, if γj ≤ 0, j = 0, 1, then Ak ≥ 0. In general, we have

(Aku, u)H ≥ a0

∫ 1

0

|u′′|2 dx−
1∑

j=0

γjwj |u(j)|2

≥ −
1∑

j=0

γjwj |u(j)|2 −
∫ 1

0

|u|2 dx

≥ min{−γ0,−γ1,−1}‖u‖2H .

This yields that Ak is bounded below. Moreover, if γj < 0, for j = 0, 1, then
Lemma 1 allows us to find an ε0 > 0 such that

(Aku, u)H ≥ ε0

( ∫ 1

0

|u|2 dx +
1∑

j=0

wj |u(j)|2
)

= ε0‖u‖2H .

Thus the second assertion of the theorem holds. Now, according to previous
calculations, we already know that Ak is symmetric for any k = 2, 3, 4, 5. In
order to prove that Ak is essentially selfadjoint, it suffices to show that the
range of λI + Ak is dense for sufficiently large real λ. To this end, let us
consider for each h ∈ C2[0, 1] the equation

λu + Aku = h in [0, 1]. (2.14)

We seek a solution u ∈ Dk(A) which satisfies (2.14). From (BC)j and (2.14)
we deduce that

−βj(au′′)′(j) + (λ− γj)u(j) = h(j), j = 0, 1. (2.15)

We begin by finding a weak solution of (2.14). Let v ∈ C2[0, 1], multiply
(2.14) by v and integrate to get

λ

∫ 1

0

uv dx +
∫ 1

0

(au′′)′′v dx =
∫ 1

0

hv dx. (2.16)

Integration by parts gives

λ

∫ 1

0

uv dx + (au′′)′v|10 −
∫ 1

0

(au′′)′v′ dx

=
∫ 1

0

hv dx. (2.17)

From (2.15) we deduce that

(au′′)′(j) =
(λ− γj)u(j)− h(j)

βj
, j = 0, 1,
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and we obtain that (2.17) becomes

λ

∫ 1

0

uv dx +
(λ− γ1)u(1)v(1)

β1
− (λ− γ0)u(0)v(0)

β0
−

∫ 1

0

(au′′)′v′ dx

=
∫ 1

0

hv dx +
h(1)v(1)

β1
− h(0)v(0)

β0
. (2.18)

Again integrating by parts gives

λ

∫ 1

0

uv dx +
(λ− γ1)u(1)v(1)

β1
− (λ− γ0)u(0)v(0)

β0

−(au′′)v′|10 +
∫ 1

0

au′′v′′ dx

=
∫ 1

0

hv dx +
h(1)v(1)

β1
− h(0)v(0)

β0
. (2.19)

Now, for any k = 2, 3, 4, 5, let us introduce

Vk := {u ∈ C4[0, 1] : u satisfies (BC)j , j = 0, 1 and (BC)k},
and observe that for any k = 2, 3, 4, 5 and any u, v ∈ Vk, the equality (2.19)
reduces to

λ

∫ 1

0

uv dx +
(λ− γ1)u(1)v(1)

β1
− (λ− γ0)u(0)v(0)

β0
+

∫ 1

0

au′′v′′ dx

=
∫ 1

0

hv dx +
h(1)v(1)

β1
− h(0)v(0)

β0
. (2.20)

For k = 2, 3, 4, 5 let us denote by Kk the completion of Vk with respect to the
norm ‖ · ‖K given by

‖u‖K :=
(‖u‖2H + ‖u′′‖2L2((0,1),a dx)

)1/2
.

Let L(u, v) be the left-hand side of (2.20) and let F (v) be the corresponding
right-hand side. Thus L is a bounded sesquilinear form on Kk and F is a
bounded conjugate linear functional on Kk: indeed for any u, v ∈ Kk we have

|L(u, v)| ≤ max{|λ|, 1}‖u‖Kk
‖v‖Kk

+ (|λ|+ max{|γ0|, |γ1|}) ‖u‖H‖v‖H

≤ c1(λ)‖u‖Kk
‖v‖Kk

and
|F (v)| ≤ ‖h‖H ‖v‖Kk

,

provided that h ∈ H. Also

Re L(u, u) ≥ min{λ, λ− γ1, λ− γ0, 1}‖u‖2Kk
.
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By the Lax-Milgram lemma, for any k = 2, 3, 4, 5, for any λ > max{γ1, γ0, 1}
and for any h ∈ H there is a unique u ∈ Kk such that

L(u, v) = F (v), v ∈ Kk.

That is, (2.20) holds and this u ∈ Kk is our weak solution of (2.14) which
satisfies (BC)k, if sufficiently regular. For h in a dense set, we want to show
that our weak solution is in Dk(A). If h ∈ C4+ε[0, 1], then we know that
u ∈ H1(0, 1) satisfies (in the weak sense)

λu + (au′′)′′ = h ∈ C4+ε[0, 1],

together with the boundary conditions in Vk, when sufficiently regular. More-
over u satisfies the uniformly elliptic problem

λv + (av′′)′′ = h in (0, 1), (2.21)

v(j) = τ1(j), v′(j) = τ2(j), j = 0, 1, (2.22)

where τ1(j) = u(j), τ2(j) = u′(j), for j = 0, 1. This implies that v = u ∈
H2(0, 1). Next, if we define z := au′′, it satisfies

z′′ = h− λv ∈ H2(0, 1)

and
z′(j) = τ3(j), j = 0, 1,

where τ3(j) = β−1
j (λv(j)− γjv(j)−h(j)), for j = 0, 1. Then v ∈ H4(0, 1) and

so u ∈ C3+δ[0, 1]. This implies z′′ ∈ H4(0, 1) and we obtain that z ∈ H6(0, 1).
Then by Sobolev’s embedding theorems (see, e.g., [3], [9], [12]), u ∈ C4[0, 1]
and, as u belongs to Kk, it satisfies (BC)j for j = 0, 1. This yields u ∈
Dk(A). Hence Ak is essentially selfadjoint. This shows our assertion for any
k = 2, 3, 4, 5.

REMARK 2.1 Notice that in the previous theorem everything works pro-
vided that a ∈ H3(0, 1). Indeed, for the symmetry of Ak it suffices that
a ∈ C2[0, 1], while for the range condition of the closure of Ak it suffices
(see the last four lines of the proof) that u′′ ∈ H3(0, 1), what follows from
a ∈ H3(0, 1). In addition, if we denote by D := Dx, then similar arguments
as before can work also for B2, with B := D(aD), and operators of the type
D2(aD2)+D(bD)+cI acting on H, provided that a satisfies (A1), b ∈ C3[0, 1],
c ∈ C2[0, 1], and suitable additional boundary conditions are considered. Ex-
tensions to dimension N work well provided that D is replaced by ∇ (see
[7]).
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REMARK 2.2 Let Au := u′′′′ on an interval (α, β) ⊂⊂ R. Associate any
linear boundary condition with A (e.g., general Wentzell boundary conditions
or Robin boundary conditions). We have

C∞c (α, β) ⊂ D(A).

We know that, in many cases, A is accretive on L2 (or H), i.e., −A is dissi-
pative. We show that A is not quasi-accretive on C[α, β]. For convenience we
take ε > 0 and [α, β] = [−2ε, 2ε]. Assume that ε < 1/2, and take n be an even
positive integer sufficiently large, in such a way that

(2ε)n−4 ≤ 4
n

.

If we define
ũ(x) = xn − x4 + b,

with n ≥ 10, then it follows that ũ is even and positive in [−2ε, 2ε], provided
that (2ε)4 < b.

Moreover we obtain

ũ′′′′(x) = −24 + n(n− 1)(n− 2)(n− 3)xn−4.

Let u := ũϕ, where ϕ ∈ C∞c (−2ε, 2ε), ϕ even, ϕ ≡ 1 in [0, ε], and decreasing
in (ε, 2ε). Hence u ∈ D(A) (no matter which boundary conditions we use)
and u(τ) = ũ(τ) on [−ε, ε], for any τ ∈ N.

Notice that ũ is even and we have

ũ′(x) = nxn−1 − 4x3 = 4x3
(n

4
xn−4 − 1

)
< 0 on [0, 2ε].

Therefore ũ is decreasing in [0, 2ε] and max
x∈[−2ε,2ε]

ũ(x) = ũ(0) = b. Since we

have u′ = ũ′ϕ + ũϕ′, it follows that u is decreasing in [0, 2ε] and

‖u‖C[−2ε,2ε] = b = u(0).

In addition we have

n(n− 1)(n− 2)(n− 3)n4−n < 1.

Hence
u′′′′(0) = Au(0) ∈ [−24,−23].

On C[−2ε, 2ε] = C[α, β], we consider the mapping

ψ := bδ0 = ‖u‖∞δ0 ∈ J(u),

where J is the duality map and δ0(u) := u(0) (see, e.g., [2], Chapter II Ex-
amples 3.26). Observe that

< Au, ψ >= bu′′′′(0) ∈ [−24 b,−23 b].
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Consequently < Au,ψ > cannot be nonnegative for all ψ ∈ J(u).
Does exist ω ∈ R such that A + ωI is accretive?
The answer is no. Indeed, if it were yes, then we should obtain

< Au + ωu, ψ > = bu′′′′(0) + ω‖u‖2∞
= bu′′′′(0) + ωb2

= b(u′′′′(0) + ωb)

< (−23 + ωb)b.

Thus, given ω > 0, if we choose b ∈ (0, 23/ω), we should get the contradiction

< Au + ωu, ψ > < 0.

We worked on C[−2ε, 2ε], but we could rescale to make things work on
[0, 1]. For other relations between boundary conditions and accretivity when
Au = u′′′′ see [7].

REMARK 2.3 Let us consider the operator A1u := (au′′)′′ on C4[0, 1],
where

a ∈ C4[0, 1], a(x) > 0 for all x ∈ [0, 1].

We equip A1 with general Wentzell boundary conditions (BC)j , for j = 0, 1,
where γj ∈ R, β0 < 0 < β1, and with (BC)k, for k = 2, 3, 4, 5. Then A1 is
essentially selfadjoint and A1 ≥ εI on H. In addition, ε ≥ 0 if γ0, γ1 ≤ 0 and
ε > 0 if γ0, γ1 < 0. Also, for a ≡ 1, let us consider the operator B := D2

x on
C2[0, 1]. It is essentially selfadjoint in H if the boundary conditions are

Bu(j) + βju
′(j) + γju(j) = 0, j = 0, 1.

Then A2 := B2 on H has its boundary conditions

u′′′′(j) + βju
′′′(j) + γju

′′(j) = 0, j = 0, 1 (2.23)

u′′(j) + βju
′(j) + γju(j) = 0, j = 0, 1. (2.24)

All of these operators, i.e., A1 for a ≡ 1 with (BC)j , j = 0, 1 and (BC)k

for 2 ≤ k ≤ 5, and A2 = B2 with (2.23)−−(2.24) agree on the same domain

C4
0 (0, 1) := {u ∈ C4[0, 1] : u(τ)(j) = 0, 0 ≤ τ ≤ 4, j = 0, 1}.

Moreover, for any of these A′s we have

dim D(A)/C4
0 (0, 1) < ∞

(see [7], Appendix). Thus, if λ ∈ ρ(A1) ∩ ρ(A2), then

(λ−A1)−1 − (λ−A2)−1

is a finite rank operator. Since A2 = B2 has a compact resolvent (since B
does by [1]), so do all of our Ak.
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Study of elliptic differential

equations in UMD spaces 1

Angelo Favini, Rabah Labbas, Stéphane Maingot,
Hiroki Tanabe and Atsushi Yagi

Abstract Some new results on complete abstract second-order equations of
elliptic type in a UMD Banach space are described.
Invoking properties of operators with bounded imaginary powers and using the
celebrated Dore-Venni Theorem on the sum of two closed linear operators, exis-
tence, uniqueness and maximal Lp regularity of the strict solution are proved.
Some applications to partial differential equations are indicated.
This work completes the results obtained very recently in the framework of
Hölder-continuous functions.

1 Introduction and hypotheses

Let us consider, in the complex Banach space X, the abstract differential
equation of the second order

u′′(x) + 2Bu′(x) + Au(x) = f(x), x ∈ (0, 1), (1.1)

together with the boundary conditions

u(0) = u0, u(1) = u1. (1.2)

Here, A,B are two closed linear operators in X with domains D(A) and D(B),
respectively, f ∈ Lp(0, 1; X), 1 < p < ∞ and u0, u1 are given elements in X.
We seek for a strict solution u to (1.1)–(1.2), i.e., a function u such that

u ∈ W 2,p(0, 1;X) ∩ Lp(0, 1;D(A)), u′ ∈ Lp(0, 1; D(B)),

and satisfying (1.1) and (1.2).
Generally, more regularity is required for f to obtain a strict solution, unless

X has some particular geometrical properties. This is why we assume in all

1The research was partially supported by Italian MIUR and by the University of Bologna,
using funds for selected research topics. It fits the program of GNAMPA.
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this study that
X is a UMD space. (1.3)

We recall that a Banach space X is a UMD space if and only if for some p > 1
(and thus for all p) the Hilbert transform is continuous from Lp(R; X) into
itself (see Bourgain [1], Burkholder [2]).

Moreover we suppose that




B2 −A is a linear closed densely defined operator in X,

R− ⊂ ρ(B2 −A) and ∃C > 0 : ∀λ > 0,
∥∥(λI + B2 −A)−1

∥∥
L(X)

6 C/(1 + λ),

(1.4)

(it is well known that hypothesis (1.4) implies that −(B2 − A)1/2 is the in-
finitesimal generator of an analytic semigroup X), ([11], p. 119)

D(A) ⊆ D(B2), (1.5)

B(B2 −A)−1y = (B2 −A)−1By, ∀y ∈ D(B), (1.6)

D((B2 −A)1/2) ⊆ D(B). (1.7)

Under these hypotheses, we will study (1.1)–(1.2) in the two following cases

1. first case:

B generates a strongly continuous group
(
exB

)
x∈R on X, (1.8)

and
{∀s ∈ R, (B2 −A)is ∈ L(X) and

∃C > 1, θ0 ∈]0, π[: ∀s ∈ R,
∥∥(B2 −A)is

∥∥ 6 Ceθ0|s|,
(1.9)

one writes B2 −A ∈ BIP (θ0, X) (bounded imaginary powers).

2. second case:
A is boundedly invertible, (1.10)

D(BA) ⊂ D(B3), (1.11)

±B − (B2 −A)1/2 generates an analytic semigroup on X, (1.12)

and 



∀s ∈ R, (±B + (B2 −A)1/2)is ∈ L(X) and

∃C > 1, θ± ∈]0, π/2[:

∀s ∈ R,
∥∥∥
(±B + (B2 −A)1/2

)is
∥∥∥ 6 Ceθ±|s|.

(1.13)
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In the last decades many researchers focused their attention to the reso-
lution of (1.1)–(1.2), when X is any complex Banach space and f is a given
X-valued function whose regularity in x depends on the functional ambient,
usually

f ∈ Cθ([0, 1];X) or f ∈ W θ,p(0, 1;X), 0 < θ < 1, 1 < p < ∞.

A very extensive study of (1.1)–(1.2), with B ≡ 0 even with more general
boundary conditions can be found in Krein [11]. Other approaches, always
concerning B ≡ 0, are used in the famous Da Prato-Grisvard paper [3] on the
sum of linear operators. Such a method yields interesting results by Labbas-
Terreni [12], [13], on more complicated situations, for instance, the case of
variable operator coefficients A(x) and B ≡ 0.

The case B 6= 0 seems more difficult to be handled. Very interesting ap-
proaches to (1.1)–(1.2), where A is even substituted by A + λI, with λ a
complex parameter, are described in the recent monograph by S. Yakubov
and Y. Yakubov [21]. They have worked in a Hilbert space H, −A is sup-
posed to be a positive operator in H, D(A) being compactly embedded into
H, and B is a closed linear operator in H satisfying at least a condition like

∀ε > 0, ∃C(ε) > 0 : ∀u ∈ D(A) ‖Bu‖H 6 ε ‖u‖(D(A),H)1/2,1
+ C(ε) ‖u‖H .

Here, we recall that for all θ ∈]0, 1[ and p ∈ [1,∞], (D(A),H)θ,p is the well
known real interpolation space, see Lions-Peetre [14].

Extending the case when A and B are two scalars, in last years, Labbas
and co-authors have considered (1.1)–(1.2) under the expected positivity as-
sumption 




B2 −A is a linear closed operator in X

R− ⊂ ρ(B2 −A) and ∃C > 0 : ∀λ > 0
∥∥(λI + B2 −A)−1

∥∥
L(X)

6 C/(1 + λ),

(1.14)

where the domain D(B2 −A) may be not dense. More precisely El Haial and
Labbas [6] proved that if (1.14), (1.6) and (1.8) are satisfied, together with
some resolvent estimates, then (1.1)–(1.2) has a unique strict solution fulfilling

u ∈ C2([0, 1] ; X) ∩ C([0, 1] ; D(A)), u′ ∈ C([0, 1] ; D(B)),

provided that f is Hölder continuous, u0, u1 belong to a suitable subspace in
X and verify conditions of compatibility with respect to equation (1.1).

More recently, by using a quite different approach, extending the semigroup
techniques by Krein [11], Favini, Labbas, Tanabe, Yagi [8] have proved that
if (1.4)∼(1.8) hold, then (1.1)–(1.2) has a unique strict solution for f Hölder
continuous, u0, u1 ∈ D(A).

To avoid the group assumption (1.8), in a very recent paper, Favini, Labbas,
Maingot, Tanabe and Yagi [7] show that if (1.4)∼(1.7) and (1.10)∼(1.12) hold
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then problem (1.1)–(1.2) has a unique strict solution for f ∈ Cθ([0, 1];X),
0 < θ < 1, u0, u1 ∈ D(A). Moreover, if

f(i), Aui ∈ (D(A), X)(2−θ)/2,∞ , i = 0, 1,

then u has the maximal regularity property u′′, Bu′, Au ∈ Cθ([0, 1];X).
Here, we study the case f ∈ Lp(0, 1; X), 1 < p < ∞, X being a UMD

Banach space, using the representation formula of the solution given in Favini,
Labbas, Maingot, Tanabe and Yagi [7].

The main new result in this paper, see Theorem 4.2, affirms that under
assumptions (1.3)∼(1.7) and (1.10)∼(1.13) problem (1.1)–(1.2) has a unique
strict solution in Lp(0, 1; X) provided that u0, u1 ∈ (D(A), X)1/(2p),p.

Our techniques are based upon the celebrated Dore-Venni Theorem [4] on
the sum of two closed linear operators and on the reiteration Theorem in
interpolation theory, [14], [20].

Let us give some remarks about our assumptions

REMARK 1.1

1. If we assume (1.3) then X is reflexive, hence (1.4) is equivalent to (1.14);
see Haase [9], proposition 1.1. statement h), p. 18–19.

2. It has been shown in Favini, Labbas, Maingot, Tanabe and Yagi [7] that
if we assume (1.4)∼(1.7), and (1.10) then

(1.11) ⇐⇒ B + (B2 −A)1/2 is boundedly invertible
⇐⇒ B − (B2 −A)1/2 is boundedly invertible.

Moreover in this case, we have
{ (

B − (B2 −A)1/2
)−1

=
(
B + (B2 −A)1/2

)
A−1

(
B + (B2 −A)1/2

)−1
=

(
B − (B2 −A)1/2

)
A−1.

(1.15)

3. From (1.8) we deduce that B2 generates a bounded holomorphic semi-
group in X (see Stone [19]) and if we assume (1.4)∼(1.6) together
with (1.8), the Da Prato-Grisvard sum’s theory [3], applied to opera-
tors −(B2 −A) and B2, gives

(A− λI)−1 ∈ L(X),
∥∥(A− λI)−1

∥∥
L(X)

6 K/(1 + λ),

for all λ > 0. In particular (1.10) is fulfilled.

4. Under assumptions (1.4)∼(1.8) and if in addition we assume (1.11) then
(1.12) is satisfied and

e−x[B+(B2−A)1/2] = e−xBe−x(B2−A)1/2
, ex[B−(B2−A)1/2] = exBe−x(B2−A)1/2

,

see Favini, Labbas, Tanabe and Yagi [8].
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The plan of the paper is as follows.
In Section 2 we recall the representation formula of the solution u.
Section 3 is devoted to the case B = 0 which is a good model to clarify

the techniques used in this study. Theorem 3.1 furnishes an extension of S.
Yakubov and Y. Yakubov [21], p. 291–292 (when in fact a complex parameter
is added to A, too), from Hilbert spaces to UMD spaces.

Section 4 completes our work in the general case. In a first approach we
assume that B generates a group. In a second approach, in order to avoid this
group assumption we suppose that ±B − (B2 − A)1/2 generates an analytic
semigroup.

Finally in Section 5 we give some examples of application to partial differ-
ential equations.

2 Representation of the solution

We assume here (1.3)∼(1.7) and (1.10)∼(1.12). Let us denote (T0(x))x>0 and
(T1(x))x>0 the analytic semigroups generated by

−B − (B2 −A)1/2 and B − (B2 −A)1/2.

Then a representation formula of the solution of Problem (1.1)–(1.2) is given
by

u(x) = T0(x)ξ0 + T1(1− x)ξ1

−1
2
(B2 −A)−1/2

∫ x

0

T0(x− s)f(s)ds (2.1)

−1
2
(B2 −A)−1/2

∫ 1

x

T1(s− x)f(s)ds,

for x ∈ (0, 1), where

ξ0 = (I − Z)−1(u0 − T1(1)u1)

+
1
2
(I − Z)−1(B2 −A)−1/2

∫ 1

0

T1(s)f(s)ds (2.2)

−1
2
(I − Z)−1(B2 −A)−1/2T1(1)

∫ 1

0

T0(1− s)f(s)ds,

ξ1 = (I − Z)−1(u1 − T0(1)u0)

+
1
2
(I − Z)−1(B2 −A)−1/2

∫ 1

0

T0(1− s)f(s)ds (2.3)

−1
2
(I − Z)−1(B2 −A)−1/2T0(1)

∫ 1

0

T1(s)f(s)ds,
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and
Z = e−2(B2−A)1/2

,

(see [7]). Notice that since the imaginary axis is contained in the resolvent set
ρ

(−(B2 −A)1/2
)
, I − Z has a bounded inverse (see Lunardi [15], p. 60).

3 Study in the case B ≡ 0

In this case, our previous Problem becomes
{

u′′(x) + Au(x) = f(x), x ∈ (0, 1),

u(0) = u0, u(1) = u1.
(3.1)

Assumptions (1.4)∼(1.9) reduce to
{

A is a linear closed densely defined operator in X, R+ ⊂ ρ(A)

and ∃C > 1 : ∀λ > 0,
∥∥(λI −A)−1

∥∥
L(X)

6 C/(1 + λ),
(3.2)

and
∃C > 1, θ ∈]0, π[ : ∀s ∈ R,

∥∥∥(−A)is
∥∥∥ 6 Ceθ|s|. (3.3)

REMARK 3.1 Assume (3.2). Then

1. −√−A generates an analytic semigroup
(
e−
√−Ax

)
x>0

in X.

2. For any β ∈ C
((−A)1/2)β = (−A)β/2

(see Haase [9], Proposition 2.18, statement e, p. 64) from which we
deduce that (3.3) is equivalent to

∃C > 1, θ ∈]0, π[ : ∀s ∈ R,
∥∥∥
(√−A

)is
∥∥∥ 6 Ce(θ/2)|s|.

Due to assumptions (1.3), (3.2), (3.3) and the previous remark, statement
2, the Dore-Venni Theorem [4] gives directly, for g ∈ Lp(0, 1; X),

x 7−→ L(x, g) =
√
−A

∫ x

0

e−(x−s)
√−Ag(s)ds ∈ Lp(0, 1; X), (3.4)

and consequently

x 7−→ L(x, g) =
√
−A

∫ 1

0

e−(x+s)
√−Ag(s)ds ∈ Lp(0, 1; X), (3.5)
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since
L(x, g) = L(x, g1) + e−2x

√−AL(1− x, g(1− .)),

where g1(s) = e−2s
√−Ag(s).

We also have the following Lemma.

LEMMA 3.1 Assume (3.2). Then, for any w ∈ (D(A), X)1/(2p),p

x 7−→ M(x,w) = Ae−x
√−Aw

belongs to Lp(0, 1; X).

Proof. If w ∈ (D(A), X)1/(2p),p , then
∫ 1

0

∥∥∥Ae−x
√−Aw

∥∥∥
p

dx =
∫ 1

0

x2· 1
2p ·p

∥∥∥
(−

√
−A

)2
e−x

√−Aw
∥∥∥

p dx

x

6
∫ +∞

0

x2· 1
2p ·p

∥∥∥
(−

√
−A

)2
e−x

√−Aw
∥∥∥

p dx

x

6 C ‖w‖(D(A),X)1/(2p),p
,

in view of Lions-Peetre Theorem, see [14].

The main result in this section is

THEOREM 3.1 Assume (1.3), (3.2) and (3.3). If f ∈ Lp(0, 1; X) with
1 < p < ∞, and u0, u1 ∈ (D(A), X)1/(2p),p , then Problem (3.1) has a unique
strict solution u, that is

u ∈ W 2,p(0, 1;X) ∩ Lp(0, 1;D(A)),

and satisfies (3.1).

Proof. We can suppose, without loss of generality, that u1 = 0. The repre-
sentation formula (2.1) reduces to

u(x) = e−x
√−Aξ0 + e−(1−x)

√−Aξ1 − 1
2
(−A)−1/2

∫ x

0

e−(x−s)
√−Af(s)ds

−1
2
(−A)−1/2

∫ 1

x

e−(s−x)
√−Af(s)ds,

with

ξ0 = (I − Z)−1

{
u0 +

1
2
(−A)−1/2

∫ 1

0

e−s
√−Af(s)ds

−1
2
(−A)−1/2

∫ 1

0

e−(2−s)
√−Af(s)ds

}
,
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ξ1 = (I − Z)−1

{
−e−

√−Au0 +
1
2
(−A)−1/2

∫ 1

0

e−(1−s)
√−Af(s)ds

−1
2
(−A)−1/2

∫ 1

0

e−(1+s)
√−Af(s)ds

}
,

where Z = e−2
√−A. Hence

Au(x) = Ae−x
√−Aξ0 + Ae−(1−x)

√−Aξ1 +
1
2
L(x, f) +

1
2
L (1− x, f(1− ·)) .

Now from (3.5) and Lemma 3.1 we deduce that x → Ae−x
√−Aξ0 ∈ Lp(0, 1; X)

since

Ae−x
√−Aξ0 = (I − Z)−1

M(x, u0)− 1
2

(I − Z)−1 L(x, f)

+
1
2

(I − Z)−1
e−
√−AL(x, f(1− ·)).

Similarly x → Ae−(1−x)
√−Aξ1 ∈ Lp(0, 1;X). Then, due to (3.4), Au ∈

Lp(0, 1; X).

4 General case

4.1 First approach: B generates a group

In this paragraph we assume (1.3)∼(1.9).

THEOREM 4.1 Assume (1.3)∼(1.9). If

f ∈ Lp(0, 1;X), 1 < p < +∞, and u0, u1 ∈ (D(A), X)1/(2p),p ,

then Problem (1.1)–(1.2) has a unique strict solution u, that is

u ∈ W 2,p(0, 1; X) ∩ Lp(0, 1;D(A)), u′ ∈ Lp(0, 1; D(B)),

and satisfies (1.1)–(1.2).

Proof. Replacing A by A−B2 in Theorem 3.1, we see that Problem{
v′′(x) + (A−B2)v(x) = exBf(x), x ∈ (0, 1),

v(0) = u0, v(1) = eBu1,

has a strict solution

v ∈ W 2,p(0, 1; X) ∩ Lp(0, 1; D(A−B2)).

Then, we set
u(x) = e−xBv(x), x ∈ (0, 1),

and it is easy to check that u has the desired properties.
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4.2 Second approach

In this case, we assume (1.3)∼(1.7) together with (1.10)∼(1.13). Let us recall
that (T0(x))x>0 and (T1(x))x>0 are the analytic semigroups generated by

−B − (B2 −A)1/2 and B − (B2 −A)1/2.

Let g ∈ Lp(0, 1; X). Set

L0(x, g) =
(
B + (B2 −A)1/2

) ∫ x

0

T0(x− s)g(s)ds

L1(x, g) =
(
B − (B2 −A)1/2

) ∫ x

0

T1(x− s)g(s)ds,

and for i, j ∈ {0, 1}

Li,j(x, g) =
(
B + (B2 −A)1/2

)(
B2 −A

)−1/2

×(
B − (B2 −A)1/2

)
Ti(x)

∫ 1

0

Tj(s)g(s)ds.

Applying again the Dore-Venni Theorem, as for (3.4), we get

L0(·, g), L1(·, g) ∈ Lp(0, 1; X).

We have also, for any i, j ∈ {0, 1}
Li,j(·, g) ∈ Lp(0, 1;X),

since, for example

L0,1(x, g)

=
(
B − (B2 −A)1/2

)(
B2 −A

)−1/2
L0(x, T0(·)T1(·)g(·))

+
(
B + (B2 −A)1/2

)(
B2 −A

)−1/2
T0(x)T1(x)L1 (1− x, g(1− ·)) .

Moreover, replacing
√−A by ±B − (B2 −A)1/2 in Lemma 3.1 we obtain

M0(·, w0) =
(
B + (B2 −A)1/2

)2
T0(·)w0 ∈ Lp(0, 1; X)

M1(·, w1) =
(
B − (B2 −A)1/2

)2
T1(·)w1 ∈ Lp(0, 1; X),

provided that

w0 ∈
(
D

((
B + (B2 −A)1/2

)2)
, X

)
1/(2p),p

,

w1 ∈
(
D

((
B − (B2 −A)1/2

)2)
, X

)
1/(2p),p

.
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Note that, by the well known Reiteration Theorem, we have, taking into ac-
count (1.5) and (1.7),

(
D

((
B ± (B2 −A)1/2

)2)
, X

)
1/(2p),p

=
(
D(A), X

)
1/(2p),p

.

The main result in this paper is the following.

THEOREM 4.2 Assume (1.3)∼(1.7) and (1.10)∼(1.13). If

f ∈ Lp(0, 1; X) with 1 < p < +∞, and u0, u1 ∈ (D(A), X)1/(2p),p ,

then Problem (1.1)–(1.2) has a unique strict solution u, that is

u ∈ W 2,p(0, 1; X) ∩ Lp(0, 1;D(A)), u′ ∈ Lp(0, 1; D(B)),

and satisfies (1.1)–(1.2).

Proof. We can suppose that u1 = 0. Due to (1.15) and (2.2) we get, for
x ∈ (0, 1),

AT0(x)ξ0 =
(
B + (B2 −A)1/2

)(
B − (B2 −A)1/2

)−1(I − Z)−1M0(x, u0)

+
1
2
(I − Z)−1L0,1(x, f)− 1

2
(I − Z)−1T1(1)L0,0 (x, f(1− ·)) ,

hence AT0(·)ξ0 ∈ Lp(0, 1; X). Similarly AT1(1 − ·)ξ1 ∈ Lp(0, 1;X). Finally,
using (2.1), we can deduce that

Au(x) = AT0(x)ξ0 + AT1(1− x)ξ1

−1
2
(
B − (B2 −A)1/2

)(
B2 −A

)−1/2
L0(x, f)

−1
2
(
B + (B2 −A)1/2

)(
B2 −A

)−1/2
L1 (1− x, f(1− ·)) ,

thus Au ∈ Lp(0, 1;X). To conclude we show that Bu′ ∈ Lp(0, 1; X) by writing

Bu′(x) = −B
(
B − (B2 −A)1/2

)−1
AT0(x)ξ0

−B
(
B + (B2 −A)1/2

)−1
AT1(1− x)ξ1

+
1
2
B

(
B2 −A

)−1/2
L0(x, f) +

1
2
B

(
B2 −A

)−1/2
L1 (1− x, f(1− .)) .

5 Examples

Example 1. Let X = Lq(Ω), 1 < q < ∞, where Ω is a domain in Rn,
n > 1, with C2-boundary ∂Ω. More precisely Ω is either Rn, or the half space
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Rn
+, or a bounded domain with C2-boundary, or an exterior domain with a

C2-boundary. Take as A the operator in X defined by

D(A) = W 2,q(Ω) ∩W 1,q
0 (Ω), A =

n∑

j,k=1

∂

∂yj

(
ajk

∂

∂yk

)
− δ, δ > 0,

where a = (ajk) and bk = −
n∑

j=1

∂ajk

∂yj
, k = 1, 2, ..., n, fulfill assumptions (A1) ∼

(A3) in the paper of Prüss-Sohr [17], i.e.,

(A1) a(x) = (ajk(x)) is a real symmetric matrix for all x ∈ Ω̄ and there is
a0 > 0 such that a0 ≤ a(x)ξ · ξ ≤ a−1

0 for all x ∈ Ω̄, ξ ∈ Rn, |ξ| = 1;

(A2) ajk ∈ C∞(Ω̄)) for some α ∈ (0, 1) and, when Ω is unbounded, a∞jk =
lim|x|→∞ ajk(x) exists and there is a constant C > 0 such that

|ajk(x)− a∞jk| ≤ C|x|−α for all x ∈ Ω with |x| ≥ 1, j, k = 1, . . . , n;

(A3)
∂ajk

∂xk
∈ Lrk(Ω), p ≤ rk ≤ ∞, rk > n, j, k = 1, . . . , n.

In addition, it is supposed that either Ω is bounded or δ > 0. Then −A
has bounded imaginary powers with estimates (3.3). Therefore Theorem 3.1
applies and we get

PROPOSITION 5.1 Under the assumptions above, let p, q ∈]1,∞[, f ∈
Lp(0, 1; Lq(Ω)) and

u0, u1 ∈
(
W 2,q(Ω) ∩W 1,q

0 (Ω), Lq(Ω)
)
1/(2p),p

.

Then Problem




∂2u

∂x2
(x, y) +

n∑
j,k=1

∂

∂yj

(
ajk

∂u

∂yk

)
(x, y)− δu(x, y)

= f(x, y), (x, y) ∈ (0, 1)×Ω,

u(0, y) = u0(y), u(1, y) = u1(y), y ∈ Ω,

u(x, σ) = 0, (x, σ) ∈ (0, 1)×∂Ω,

(5.1)

has a unique strict solution u, that is

u ∈ W 2,p(0, 1;Lq(Ω)) ∩ Lp(0, 1; W 2,q(Ω) ∩W 1,q
0 (Ω)),

and satisfies (5.1).

Note that here the interpolation space
(
W 2,q(Ω) ∩W 1,q

0 (Ω), Lq(Ω)
)
1/(2p),p
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is, for bounded domain, the Besov space
{

u ∈ B2−1/p
q,p (Ω) : u|∂Ω = 0

}
,

see Triebel [20], p. 321 (for the case Ω = Rn or Rn
+ one applies Triebel, again,

Theorem 5.3.3. p. 373).

Example 2. Take X = Lp(R), 1 < p < +∞. Define the operators A,B by
{

D(A) = W 2,p(R), Au = au′′ − cu,

D(B) = W 1,p(R), Bu = bu′,

where a− b2 > 0 and c > 0. Then

D(B2 −A) = W 2,p(R) and D((B2 −A)1/2) = W 1,p(R),

so (1.5)∼(1.7) are verified. Moreover a simple computation shows that (1.4)
holds. Assumption (1.8) is also satisfied. At last, in virtue of Theorem C, p.
167, in Prüss-Sohr [17] again one sees that B2 − A has bounded imaginary
powers with estimates (1.9).

Applying Theorem 4.1 of the first approach, we get

PROPOSITION 5.2 Let p ∈]1,+∞[, f ∈ Lp(0, 1; X) and u0, u1 ∈(
W 2,p(R), Lp(R)

)
1/(2p),p

. Then Problem




∂2u

∂x2
(x, y) + 2b

∂2u

∂x∂y
(x, y) + a

∂2u

∂y2
(x, y)− cu(x, y)

= f(x, y), (x, y) ∈ ]0, 1[× R,

u(0, y) = u0(y), u(1, y) = u1(y), y ∈ R,

(5.2)

has a unique strict solution u, that is

u ∈ W 2,p(0, 1; Lp(R)) ∩ Lp(0, 1; W 2,p(R)), u′ ∈ Lp(0, 1; W 1,p(R)),

and satisfies (5.2).

Note that here the interpolation space
(
W 2,p(R), Lp(R)

)
1/(2p),p

coincides

with the following Besov space B2−1/p
p (R), see Grisvard [10], Teorema 7, p.

681. Of course one could establish a more general result in the space

Lp(0, 1; Lq(R)), 1 < p, q < +∞,

(cf. Example 1).

Example 3. Let Ω be a bounded domain in Rn, n > 1, with a smooth bound-
ary ∂Ω and X = Lp(Ω), 1 < p < +∞. Define the operators A,B by

D(A) =
{
u ∈ W 4(Ω) : u|∂Ω = ∆u|∂Ω = 0

}
, Au = b∆2u,
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where b < 0 and

D(B) = W 2,p(Ω) ∩W 1,p
0 (Ω), Bu = ∆u.

Then B generates a bounded analytic semigroup and 0 ∈ ρ(B). We deduce
that

(
B2

)1/2 = −B, and

±B − (B2 −A)1/2 = ±B + (1− b)1/2B =
(
(1− b)1/2 ± 1

)
B,

which generates an analytic semigroup. On the other hand, the results from
Seeley [18] guarantee that (1.13) holds. Then Theorem 4.2 runs and we can
handle the boundary value problem





∂2u

∂x2
(x, y) + 2∆

∂u

∂x
(x, y) + b∆2u(x, y) = f(x, y), (x, y) ∈ (0, 1)×Ω,

u(0, y) = u0(y), y ∈ Ω,

u(1, y) = u1(y), y ∈ Ω,

u(x, ξ) = ∆yu(x, ξ) = 0, (x, ξ) ∈ (0, 1)×∂Ω,

provided that f ∈ Lp(0, 1;Lp(Ω)) and u0, u1 ∈ (D(A), Lp(Ω))1/(2p),p .
We need to describe this interpolation space. To this end, we recall from

[14], Théorème 3.2, p.59, that if Λ generates a bounded C0-semigroup in the
Banach space X, m ∈ N, θ ∈ (0, 1), 1 < p < ∞, (1− θ)m = j + η, where j is
an integer ≥ 0 and 0 < η < 1, then

(D(Λm), X)θ,p = {a ∈ D(Λj); Λja ∈ (X, D(Λ))(1−θ)m−j,p}.

In our case, Λ = B, m = 2, θ = 1/(2p), so that j = 1, η = 1− 1/p. Therefore,

(D(A), Lp(Ω))1/(2p),p = {u ∈ W 2,p(Ω)∩W 1,p
0 (Ω); ∆u ∈ (Lp(Ω), D(B))1−1/p,p}.

On the other hand, by using [20], p. 321, we have

(Lp(Ω), D(B))1−1/p,p = B2(1−1/p)
p,p (Ω), if 1 < p < 3/2,

and

(Lp(Ω), D(B))1−1/p,p = {v ∈ B2(1−1/p)
p,p (Ω); v|∂Ω = 0}, if p > 3/2.

If p = 3/2, then (by [20], p. 319-321)

(L3/2(Ω), D(B))1/3,3/2 = {v ∈ B2/3
3/2,3/2(Ω);

∫

Ω

d(x)−1|v(x)|3/2dx < ∞},

where d(x) denotes the distance of the point x ∈ Ω to the boundary and
Bs

p,q(Ω) are the Besov spaces, s > 0, p, q ≥ 1. Thus we have fully characterized
(D(A), Lp(Ω))1/(2p),p.
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Example 4. (Periodic boundary conditions).
Take X = L2(0, 1) and consider the operator T in X defined by

D(T ) =
{
f ∈ H1(0, 1) : f(0) = f(1)

}
, Tf = if ′.

It is well known that T is self-adjoint and its spectrum is σ(T ) = 2πZ (see
Miklavčič [16], p. 75). Then

D(T 2) =
{
f ∈ H2(0, 1) : f(0) = f(1), f ′(0) = f ′(1)

}
, T 2f = −f ′′,

and T 2 is positive, self-adjoint. We take B = −iT (generating a strongly
continuous group) and introduce A by

D(A) = D(T 2), Af = (−2T 2 − aI)f = 2f ′′ − af

(with a > 0).
Then B2−A = T 2+aI, with domain D(T 2), is a positive self-adjoint opera-

tor. Thus D(T ) coincides with the complex interpolation space
[
X, D(T 2)

]
1/2

,

(see Triebel [20], p. 143) and (T 2 + aI)1/2 is positive self-adjoint.
Hence Theorem 4.1 enables us to solve the boundary value Problem





∂2u

∂x2
(x, y) + 2

∂2u

∂y∂x
(x, y) + 2

∂2u

∂y2
(x, y)− au(x, y)

= f(x, y), (x, y) ∈ (0, 1)×(0, 1),

u(0, y) = u0(y), u(1, y) = u1(y), 0 < y < 1,

u(x, 0) = u(x, 1),
∂u

∂y
(x, 0) =

∂u

∂y
(x, 1), 0 < x < 1,

provided that f ∈ Lp(0, 1; L2(0, 1)) and u0, u1 ∈
(
D(A), L2(0, 1)

)
1/(2p),p

. We
can then apply the preceding argument, reducing such a space to an interpo-
lation space between D(T ) and L2(0, 1).

Example 5. Let H be a Hilbert space and B a strictly positive, self-adjoint
operator in X. Take A = −B3. Then B2 − A is strictly positive self-adjoint,
and

D
(
(B2 −A)1/2

)
= D

(
B3/2

)
.

Moreover ±B−(B2−A)1/2 generates an analytic semigroup in X and we have
also D(A)  D(B2) (for details see Example 3 in [7]). Since ±B+(B2−A)1/2

is a positive operator, Theorem 4.2 works.
As an example, we take A, B defined in X = L2(Ω) by

D(B) = H1
0 (Ω) ∩H2(Ω), B = −∆,

D(A) =
{
u ∈ H6(Ω) : u|∂Ω = ∆u|∂Ω = ∆2u|∂Ω = 0

}
, A = ∆3,
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where Ω is a bounded domain in Rq, q ≥ 1, with a C2-boundary ∂Ω and we
can then handle the boundary problem





∂2u

∂x2
(x, y)− 2∆

∂u

∂x
(x, y) + ∆3u(x, y) = f(x, y), (x, y) ∈ (0, 1)×Ω,

u(0, y) = u0(y), u(1, y) = u1(y), y ∈ Ω,

u(x, σ) = ∆u(x, σ) = ∆2u(x, σ) = 0, (x, σ) ∈ (0, 1)×∂Ω,

provided that f ∈ L2((0, 1)× Ω) and u0, u1 ∈ (D(A), L2(Ω))1/4,2. This inter-
polation space can be characterized using [20], Theorem 4.4.1 (6), p.321 and
[14], p.59, again. Precisely, (D(A), L2(Ω))1/4,2 coincides with

{
u ∈ H4(Ω) : u|∂Ω = ∆u|∂Ω = 0, ∆2u ∈ (L2(Ω), H1

0 (Ω) ∩H2(Ω))1/4,2

}

=
{

u ∈ H4(Ω) : u|∂Ω = ∆u|∂Ω = 0, ∆2u ∈ B
1/2
2,2 (Ω),

∫

Ω

d−1(x)|∆2u(x)|2dx < ∞
}

,

where B
1/2
2,2 (Ω) is a Besov space and d(x) denotes the distance of x ∈ Ω from

the boundary ∂Ω.
Here we have taken advantage from self-adjointness property of the involved

operators guaranteeing the boundedness of imaginary powers. More sophisti-
cated examples can be described using the perturbation results by Dore-Venni
[5] and Prüss-Sohr [17].
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Degenerate integrodifferential

equations of parabolic type

Angelo Favini, Alfredo Lorenzi and Hiroki Tanabe1

Abstract We consider the initial value problem for a possibly degenerate in-
tegrodifferential equation in L2(Ω)

Dt(M(t)u(t)) + L(t)u(t) +

Z t

0

B(t, s)u(s)ds = f(t), 0 < t ≤ T,

M(0)u(0) = Mu0,

where M(t) = M0M1(t) is the multiplication operator by the function m(x, t) =
m0(x)m1(x, t), m0(x) ≥ 0, m1(x, t) ≥ c > 0, L(t) is the realization in L2(Ω) of a
second-order strongly elliptic operator in divergence form with Dirichlet or Neu-
mann boundary conditions for all t, and B(t, s) is a linear differential operator
of order ≤ 2 for each (t, s), 0 ≤ s ≤ t ≤ T , Ω being a bounded open set in Rn

with a smooth boundary.
We also establish a corresponding result in Lp(Ω), 1 < p < 3/2, related to Dirich-
let boundary condition, only.

1 Introduction

This paper is concerned with the initial value problem of the following degen-
erate integrodifferential equation

Dt(M(t)u(t)) + L(t)u(t) +
∫ t

0

B(t, s)u(s)ds = f(t),

M(0)u(0) = M(0)u0.

(1.1)

Here, M(t) = M0M1(t) is the multiplication operator by the function m(x, t) =
m0(x)m1(x, t):

(M(t)u)(x) = m(x, t)u(x),

(M0u)(x) = m0(x)u(x),

(M1(t)u)(x) = m1(x, t)u(x),

1Work partially supported by the Italian Ministero dell’Istruzione, dell’Università e della
Ricerca (M.I.U.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi In-
versi.
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L(t) is the realization of a second order strongly elliptic operator in divergence
form

L(t) = −
n∑

i,j=1

Dxi(ai,j(x, t)Dxj ) + a0(x, t), t ∈ [0, T ], Dxi =
∂

∂xi
,

in L2(Ω) with the Dirichlet or Neumann boundary condition for each t ∈ [0, T ]
and B(t, s) is linear differential operator of order not exceeding two for each
(t, s) such that 0 ≤ s ≤ t ≤ T , where Ω is a bounded open set of Rn with
smooth boundary ∂Ω. The sesquilinear form associated with L(t) is denoted
by a(t; u, v).

Assumptions

(I) µ1|ξ|2 ≤
∑n

i,j=1 ai,j(x, t)ξiξj ≤ µ2|ξ|2, for all (x, t, ξ) ∈ Ω × [0, T ] ×Rn

for some positive constants µ1 and µ2, µ1 < µ2;

(II) a0(x, t) ≥ γ > 0 for all (x, t) ∈ Ω× [0, T ];

(III) m0 ∈ L∞(Ω), m0(x) ≥ 0 a.e. in Ω;

(IV) m1 ∈ C1,ρ([0, T ];W 1,∞(Ω)) and infx∈Ω,t∈[0,T ] m1(x, t) > 0;

(V) for each u, v ∈ H1(Ω), a(t;u, v) is differentiable in t, and

|a(t; u, v)| ≤ C‖u‖H1‖v‖H1 ,

|ȧ(t; u, v)− ȧ(s; u, v)| ≤ C|t− s|ρ‖u‖H1‖v‖H1 , t, s ∈ (0, T ),

where ȧ = Dta;

(VI) 1/2 < ρ ≤ 1;

(VII) the coefficients of B(t, s) are continuous in Ω × [0, T ] and uniformly
Hölder continuous of order ρ.

It is also assumed that the coefficients of L(t) are sufficiently smooth, and
0 ∈ ρ(L(t)) for all t ∈ [0, T ].
We stress that, according to assumptions (I) and (II), the zeros of m are time
independent.
Before solving (1.1) the problem without the integral term

Dt(M(t)u(t)) + L(t)u(t) = f(t),

M(0)u(0) = M(0)u0

(1.2)

is considered. By introducing the new unknown variable v(t) = M(t)u(t) this
problem is transformed to

v′(t) + A(t)v(t) 3 f(t),

v(0) = v0,
(1.3)
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where A(t) = L(t)M(t)−1 is a possibly multivalued operator and v0 = M(0)u0.
According to the result of [2] −A(t) generates an infinitely many times differ-
entiable semigroup for each t ∈ [0, T ] in L2(Ω).

In order to construct the fundamental solution U(t, s) in L2(Ω) to the problem
(1.3) it is convenient to consider the same problem in the space of negative
norm H−1(Ω) = H1

0 (Ω)∗ or H1(Ω)∗ according as the boundary condition is
of Dirichlet type or Neumann type. Let L̃(t) be the operator defined by

(L̃(t)u, v)H−1×H1
0

= a(t;u, v), u, v ∈ H1
0 (Ω)

in case of the Dirichlet condition, and

(L̃(t)u, v)(H1)∗×H1 = a(t; u, v), u, v ∈ H1(Ω)

in case of the Neumann condition. Let Ã(t) = L̃(t)M(t)−1. It is shown in [3]
that Ã(t) satisfies the parabolicity condition with α = β = 1. Making use of
the fact that

D(L̃(t)) =

{
H1

0 (Ω) in case of the Dirichlet condition

H1(Ω) in case of the Neumann condition

is independent of t the fundamental solution Ũ(t, s) to the problem

v′(t) + Ã(t)v(t) 3 f(t),

v(0) = v0

(1.4)

can be constructed applying the method of Kato and Tanabe [4]. The desired
fundamental solution is obtained by U(t, s) = Ũ(t, s)|L2(Ω).

The norms of H−1(Ω), H1(Ω)∗, L(H−1(Ω)) and L(H1(Ω)∗) are all simply
denoted by ‖ · ‖∗.

2 Equations without integral term

It was shown in [3] and [2] that the following inequalities hold:

‖(λ + Ã(t))−1‖∗ = ‖M(t)(λM(t) + L̃(t))−1‖∗ ≤ C0(1 + |λ|)−1, (2.1)

‖(λ + Ã(t))−1f‖L2

= ‖M(t)(λM(t) + L̃(t))−1f‖L2 ≤ C0(1 + |λ|)−1/2‖f‖∗ (2.2)

for λ ∈ Σ = {λ ∈ C; Reλ ≥ −c0(|Imλ| + 1)}, t ∈ [0, T ] and some positive
constants C0 and c0. Hence −Ã(t) generates in H−1(Ω) or in H1(Ω)∗ an
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analytic semigroup exp(−τÃ(t)) satisfying

‖ exp(−τÃ(t))‖∗ ≤ C, ‖ exp(−τÃ(t))f‖L2 ≤ Cτ−1/2‖f‖∗,
∥∥Dτ exp(−τÃ(t))f

∥∥
L2 ≤ Cτ−3/2‖f‖∗.

(2.3)

D(Ã(t)) is not dense unless m0(x) > 0 a.e. Therefore

lim
τ↓0

‖ exp(−τÃ(t))v − v‖∗ = 0

holds only for v ∈ D(Ã(t)) ≡ D(Ã(0)).

LEMMA 2.1 For λ ∈ Σ, t ∈ [0, T ]

∥∥Dt(λ + Ã(t))−1
∥∥
∗ ≤

C

|λ| , (2.4)

∥∥Dt(λ + Ã(t))−1f
∥∥

L2 ≤
C

|λ|1/2
‖f‖∗. (2.5)

Proof. As is easily seen

Dt(λ + Ã(t))−1 = Dt

{
M(t)(λM(t) + L̃(t))−1

}

= Ṁ(t)(λM(t) + L̃(t))−1

−M(t)(λM(t) + L̃(t))−1(λṀ(t) + ˙̃
L(t))(λM(t) + L̃(t))−1, (2.6)

where Ṁ(t) = DtM(t) and ˙̃
L(t) = DtL̃(t).

Note that Ṁ(t) is the multiplication operator by the function

Dtm(t) = m0Dtm1(t) =
Dtm1(t)
m1(t)

m0m1(t) =
Dtm1(t)
m1(t)

m(t),

and
˙̃
L(t) = ˙̃

L(t)L̃(t)−1L̃(t).

The multiplications by Dtm1(x, t)/m1(x, t) and ˙̃
L(t)L̃(t)−1 define uniformly

bounded operators from H−1(Ω) or H1(Ω)∗ to itself. Hence the result is es-
tablished by using (2.1) and (2.2).

LEMMA 2.2 For 0 ≤ τ < t ≤ T and λ ∈ Σ

∥∥Dt(λ + Ã(t))−1 −Dτ (λ + Ã(τ))−1
∥∥
∗ ≤ C

(t− τ)ρ

|λ| .
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Proof. The assertion can be proved by the argument of the proof of the
previous lemma, and the Hölder continuity of the function Dtm1(t)/m1(t) in
W 1,∞(Ω) and of the operator valued function ˙̃

L(t)L̃(t)−1.

With the aid of Lemmas 2.1 and 2.2 one can construct the fundamental
solution to the problem

v′(t) + Ã(t)v(t) 3 f(t), 0 < t ≤ T,

v(0) = v0,
(2.7)

by the method of [4]:

Ũ(t, s) = exp(−(t− s)Ã(t)) +
∫ t

s

exp(−(t− τ)Ã(t))Φ̃(τ, s)dτ,

Φ̃(t, s) = Φ̃1(t, s) +
∫ t

s

Φ̃1(t, τ)Φ̃(τ, s)dτ,

Φ̃1(t, s) = −(Dt + Ds) exp(−(t− s)Ã(t))

= − 1
2πi

∫

Γ

eλ(t−s)Dt(λ + Ã(t))−1dλ.

LEMMA 2.3 For 0 ≤ s < τ < t ≤ T

‖Φ̃1(t, s)‖∗ ≤ C, ‖Φ̃(t, s)‖∗ ≤ C, (2.8)

‖Φ̃1(t, s)− Φ̃1(τ, s)‖∗ ≤ C
{

(t− τ)ρ + log
t− s

τ − s

}
, (2.9)

‖Φ̃1(t, s)f‖L2 ≤ C(t− s)−1/2‖f‖∗. (2.10)

Proof. The above inequalities are simple consequences of Lemmas 2.1 and
2.2.

Let 0 < ε < t− s. Then, with the aid of the usual argument

Dt

∫ t−ε

s

exp(−(t− τ)Ã(t))Φ̃1(τ, s)fdτ

= exp(−εÃ(t))Φ̃1(t− ε, s)f −
∫ t−ε

s

Φ̃1(t, τ)Φ̃1(τ, s)fdτ

−
∫ t−ε

s

∂

∂τ
exp(−(t− τ)Ã(t))(Φ̃1(τ, s)− Φ̃1(t, s))fdτ

− exp(−εÃ(t))Φ̃1(t, s)f + exp(−(t− s)Ã(t))Φ̃1(t, s)f.
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In view of the inequalities (2.3) and (2.9)

‖ exp(−εÃ(t))Φ̃1(t− ε, s)f − exp(−εÃ(t))Φ̃1(t, s)f‖L2

= ‖ exp(−εÃ(t))(Φ̃1(t− ε, s)− Φ̃1(t, s))f‖L2

≤ Cε−1/2‖(Φ̃1(t− ε, s)− Φ̃1(t, s))f‖∗

≤ Cε−1/2
(
ερ + log

t− s

t− ε− s

)
‖f‖∗ → 0

as ε → 0. Hence one obtains

Dt

∫ t

s

exp(−(t− τ)Ã(t))Φ̃1(τ, s)fdτ = −
∫ t

s

Φ̃1(t, τ)Φ̃1(τ, s)fdτ

−
∫ t

s

Dτ exp(−(t− τ)Ã(t))(Φ̃1(τ, s)− Φ̃1(t, s))fdτ

+ exp(−(t− s)Ã(t))Φ̃1(t, s)f,

and
∥∥∥Dt

∫ t

s

exp(−(t− τ)Ã(t))Φ̃1(τ, s)fdτ
∥∥∥

L2
≤ C(t− s)−1/2‖f‖∗. (2.11)

In view of (2.3) and (2.8) it is evident that

∥∥∥
∫ t

s

exp(−(t− τ)Ã(t))Φ̃1(τ, s)fdτ
∥∥∥

L2
≤ C(t− s)1/2‖f‖∗. (2.12)

By virtue of (2.11) and (2.12) one gets

Dt

∫ t

s

exp(−(t− τ)Ã(t))Φ̃(τ, s)fdτ

= Dt

∫ t

s

exp(−(t− τ)Ã(t))Φ̃1(τ, s)fdτ

+
∫ t

s

Dt

∫ t

σ

exp(−(t− τ)Ã(t))Φ̃1(τ, σ)dτ Φ̃(σ, s)fdσ,

and
∥∥∥Dt

∫ t

s

exp(−(t− τ)Ã(t))Φ̃(τ, s)fdτ
∥∥∥

L2
≤ C(t− s)−1/2‖f‖∗. (2.13)

With the aid of (2.3), (2.8), (2.10) and (2.13) it is easily shown that

‖Ũ(t, s)f‖L2 ≤ C(t− s)−1/2‖f‖∗,
‖DtŨ(t, s)f‖L2 ≤ C(t− s)−3/2‖f‖∗.
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By using the identity

Dτ exp(−τÃ(t))Ã(t)−1 = − exp(−τÃ(t))

it is not difficult to show

Ã(t)−1DtŨ(t, s)f = −Ũ(t, s)f.

This implies
DtŨ(t, s)f + Ã(t)Ũ(t, s)f 3 0.

Hence the operator valued function U(t, s) defined by

U(t, s) = Ũ(t, s)|L2(Ω)

satisfies
DtU(t, s)f + A(t)U(t, s)f 3 0, 0 ≤ s < t ≤ T,

for any f ∈ L2(Ω). It is easy to show that for

v0 ∈ D(Ã(s)) = {m(s)u, u ∈ H1
0 (Ω) or H1(Ω)}(= D(Ã(0)))

one has

‖ exp(−(t− s)A(s))v0 − v0‖L2 ≤ C(t− s)1/2‖v0‖D( eA(s)),

‖{exp(−(t− s)A(t))− exp(−(t− s)A(s))}v0‖L2 ≤ C(t− s)1/2‖v0‖∗.
Hence it follows that

U(t, s)v0 → v0 in L2(Ω)

as t → s for v0 ∈ D(Ã(s)).

Let f ∈ Cρ([0, T ]; H−1(Ω)) or f ∈ Cρ([0, T ];H1(Ω)∗). Arguing as in the
proof of (2.11) and using (2.3) and (2.8) one obtains that

Dt

∫ t

0

exp(−(t− s)Ã(t))f(s)ds = −
∫ t

0

Φ̃1(t, s)f(s)ds

−
∫ t

0

Ds exp(−(t− s)Ã(t)) · (f(s)− f(t))ds + exp(−tÃ(t))f(t),

and
∥∥∥Dt

∫ t

0

exp(−(t− s)Ã(t))f(s)ds
∥∥∥

L2(Ω)

≤ Ct1/2 sup
0≤s≤t

‖f(s)‖∗ + Ctρ−1/2 sup
0≤s<t

‖f(t)− f(s)‖∗
(t− s)ρ

+ Ct−1/2‖f(t)‖∗.

From this and (2.13) it follows that
∫ t

0
Ũ(t, s)f(s)ds is differentiable in t. Thus

the following theorem is established.
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THEOREM 2.1 Let f ∈ Cρ([0, T ];L2(Ω)) and v0 ∈ D(Ã(0)). Then

v(t) = U(t, 0)v0 +
∫ t

0

U(t, s)f(s)ds

is a solution of the initial value problem

v′(t) + A(t)v(t) 3 f(t), 0 < t ≤ T,

v(0) = v0.

In order to show the uniqueness of the solution to the problem

v′(t) + Ã(t)v(t) 3 f(t), 0 < t ≤ T,

v(0) = v0

(2.7)

we construct the operator valued function Ṽ (t, s) as follows:

Ṽ (t, s) = exp(−(t− s)Ã(s)) +
∫ t

s

Ψ̃(t, τ) exp(−(τ − s)Ã(s))dτ,

Ψ̃(t, s) = Ψ̃1(t, s) +
∫ t

s

Ψ̃(t, τ)Ψ̃1(τ, s)dτ,

Ψ̃1(t, s) = (Dt + Ds) exp(−(t− s)Ã(s)).

Just as in Lemma 2.3 it is seen that

‖Ψ̃1(t, s)‖∗ ≤ C, ‖Ψ̃(t, s)‖∗ ≤ C.

It is not difficult to show that

DsṼ (t, s) · Ã(s)−1 = Ṽ (t, s).

Let v be a solution of (2.7). Then

Ds(Ṽ (t, s)v(s)) = DsṼ (t, s) · v(s) + Ṽ (t, s)v′(s)

= DsṼ (t, s) · Ã(s)−1(f(s)− v′(s)) + Ṽ (t, s)v′(s)

= Ṽ (t, s)(f(s)− v′(s)) + Ṽ (t, s)v′(s) = Ṽ (t, s)f(s). (2.14)

Since

exp(−(t− s)Ã(s))v(s)− v(t)

= {exp(−(t− s)Ã(s))− exp(−(t− s)Ã(t))}v(s)

+ exp(−(t− s)Ã(t))(v(s)− v(t))

+ exp(−(t− s)Ã(t))v(t)− v(t) → 0
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as s ↑ t, one has
Ṽ (t, s)v(s) → v(t)

as s ↑ t. Hence integrating (2.14) from 0 to t one concludes

v(t)− Ṽ (t, 0)v0 =
∫ t

0

Ṽ (t, s)f(s)ds.

3 Equations with integral term

Let ∆ = {(t, s); 0 ≤ s < t ≤ T}. Assume that the coefficients of B(t, s) be-
long to Cρ(Ω × ∆) and are uniformly Hölder continuous functions of (t, s)
in ∆. Let K(t, s) = B(t, s)L(s)−1 ∈ L(L2(Ω)). By assumption K(·, ·) ∈
Cρ(∆;L(L2(Ω))). The problem

Dt(M(t)u(t)) + L(t)u(t) +
∫ t

0

B(t, s)u(s)ds = f(t), (3.1)

M(0)u(0) = M(0)u0 (3.2)

is rewritten as

Dt(M(t)u(t)) + L(t)u(t) +
∫ t

0

K(t, s)L(s)u(s)ds = f(t),

M(0)u(0) = M(0)u0.
(3.3)

Let v(t) = M(t)u(t) be the new unknown function. Then L(t)u(t) ∈ A(t)v(t),
L(s)u(s) ∈ A(s)v(s). In order to avoid that the multivalued operator appears
in two places, one uses the idea due to Crandall and Nohel [1]. The convolution
F ∗G of two operator valued functions F and G and that F ∗f of an operator
valued function F and a vector valued function f are defined by

(F ∗G)(t, s) =
∫ t

s
F (t, r)G(r, s)dr,

(F ∗ f)(t) =
∫ t

0
F (t, s)f(s)ds,

respectively. Then (3.3) is briefly rewritten as

(Mu)′ + Lu + K ∗ Lu = f. (3.4)

Let R : ∆ → L(L2(Ω)) be the solution of the integral equation

R + K + K ∗R = 0. (3.5)

It is easily seen that R ∈ Cρ(∆;L(L2(Ω))) and K ∗R = R ∗K. Hence

R + K + R ∗K = 0. (3.6)
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Convoluting R with both sides of (3.4), one gets

R ∗ (Mu)′ + R ∗ Lu + R ∗K ∗ Lu = f. (3.7)

Adding (3.4) and (3.7), and using (3.6) one obtains

(Mu)′ + Lu = f + R ∗ f −R ∗ (Mu)′. (3.8)

Let v = Mu be the new unknown function. Then, in view of (3.8) one has

v′ + Av 3 f + R ∗ f −R ∗ v′

v(0) = v0 = M(0)u0.
(3.9)

This problem is transformed into the integrodifferential equation

v(t) = U(t, 0)v0 +
∫ t

0

U(t, s){f(s) + (R ∗ f)(s)− (R ∗ v′)(s)}ds

= g(t)− U ∗R ∗ v′(t), (3.10)

where

g(t) = U(t, 0)v0 +
∫ t

0

U(t, s){f(s) + (R ∗ f)(s)}ds. (3.11)

Differentiation of (3.10) yields

v′(t) = g′(t)−
∫ t

0

Q(t, s)v′(s)ds, (3.12)

where

Q(t, s) = Dt(U ∗R)(t, s) = Dt

∫ t

s

U(t, r)R(r, s)dr.

The equation (3.12) is considered to be the integral equation to be satisfied
by v′. Let w be the solution to the equation

w(t) = g′(t)−
∫ t

0

Q(t, s)w(s)ds, (3.13)

with unknown function w instead of v′ in (3.12).

Suppose that

u0 ∈ H1
0 (Ω) or H1(Ω), f ∈ Cρ([0, T ]; L2(Ω)).

Then v0 = M(0)u0 ∈ D(Ã(0)). Hence

‖g′(t)‖L2 ≤ Ct−1/2.

With the aid of the differentiability of
∫ t

0
Ũ(t, s)f(s)ds proved just before

Theorem 2.1 it can be shown that

‖Q(t, s)‖ ≤ C(t− s)−1/2.
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Hence the integral equation of (3.13) has a unique solution w satisfying

‖w(t)‖L2 ≤ Ct−1/2.

Define the function v by

v(t) = v0 +
∫ t

0

w(s)ds.

Then (3.12) holds and, by integration, one obtains (3.10). Since

‖(R ∗ v′)(s′)− (R ∗ v′)(s)‖L2

=
∥∥∥

∫ s′

s

R(s′, τ)v′(τ)dτ +
∫ s

0

(R(s′, τ)−R(s, τ))v′(τ)dτ
∥∥∥

L2

≤ C

∫ s′

s

‖v′(τ)‖L2dτ + C(s′ − s)ρ

∫ s

0

‖v′(τ)‖L2dτ

≤ C

∫ s′

s

τ−1/2dτ + C(s′ − s)ρ

∫ s

0

τ−1/2dτ

≤ C(
√

s′ −√s) + C(s′ − s)ρs1/2 = C
{ s′ − s√

s′ +
√

s
+ (s′ − s)ρs1/2

}

for 0 < s < s′ ≤ T , R ∗ v′ is locally Hölder continuous in L2(Ω) of order ρ in
(0, T ]. Hence it follows from (3.10) that v satisfies (3.9).

Let the function u be defined by

u(t) = L(t)−1{f(t) + (R ∗ f)(t)− (R ∗ v′)(t)− v′(t)}.

Then according to (3.9)

L(t)u(t) = f(t) + (R ∗ f)(t)− (R ∗ v′)(t)− v′(t)

∈ A(t)v(t) = L(t)M(t)−1v(t). (3.14)

Since L(t) is invertible, (3.14) implies

u(t) ∈ M(t)−1v(t) or M(t)u(t) = v(t). (3.15)

From the first half of (3.14) and the second half of (3.15) one derives

(Mu)′ + Lu + R ∗ (Mu)′ = f + R ∗ f. (3.16)

Convoluting K and (3.16)

K ∗ (Mu)′ + K ∗ Lu + K ∗R ∗ (Mu)′ = K ∗ f + K ∗R ∗ f. (3.17)
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Adding (3.16) and (3.17), and using (3.5) one obtains

(Mu)′ + Lu + K ∗ Lu = f.

Clearly,
lim
t→0

M(t)u(t) = lim
t→0

v(t) = v(0) = v0 = M(0)u0.

Hence u is a desired solution of the initial value problem (3.1)–(3.2).

THEOREM 3.1 Let f ∈ Cρ([0, T ];L2(Ω)) and u0 ∈ H1
0 (Ω) or u0 ∈ H1(Ω)

according as the boundary condition is of Dirichlet or Neumann type. Then,
a solution to the problem (3.1)-(3.2) such that

u ∈ C((0, T ]; L2(Ω)), M(·)u(·) ∈ C([0, T ];L2(Ω)) ∩ C1((0, T ]; L2(Ω)),

u(t) ∈ D(L(t)) for t ∈ (0, T ], L(·)u(·) ∈ C((0, T ];L2(Ω))

exists and is unique.

4 Equations in Lp spaces

In this section we consider the problem (1.1) in Lp(Ω) in case of the Dirichlet
boundary condition. Assume that

1 < p <
3
2
. (4.1)

Note that (4.1) implies 2− 2/p < 1/p < 1. Instead of (III), (IV) and (VI) in
Section 1, we assume that

m ∈ C1,ρ([0, T ];L∞(Ω)), 2− 2
p

< ρ ≤ 1, m ≥ 0 a.e., (4.2)

and
|Dtm(x, t)| ≤ Cm(x, t)α, 2− 2

p
< α <

1
p
. (4.3)

The operator M(t) is the multiplication by m(x, t) and L(t) is the realiza-
tion of L(t) in Lp(Ω) with the Dirichlet boundary condition. Let A(t) =
L(t)M(t)−1. According to [2] the following inequality holds:

|λ|‖m(·, t)1/pu‖p
Lp + ‖u‖p

Lp ≤ C‖f‖p
Lp , t ∈ [0, T ], (4.4)

for (λm(·, t) + L(t))u = f and λ ∈ Σ = {λ ∈ C : Reλ ≥ −c0(|Imλ|+ 1)}. By
virtue of Hölder’s inequality and (4.4), for all λ ∈ Σ and t ∈ [0, T ], one has

‖m(·, t)αu‖Lp ≤ ‖m(·, t)1/pu‖αp
Lp‖u‖1−αp

Lp ≤ C|λ|−α‖f‖Lp .
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Hence using (4.3), for all λ ∈ Σ and t ∈ [0, T ], one obtains

‖Dtm(·, t)u‖Lp ≤ C‖m(·, t)αu‖Lp ≤ C|λ|−α‖f‖Lp ,

or
‖Ṁ(t)(λM(t) + L(t))−1f‖Lp ≤ C|λ|−α‖f‖Lp . (4.5)

Furthermore, (4.4) implies for all λ ∈ Σ, |λ| ≥ 1, and t ∈ [0, T ],

‖M(t)(λM(t) + L(t))−1‖ ≤ C|λ|−1/p, ‖(λM(t) + L(t))−1‖ ≤ C, (4.6)

‖L(t)(λM(t) + L(t))−1‖ ≤ C|λ|1−1/p. (4.7)

LEMMA 4.1 For t ∈ [0, T ] and λ ∈ Σ, |λ| ≥ 1,
∥∥Dt(λ + A(t))−1

∥∥ ≤ C|λ|1−α−1/p, (4.8)
∥∥Dt(λ + A(t))−1 −Ds(λ + A(s))−1

∥∥

≤ C
{|t− s||λ|2−α−1/p + |t− s|ρ|λ|1−1/p

}
. (4.9)

Proof. First note that

Dt(λ + A(t))−1 = Dt

{
M(t)(λM(t) + L(t))−1

}

= Ṁ(t)(λM(t) + L(t))−1

−M(t)(λM(t) + L(t))−1(λṀ(t) + L̇(t))(λM(t) + L(t))−1

= Ṁ(t)(λM(t) + L(t))−1

−M(t)(λM(t) + L(t))−1λṀ(t)(λM(t) + L(t))−1

−M(t)(λM(t) + L(t))−1L̇(t)L(t)−1L(t)(λM(t) + L(t))−1. (4.10)

The inequality (4.8) is an easy consequence of (4.10), (4.5), (4.6), (4.7) and
the uniform boundedness of L̇L−1.

To show (4.9) we begin by estimating the increments of the first term in
the last side of (4.10). For this purpose we consider the identity:

Ṁ(t)(λM(t) + L(t))−1 − Ṁ(s)(λM(s) + L(s))−1

= (Ṁ(t)− Ṁ(s))(λM(t) + L(t))−1

+ Ṁ(s)
{
(λM(t) + L(t))−1 − (λM(s) + L(s))−1

}
. (4.11)

Assumption (4.2) and inequality (4.6) yield

‖(Ṁ(t)− Ṁ(s))(λM(t) + L(t))−1‖ ≤ C|t− s|ρ. (4.12)
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Using (4.5), (4.7) and noting that

‖(M(t)−M(s))(λM(t) + L(t))−1‖ ≤ C|t− s|, (4.13)

for all λ ∈ Σ, |λ| ≥ 1, one obtains

‖Ṁ(s)
{
(λM(t) + L(t))−1 − (λM(s) + L(s))−1

} ‖

= ‖Ṁ(s)(λM(s) + L(s))−1{λM(s) + L(s)− λM(t)− L(t)}
× (λM(t) + L(t))−1‖

= ‖λṀ(s)(λM(s) + L(s))−1(M(s)−M(t))(λM(t) + L(t))−1

+ Ṁ(s)(λM(s) + L(s))−1(L(s)− L(t))L(t)−1L(t)(λM(t) + L(t))−1‖
≤ C|λ||λ|−α|t− s|+ C|λ|−α|t− s||λ|1−1/p

= C|t− s|(|λ|1−α + |λ|1−α−1/p) ≤ C|t− s||λ|1−α. (4.14)

From (4.11), (4.12) and (4.14) it follows

‖Ṁ(t)(λM(t) + L(t))−1 − Ṁ(s)(λM(s) + L(s))−1‖
≤ C{|t− s|ρ + |t− s| |λ|1−α}. (4.15)

Then from (4.8) one deduces

‖M(t)(λM(t) + L(t))−1 −M(s)(λM(s) + L(s))−1‖

≤
∣∣∣
∫ t

s

‖Dr(λ + A(r))−1‖ dr
∣∣∣ ≤ C|t− s||λ|1−α−1/p. (4.16)

With the aid of (4.16), (4.5), (4.6) and (4.15) one obtains

‖M(t)(λM(t) + L(t))−1λṀ(t)(λM(t) + L(t))−1

−M(s)(λM(s) + L(s))−1λṀ(s)(λM(s) + L(s))−1‖
= ‖{M(t)(λM(t) + L(t))−1 −M(s)(λM(s) + L(s))−1}

× λṀ(t)(λM(t) + L(t))−1 + M(s)(λM(s) + L(s))−1

× λ{Ṁ(t)(λM(t) + L(t))−1 − Ṁ(s)(λM(s) + L(s))−1}‖
≤ C|t− s||λ|1−α−1/p|λ||λ|−α + C|λ|−1/p|λ|{|t− s|ρ + |t− s||λ|1−α}
= C|t− s||λ|2−2α−1/p + C|t− s|ρ|λ|1−1/p + C|t− s||λ|2−α−1/p

≤ C{|t− s||λ|2−α−1/p + |t− s|ρ|λ|1−1/p}. (4.17)
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Consider now the following identity concerning the last term of (4.10):

M(t)(λM(t) + L(t))−1L̇(t)(λM(t) + L(t))−1

−M(s)(λM(s) + L(s))−1L̇(s)(λM(s) + L(s))−1

= {M(t)(λM(t) + L(t))−1 −M(s)(λM(s) + L(s))−1}
× L̇(t)(λM(t) + L(t))−1 + M(s)(λM(s) + L(s))−1

× {L̇(t)(λM(t) + L(t))−1 − L̇(s)(λM(s) + L(s))−1}. (4.18)

In view of (4.16) the norm of the first term of the right hand side of (4.18) is
estimated by

‖{M(t)(λM(t) + L(t))−1 −M(s)(λM(s) + L(s))−1}L̇(t)(λM(t) + L(t))−1‖
≤ C|t− s||λ|1−α−1/p|λ|1−1/p = C|t− s||λ|2−α−2/p. (4.19)

From (4.16) and

L̇(t)(λM(t) + L(t))−1 − L̇(s)(λM(s) + L(s))−1

= L̇(t)L(t)−1L(t)(λM(t) + L(t))−1 − L̇(s)L(s)−1L(s)(λM(s) + L(s))−1

= (L̇(t)L(t)−1 − L̇(s)L(s)−1)L(t)(λM(t) + L(t))−1

+ L̇(s)L(s)−1{L(t)(λM(t) + L(t))−1 − L(s)(λM(s) + L(s))−1}
= (L̇(t)L(t)−1 − L̇(s)L(s)−1)L(t)(λM(t) + L(t))−1

+L̇(s)L(s)−1{I − λM(t)(λM(t) + L(t))−1 − I + λM(s)(λM(s) + L(s))−1}
= (L̇(t)L(t)−1 − L̇(s)L(s)−1)L(t)(λM(t) + L(t))−1

− λL̇(s)L(s)−1{M(t)(λM(t) + L(t))−1 −M(s)(λM(s) + L(s))−1}

one easily deduces

‖L̇(t)(λM(t) + L(t))−1 − L̇(s)(λM(s) + L(s))−1‖
≤ C|t− s|ρ|λ|1−1/p + C|λ||t− s||λ|1−α−1/p

≤ C{|t− s|ρ|λ|1−1/p + |t− s||λ|2−α−1/p}. (4.20)
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From (4.18), (4.19) and (4.20) it follows

‖M(t)(λM(t) + L(t))−1L̇(t)(λM(t) + L(t))−1

−M(s)(λM(s) + L(s))−1L̇(s)(λM(s) + L(s))−1‖
≤ C|t− s||λ|2−α−2/p + C|λ|−1/p{|t− s|ρ|λ|1−1/p + |t− s||λ|2−α−1/p}
= C|t− s||λ|2−α−2/p + C|t− s|ρ|λ|1−2/p + C|t− s||λ|2−α−2/p

≤ C{|t− s||λ|2−α−2/p + |t− s|ρ|λ|1−2/p}. (4.21)

With the aid of (4.10), (4.15), (4.17) and (4.21), since |λ| ≥ 1, one concludes
∥∥Dt(λ + A(t))−1 −Ds(λ + A(s))−1

∥∥

≤ C{|t− s|ρ + |t− s||λ|1−α}+ C{|t− s||λ|2−α−1/p + |t− s|ρ|λ|1−1/p}
+ C{|t− s||λ|2−α−2/p + |t− s|ρ|λ|1−2/p}

≤ C{|t− s||λ|2−α−1/p + |t− s|ρ|λ|1−1/p}.
The proof of the lemma is complete.

By virtue of (4.8) and α + 1/p − 1 > 1 − 1/p > 0 one can construct the
fundamental solution to the problem

v′(t) + A(t)v(t) 3 f(t), 0 < t ≤ T,

v(0) = v0

(4.22)

by the method of [4]:

U(t, s) = exp(−(t− s)A(t)) +
∫ t

s

exp(−(t− τ)A(t))Φ(τ, s)dτ, (4.23)

Φ(t, s) = Φ1(t, s) +
∫ t

s

Φ1(t, τ)Φ(τ, s)dτ, (4.24)

Φ1(t, s) = −(Dt + Ds) exp(−(t− s)A(t)) (4.25)

= − 1
2πi

∫

Γ

eλ(t−s)Dt(λ + A(t))−1dλ. (4.26)

The following inequalities are simple consequences of (4.8):

‖Φ1(t, s)‖ ≤ C(t− s)α+1/p−2, ‖Φ(t, s)‖ ≤ C(t− s)α+1/p−2. (4.27)

LEMMA 4.2 For s < τ < t the following estimate holds:

‖Φ1(t, s)−Φ1(τ, s)‖ ≤ C
{

(t−τ)ρ(t−s)1/p−2 +
t− τ

t− s
(τ−s)α+1/p−2

}
. (4.28)
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Proof. Consider the identity

Φ1(t, s)− Φ1(τ, s)

= − 1
2πi

∫

Γ

eλ(t−s)
{
Dt(λ + A(t))−1 −Dτ (λ + A(τ))−1

}
dλ

− 1
2πi

∫

Γ

{
eλ(t−s) − eλ(τ−s)

}
Dτ (λ + A(τ))−1dλ =:

2∑

j=1

Ij(t, τ, s). (4.29)

With the aid of Lemma 4.2 one gets

‖I1(t, τ, s)‖ ≤ C

∫

Γ

eReλ(t−s)
{
(t− τ)|λ|2−α−1/p + (t− τ)ρ|λ|1−1/p

}|dλ|

≤ C
{
(t− τ)(t− s)α+1/p−3 + (t− τ)ρ(t− s)1/p−2

}

≤ C
{ t− τ

t− s
(τ − s)α+1/p−2 + (t− τ)ρ(t− s)1/p−2

}
. (4.30)

Using (4.8) one derives

‖I2(t, τ, s)‖ =
∥∥∥∥

1
2πi

∫

Γ

∫ t

τ

Dre
λ(r−s)drDτ (λ + A(τ))−1dλ

∥∥∥∥

=
∥∥∥ 1

2πi

∫ t

τ

∫

Γ

λeλ(r−s)Dτ (λ + A(τ))−1dλdr
∥∥∥

≤ C

∫ t

τ

∫

Γ

eReλ(r−s)|λ|2−α−1/p|dλ|dr ≤ C

∫ t

τ

(r − s)α+1/p−3dr

≤ C
{

(τ − s)α+1/p−2 − (t− s)α+1/p−2
}

= C(τ − s)α+1/p−2
{

1−
(τ − s

t− s

)2−α−1/p}

< C(τ − s)α+1/p−2
(
1− τ − s

t− s

)
= (τ − s)α+1/p−2 t− τ

t− s
. (4.31)

The assertion of the lemma follows from (4.29), (4.30) and (4.31).

Arguing as in the proof of (2.11) one deduces

Dt

∫ t

s

exp(−(t− τ)A(t))Φ1(τ, s)dτ = −
∫ t

s

Φ1(t, τ)Φ1(τ, s)dτ

−
∫ t

s

Dτ exp(−(t− τ)A(t))(Φ1(τ, s)− Φ1(t, s))dτ

+ exp(−(t− s)A(t))Φ1(t, s). (4.32)
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Then making use of (4.27) and Lemma 4.2 one gets
∥∥∥

∫ t

s

e−(t−τ)A(t)Φ1(τ, s)dτ
∥∥∥ ≤ C(t− s)α+2/p−2, (4.33)

∥∥∥Dt

∫ t

s

e−(t−τ)A(t)Φ1(τ, s)dτ
∥∥∥

≤ C{(t− s)α+2/p−3 + (t− s)ρ+2/p−3}. (4.34)

Following the proof of (2.12) one can show with the aid of (4.33), (4.34) and
α + 2/p− 2 > 0 that

∫ t

s
e−(t−τ)A(t)Φ(τ, s)dτ is differentiable with respect to t

and
∥∥∥

∫ t

s

e−(t−τ)A(t)Φ(τ, s)dτ
∥∥∥ ≤ C(t− s)α+2/p−2,

∥∥∥Dt

∫ t

s

e−(t−τ)A(t)Φ(τ, s)dτ
∥∥∥

≤ C{(t− s)α+2/p−3 + (t− s)ρ+2/p−3}.
Thus, arguing as in Section 2, we establish the following theorem.

THEOREM 4.1 Under the assumptions of the present section the funda-
mental solution U(t, s) to the problem (4.22) exists, is represented by (4.26)
and satisfies

‖U(t, s)‖ ≤ C(t− s)1/p−1, ‖DtU(t, s)‖ ≤ C(t− s)1/p−2, 0 ≤ s < t ≤ T.

If v0 ∈ D(A(0)) and f ∈ Cγ([0, T ]; Lp(Ω)), γ > 1− 1/p, then

v(t) = U(t, 0)v0 +
∫ t

0

U(t, s)f(s)ds

is the unique solution to the initial value problem (4.22).

Using Theorem 4.1 one can solve the initial value problem (1.1) in the space
Lp(Ω).
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Exponential attractors

for semiconductor equations

Angelo Favini, Alfredo Lorenzi and Atsushi Yagi1

Abstract This paper studies the asymptotic behaviour of solutions to the
classical semiconductor equations due to Shockley. We will construct not only
global solutions but also exponential attractors for the dynamical system deter-
mined from the Cauchy problem. Exponential attractors — such a notion was
introduced by Eden, Foias, Nicolaenko and Temam — are positively invariant
sets which contain the global attractor, have finite fractal dimensions and attract
every trajectory in an exponential rate.

1 Introduction

We are concerned with the initial and boundary value problem for the semi-
conductor equations





Dtu = a∆u− µ∇ · {u∇χ}+ f(1− uv) + g(x), in Ω× (0, +∞),

Dtv = b∆v + ν∇ · {v∇χ}+ f(1− uv) + g(x), in Ω× (0, +∞),

0 = c∆χ− u + v + h(x), in Ω× (0, +∞),

u = v = χ = 0, on ΓD × (0, +∞),

Dnu = Dnv = Dnχ = 0, on ΓN × (0, +∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), in Ω

(1.1)

in a bounded domain Ω ⊂ Rd, where d = 2, 3, with boundary ∂Ω, n and Dn

denoting, respectively, the outward unit vector normal to ∂Ω and the normal
derivative.

The semiconductor equations was presented by Shockley [25] almost fifty
years before to describe the flows of electrons and holes in a semiconductor.
For the physical background and the details of modeling we refer to the papers

1Work partially supported by the Italian Ministero dell’Istruzione, dell’Università e della
Ricerca (M.I.U.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi In-
versi.
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[12, 24, 26].
The unknown functions u and v denote the densities of electrons and holes,

respectively, at a position x in a semiconductor device occupying Ω and at
time t ≥ 0, electrons and holes diffuse with positive diffusion coefficients a > 0
and b > 0. The terms −µ∇·{u∇χ} and ν∇·{v∇χ} denote the drift-diffusions
of electron and hole, where µ > 0 and ν > 0 are the positive mobilities, respec-
tively, of electron and hole. The function χ stands for electrostatic potential
and is determined by the Poisson equation, where c > 0 is the dielectric con-
stant. In addition, the reaction term f(1−uv) denotes the effects of generation
and recombination of electrons and holes. After an appropriate normalization,
electrons and holes are generated with a rate f ≥ 0 and are recombined with
a rate fuv. The functions g ≥ 0 and h are given and both represent given
external forces.

The boundary ∂Ω = Γ is split into two parts ΓD and ΓN . On ΓD, the homo-
geneous Dirichlet boundary conditions are imposed on the unknown functions
u and v and as well on the potential χ. On ΓN , the Neumann boundary con-
ditions are supposed to hold for the densities u, v and the potential χ. For
electrons and holes, nonnegative initial densities u0 ≥ 0 and v0 ≥ 0 are given
in Ω.

Many authors have already contributed to the study of semiconductor equa-
tions. The stationary problems were studied, e.g., by [8, 9, 15, 19, 18], [1,
Chapter 6]. The existence of stationary solutions to the system (1.1) was es-
tablished in various situations. On the contrary, the uniqueness of solutions
is known only in a special case (cf. [1, Theorem 6.2]).

The evolution problems were analyzed, for instance, in [5, 6, 7, 10, 11, 16,
20, 21, 23]. In particular, the asymptotic behavior of solutions was studied
in [7, 10, 11, 21]. Mock [21] first proved in a simple case that every solution
converges to the stationary solution at an exponential rate. Gajewski [10] and
Gajewski and Gröger [11] generalized this result, but they still assumed some
conditions which guarantee unique solvability of the stationary problem. In
the cases where the stationary solutions are possibly nonunique, Fang and Ito
[7] constructed a global attractor for a dynamical system determined from the
evolution problem (1.1). More precisely, they constructed a global attractor
with finite Hausdorff dimension under the so called spectral gap condition for
the Laplacian in Ω.

In this paper we are concerned with the existence of exponential attrac-
tors for the dynamical system determined from the evolution problem (1.1)
without any particular spectral condition. The notion of exponential attrac-
tor was introduced by Eden, Foias, Nicolaenko and Temam [3] (see also [27])
as a convenient set which characterizes the longtime behavior of an infinite-
dimensional dynamical system. In fact, the exponential attractor is a posi-
tively invariant compact set including the global attractor, has a finite fractal
dimension and attracts every trajectory in an exponential rate.

For constructing the exponential attractors, two general methods are known.
First one is due to Eden et al. [3]. Their method is based on the squeezing

Copyright © 2006 Taylor & Francis Group, LLC



Exponential attractors for semiconductor equations 113

property of a nonlinear semigroup which is defined from the Cauchy problem.
The squeezing property means that the nonlinear semigroup is a finite-rank
perturbation of some contraction. Eden et al. [3] gives also some sufficient
conditions for the squeezing property in the case where the nonlinear semi-
groups are defined from semilinear abstract evolution equations in Hilbert
spaces. But, as the estimate (3.7) in Section 3 shows, our semilinear term
determined from (1.1) seems too strong to fulfill the sufficient condition. The
second method is due to Efendiev, Miranville and Zelik [4] which has been
presented more recently. In their method, the compact Lipschitz condition for
semigroup plays a principal role and the condition can be verified directly by
the smoothing effect of solutions for the evolution equations, and therefore
their method is available even in Banach spaces, see Section 6.

We shall show in this paper that the semigroup defined from the semicon-
ductor (1.1) fulfills this property without assuming any spectral gap condition.

Throughout this paper, Ω denotes a bounded domain with Lipschitz bound-
ary (see [14]) in Rd, where d = 2 or 3. The boundary Γ is split into two parts
ΓD and ΓN , and ΓD is a nonempty open subset of Γ . Related to the splitting
we assume the same sphere conditions as [1, (1.22)]:

|B(x0; R) ∩ ΓD| ≥ γRd−1 for any x0 ∈ ΓD, (1.2)

|B(x0; R) ∩ Ω| ≥ γRd for any x0 ∈ ΓN , B(x0;R) ∩ ΓD = ∅ (1.3)

with some constant γ > 0, where B(x0; R) denotes an open ball centralized
at x0 with radius R > 0.

As interested in studying asymptotic behavior of global solutions to (1.1),
we will assume for the sake of simplicity that the mobilities µ and ν of drift-
diffusions are both constant and the rate f of generation and recombination
is also constant. The function g(x) is a given nonnegative L2 function, i.e.,

0 ≤ g ∈ L2(Ω), (1.4)

and h(x) is a given bounded real function, i.e.,

h ∈ L∞(Ω). (1.5)

Sections 3-6 are devoted to considering the two-dimensional problem. In
Section 3, we construct a unique local solution for each pair of initial functions
u0 ∈ L2(Ω) and v0 ∈ L2(Ω) and show that the local solution is Lipschitz
continuous with respect to the initial functions. In Section 4, we show that
nonnegativity of u0 and v0 implies that of local solution by the truncation
method. In Section 5, a priori estimates concerning the L2 norm are obtained.
In Section 6, we introduce a dynamical system determined from the problem
(1.1) and construct its exponential attractors. In Section 7, we apply these
techniques to the three-dimensional problem.
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2 Preliminaries

Let Ω be a bounded domain in Rd with Lipschitz boundary ∂Ω = Γ , where
d = 2, 3.

For s ≥ 0, Hs(Ω) denotes the usual Sobolev space (see [2, 14, 28]). For
0 ≤ s ≤ 1, Hs(Ω) coincides with the complex interpolation space

Hs(Ω) = [H0(Ω),H1(Ω)]s (2.1)

between H0(Ω) = L2(Ω) and H1(Ω). Indeed, this result is well known in Rd;
then, in Ω, this is verified by using the extending operator of functions in Ω
to those in Rd which is continuous from Hs(Ω) to Hs(Rd) for every 0 ≤ s ≤ 1
([28, 4.2.3] or [14, Theorem 1.4.3.1]).

The space Hs(Ω), 0 < s < 1 (when d = 3, s = 1 is included), is embedded
in Lp(Ω), where p = 2d/(d− 2s), with the estimate

‖u‖Lp ≤ Cs‖u‖Hs , u ∈ Hs(Ω), p =
2d

d− 2s
. (2.2)

Similarly, since those embeddings and estimates are valid in Rd (see [28]), these
are verified by using the same extending operator mentioned above which is
continuous also from Lp(Ω) to Lp(Rd) for every 1 < p < ∞.

We denote by H1
D(Ω) the space

H1
D(Ω) = {u ∈ H1(Ω); u = 0 on ΓD}.

Here, ΓD is a nonempty open subset of Γ which is split into two parts ΓD and
ΓN with conditions (1.2) and (1.3). Obviously, H1

D(Ω) is a closed subspace of
H1(Ω). The antidual space of H1

D(Ω) is denoted by H1
D(Ω)′.

Identifying L2(Ω) and its antidual space, let us consider a triplet of spaces
H1

D(Ω) ⊂ L2(Ω) ⊂ H1
D(Ω)′. On H1

D(Ω), we consider a sesquilinear form

a(u, v) =
∫

Ω

∇u · ∇v dx, u, v ∈ H1
D(Ω).

Obviously this form is continuous on H1
D(Ω)×H1

D(Ω). And, by the Poincaré
inequality (e.g., see [1, (1.30)] or [2, Chap.IV, Sec.7, Remark 4]), the form
is seen to be coercive on H1

D(Ω). Then, following the usual procedure, we
can define a linear isomorphism Λ from H1

D(Ω) onto H1
D(Ω)′ which is also a

sectorial linear operator of H1
D(Ω)′. In fact, Λ is characterized by

〈Λu, v〉H1
D
′×H1

D
=

∫

Ω

∇u · ∇v dx, u ∈ H1
D(Ω), v ∈ H1

D(Ω). (2.3)

Then Λ is considered as a realization of −∆ in the space H1
D(Ω)′ under the

homogeneous Dirichlet boundary conditions on ΓD and the homogeneous Neu-
mann boundary conditions on ΓN .
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It is known that the domain of the square root Λ1/2 is characterized by

D(Λ1/2) = L2(Ω). (2.4)

Moreover, for 1/2 ≤ θ ≤ 1,

D(Λθ) = [L2(Ω),H1
D(Ω)]2θ−1 ⊂ [L2(Ω),H1(Ω)]2θ−1 = H2θ−1(Ω). (2.5)

The operator Λ may not enjoy the optimal shift property that Λu ∈ L2(Ω)
implies u ∈ H2(Ω) due to the boundary conditions of mixed type (as studied
in [17] or [14, Chap. 4]). According to Bensoussan and Frehse [1, Theorem
2.2], however, it is known that the splitting conditions (1.2) and (1.3) provide
the existence of a certain exponent p > 2 for which Λu ∈ L2(Ω) implies u ∈
W 1

p (Ω) with the estimates

‖u‖W 1
p
≤ C‖Λu‖L2 , u ∈ Λ−1(L2(Ω)). (2.6)

In the case when d = 2, we shall make essential use of this regularity.
Let u ∈ H2(Ω) and χ ∈ H2

N (Ω) = {χ ∈ H2(Ω); Dnχ = 0 on ΓN}. Then
we easily observe that

∇ · {u∇χ} = ∇u · ∇χ + u∆χ ∈ L2(Ω)

and the formula

〈∇ · {u∇χ}, v〉(H1
D)′×H1

D
=

∫

Ω

∇ · {u∇χ}v dx

=
∫

Γ

uDnχ v dx−
∫

Ω

u∇χ·∇v dx = −
∫

Ω

u∇χ·∇v dx for all v ∈ H1
D(Ω).

Since χ ∈ Λ−1(L2(Ω)) implies Dnχ = 0 on ΓN in an appropriate weak sense
and since u ∈ Hd/p(Ω) and χ ∈ W 1

p (Ω), where d < p < ∞, imply that
∫

Ω

|u∇χ∇v| dx ≤ ‖u‖L2p/(p−2)‖∇χ‖Lp‖∇v‖L2 ≤ Cp‖u‖Hd/p‖χ‖W 1
p
‖v‖H1

D
,

we are naturally led to define∇·{u∇χ} for u ∈ Hd/p(Ω) and χ ∈ Λ−1(L2(Ω))∩
W 1

p (Ω) also by the formula

〈∇ · {u∇χ}, v〉(H1
D)′×H1

D
= −

∫

Ω

u∇χ · ∇v dx for all v ∈ H1
D(Ω). (2.7)

That is, ∇ · {u∇χ} is an element of H1
D(Ω)′ with the estimate

‖∇ · {u∇χ}‖(H1
D)′ ≤ Cp‖u‖Hd/p‖χ‖W 1

p
,

u ∈ Hd/p(Ω), χ ∈ Λ−1(L2(Ω)) ∩W 1
p (Ω), (2.8)
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where d < p < ∞.
Throughout the paper we shall use the following notation. The symbol n(x)

denotes the outward normal vector at a point x ∈ Γ for which the normal
vector is defined.

Let X be a Banach space and let I be an interval of R. C(I; X), Cθ(I; X) (0 <
θ < 1) and C1(I;X) denote the space of X-valued continuous functions, Hölder
continuous functions with exponent θ and continuously differentiable functions
defined on I, respectively. When I is a bounded closed interval, these are
Banach spaces endowed with the usual norms.

3 Local solutions

In this section we shall construct local solutions to (1.1) in the two-dimensional
case.

Let Ω ⊂ R2 be a bounded domain with Lipschitz boundary which is split
into two parts ΓD and ΓN satisfying conditions (1.2) and (1.3).

Our goal is to apply the abstract result of [22, Theorem 3.1]. As an under-
lying space we take the product H1

D(Ω)′ space:

X =
{(

ϕ
ψ

)
: ϕ ∈ H1

D(Ω)′ and ψ ∈ H1
D(Ω)′

}
. (3.1)

Let Λ be a realization of the Laplace operator −∆ in the space H1
D(Ω)′

given by (2.6). As noticed, Λ is an isomorphism from H1
D(Ω) onto H1

D(Ω)′. It
is a sectorial operator of H1

D(Ω)′ and its fractional powers have the domains
included in the Sobolev spaces as described in (2.5). The shift property (2.6)
is true.

Using the operator Λ, we formulate (1.1) as the Cauchy problem for a
semilinear abstract evolution equation





DtU + AU = F (U), 0 < t < ∞,

U(0) = U0 =
(

u0

v0

)
(3.2)

in the space X. Here, A is a linear operator in X given by

AU =
(

aΛ 0
0 bΛ

)(
u
v

)
, U =

(
u
v

)
∈ D(A)

with domain

D(A) =
{(

u
v

)
: u ∈ H1

D(Ω) and v ∈ H1
D(Ω)

}
. (3.3)
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The operator F (U) is a nonlinear operator in X given by

F (U) =

(−µ∇ · {u∇(cΛ)−1(−u + v + h(x))}+ f(1− uv) + g(x)

ν∇ · {v∇(cΛ)−1(−u + v + h(x))}+ f(1− uv) + g(x)

)
,

U =
(

u
v

)
∈ D(F )

with domain

D(F ) =
{(

u
v

)
: u ∈ H2/p(Ω) and v ∈ H2/p(Ω)

}
,

where p > 2 is a fixed number in such a way that (2.6) holds. In view of (2.6),
(2.7) and (2.8), F (U) is well defined. Let η = (1/2) + (1/p) < 1. Then, since
D(Λη) ⊂ H2/p(Ω) due to (2.5), we have

D(Aη) ⊂ D(F ). (3.4)

We can now apply [22, Theorem 3.1] to the present problem with α = 1/2
and η = (1/2) + (1/p). In fact, A satisfies [22, (A)] with any 0 < φ < π/2.
From (2.8),



‖∇ · {u∇Λ−1(−u + v + h(x))}‖(H1

D)′ ≤ C‖u‖H2/p‖ − u + v + h‖L2

‖∇ · {v∇Λ−1(−u + v + h(x))}‖(H1
D)′ ≤ C‖v‖H2/p‖ − u + v + h‖L2 .

(3.5)

Similarly,

‖uv‖(H1
D)′ = sup

‖w‖
H1

D
≤1

∣∣∣∣
∫

Ω

uvw dx

∣∣∣∣

≤ C sup
‖w‖

H1
D
≤1

‖u‖L2p/(p−2)‖v‖L2‖w‖Lp ≤ C‖u‖H2/p‖v‖L2 . (3.6)

Therefore, on account of (2.5) and (3.4), we deduce that

‖F (U)− F (V )‖ ≤ C{(‖AβU‖+ ‖AβV ‖+ 1)‖Aη(U − V )‖

+ (‖AηU‖+ ‖AηV ‖+ 1)‖Aβ(U − V )‖}, U, V ∈ D(Aη). (3.7)

This shows that [22, (F)] is fulfilled.
Since, due to (2.4),

D(Aβ) = D(A1/2) =
{(

f
g

)
: f ∈ L2(Ω) and g ∈ L2(Ω)

}
, (3.8)

the following local existence result is deduced directly from [22, Theorem 3.1].
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THEOREM 3.1 For any pair of initial data u0 ∈ L2(Ω) and v0 ∈ L2(Ω),

there exists a unique local solution U =
(

u
v

)
to (3.2) in the function space

u, v ∈ C((0, TU0 ]; H1
D(Ω)) ∩ C([0, TU0 ]; L2(Ω)) ∩ C1((0, TU0 ]; H1

D(Ω)′), (3.9)

here TU0 > 0 only depends on the sum of norms ‖u0‖L2 + ‖v0‖L2 . Moreover,
the estimate
√

t(‖u(t)‖H1
D

+ ‖v(t)‖H1
D

) + ‖u(t)‖L2 + ‖v(t)‖L2 ≤ CU0 , 0 < t ≤ TU0 ,

holds, where CU0 > 0 only depends on the sum of norms ‖u0‖L2 + ‖v0‖L2 as
well.

Furthermore, consider a closed ball of initial functions

BR =
{

U0 =
(

u0

v0

)
; u0 ∈ L2(Ω) and v0 ∈ L2(Ω)

with ‖u0‖L2 + ‖v0‖L2 ≤ R

}
,

where 0 < R < ∞. For each U0 ∈ BR, there exists a unique local solution to
(3.2) at least on a fixed interval [0, TR], TR > 0 only depending on R. We can
then easily obtain the following Lipschitz continuity of local solutions with
respect to initial functions (cf. [22, Corollary 3.2]).

THEOREM 3.2 Let U0 and Ũ0 be in BR and let U and Ũ be the local
solutions to (3.2) on the interval [0, TR] with the initial values U0 and Ũ0

respectively. Then,
√

t‖U(t)− Ũ(t)‖H1
D

+ ‖U(t)− Ũ(t)‖X ≤ CR‖U0 − Ũ0‖X ,

0 ≤ t ≤ TR, (3.10)

where CR > 0 is a constant determined by R alone.

4 Nonnegativity of solutions

We now prove that the nonnegativity of the initial data implies that the local
solution (cf. Theorem 3.1) is nonnegative as well.

THEOREM 4.1 Let 0 ≤ u0 ∈ L2(Ω) and 0 ≤ v0 ∈ L2(Ω). Then the local
solution U obtained in Theorem 3.1 also satisfies u(t) ≥ 0 and v(t) ≥ 0 for
every 0 < t ≤ TU0 .
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Proof. Let U =
(

u
v

)
be the complex conjugate of U . Then it is clear that

U is also a local solution to the same problem (3.2); this means that the local
solution U is real-valued.

In order to verify u(t) ≥ 0 and v(t) ≥ 0, we will use the truncation method
(cf. [13, Theorem 7.8]). Before using the method, however, we need to intro-
duce approximate linear problems.

It is not difficult to construct sequences of Hölder continuous functions with
values in L∞(Ω) such that

uk, vk ∈ Cµ([0, TU0 ]; L∞(Ω)), 0 < µ < 1 (4.1)

which converge to u(t) and v(t) respectively as k →∞ in the space C([0, TU0 ];
L2(Ω)). Indeed, since u and v are L2 valued continuous functions on [0, TU0 ],
such approximate sequences can be constructed by the cutoff of L2 functions
and the mollifier acting on the variable t.

Using uk and vk, we next consider the linear problem




DtUk + AŨk = Bk(t)Ũk + F, 0 < t ≤ TU0 ,

Ũk(0) =
(

u0

v0

) (4.2)

in X. Here, Bk(t) is a family of closed linear operators given by

Bk(t)Ũk =

(−µ∇ · {ũk∇χk(t)} − ũkvk(t))

ν∇ · {ṽk∇χk(t)} − uk(t)ṽk

)
, Ũk =

(
ũk

ṽk

)
∈ D(Bk(t)),

where χk(t) = (cΛ)−1(−uk(t) + vk(t) + h), with domain D(Bk(t)) ≡ D(Aη),
while F is an element of X defined by

F (x) =

(
f + g(x)
f + g(x)

)
.

Since D(A) ⊂ D(Aη) ≡ D(Bk(t)), the operators Bk(t) are weak linear
perturbations of A; in addition, they enjoy regularity

‖{Bk(t)−Bk(s)}A−η‖L(X) ≤ Ck|t− s|µ, 0 ≤ s, t ≤ TU0

due to (3.5) and (3.6). Then, by the theory of linear abstract evolution equa-
tions, it is deduced that the problem (4.2) possesses a unique solution Ũk such
that

Ũk ∈ C((0, TU0 ]; D(A)) ∩ C([0, TU0 ]; D(A1/2) ∩ C1((0, TU0 ]; X).

Furthermore, after direct calculations we verify that

tη‖Aη{Ũk(t)− U(t)}‖X ≤ Ck sup
0≤t≤TU0

‖Aβ{Uk(t)− U(t)}‖X ,
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that is, as k →∞, Ũk(t) converges to U(t) for every t ∈ (0, TU0 ] in D(Aη).
Therefore if we show that ũk(t) ≥ 0 and ṽk(t) ≥ 0, then it follows that

u(t) ≥ 0 and v(t) ≥ 0.
Consider a C1 function H(u) of u such that H(u) = u2/2 for −∞ < u < 0

and H(u) = 0 for 0 ≤ u < ∞. We set the nonnegative function

ρ(t) =
∫

Ω

H(ũk(x, t))dx, 0 ≤ t ≤ TU0 .

Since H ′(ũk(t)) ∈ H1
D(Ω) (due to [13, Theorem 7.8]), it follows from

ρ(t + h)− ρ(t) =
(

ũk(t + h)− ũk(t),
∫ 1

0

H ′(θũk(t + h) + (1− θ)ũk(t))dθ

)

L2

that
ρ′(t) =

〈
∂ũk

∂t
,H ′(ũk)

〉

(H1
D)′×H1

D

.

Furthermore, since ∇H ′(ũk(t)) = H ′′(ũk(t))∇ũk(t) (due to [13, Theorem
7.8]), it follows that

ρ′(t) = −a

∫

Ω

H ′′(ũk)|∇ũk|2dx

+ µ

∫

Ω

ũk∇H ′(ũk) · ∇χkdx− f

∫

Ω

vkũkH ′(ũk)dx +
∫

Ω

(f + g(x))H ′(ũk)dx.

Here we use Lemma 4.1 below to obtain
∫

Ω

ũk∇H ′(ũk) · ∇χkdx =
∫

Ω

H ′(ũk)∇H ′(ũk) · ∇χkdx

=
1
2c

∫

Ω

(−uk + vk + h)H ′(ũk)2dx.

Since H ′(u) ≤ 0, H ′′(u) ≥ 0 and f + g(x) ≥ 0, we verify that

ρ′(t) ≤ µ

2c

∫

Ω

(−uk + vk + h)H ′(ũk(t))2dx− f

∫

Ω

vkH ′(ũk(t))2dx.

Furthermore, by (1.5) and (4.1),

ρ′(t) ≤ Ck

∫

Ω

H ′(ũk)2dx ≤ Ckρ(t), 0 < t ≤ TU0 .

In this way we have shown that ρ(t) ≤ ρ(0)eCkt = 0 for every 0 < t ≤ TU0

and hence uk(t) ≥ 0. It is the same for vk(t).

LEMMA 4.1 For u ∈ H1
D(Ω) and χ ∈ Λ−1(L2(Ω)) ∩W 1

p (Ω),
∫

Ω

u∇u · ∇χdx = 1
2

∫

Ω

u2Λχdx. (4.3)
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Proof. If u ∈ H1
D(Ω)∩L∞(Ω), then u2 ∈ H1

D(Ω). Therefore, using 2u∇u =
∇(u2), we verify (4.3) directly from the definition (2.3). For general u ∈
H1

D(Ω), it is sufficient to approximate u by cutoff functions Ψk(u) ∈ H1
D(Ω)∩

L∞(Ω), where Ψk(u) = −k, u ≤ −k; Ψk(u) = u, |u| ≤ k; Ψk(u) = k, u ≥ k.
Owing to [13, Theorem 7.8], we conclude the desired equality.

5 A priori estimates and global solutions

In this section we shall establish a priori estimates of local solutions, which
will then guarantee the existence of global solutions.

PROPOSITION 5.1 Let 0 ≤ u0 ∈ L2(Ω) and 0 ≤ v0 ∈ L2(Ω). Let U =(
u
v

)
be any nonnegative local solution to (3.2) on an interval [0, TU ] such that

0 ≤ u ∈ C((0, TU ]; H1
D(Ω)) ∩ C([0, TU ]; L2(Ω)) ∩ C1((0, TU ]; H1

D(Ω)′),

0 ≤ v ∈ C((0, TU ]; H1
D(Ω)) ∩ C([0, TU ]; L2(Ω)) ∩ C1((0, TU ]; H1

D(Ω)′).

Then, with some constant C > 0 independent of U , the estimate

‖u(t)‖2L2 + ‖v(t)‖2L2 ≤ C(‖u0‖2L2 + ‖v0‖2L2 + 1), 0 ≤ t ≤ TU , (5.1)

holds.

Proof. Consider the duality product of H1
D(Ω)′ ×H1

D(Ω) between the first
equation of (3.2) and u. Then, by (2.3) and (2.7),

1
2
Dt

∫

Ω

u2dx+a

∫

Ω

|∇u|2dx−µ

∫

Ω

u∇u·∇χdx+f

∫

Ω

u2v dx =
∫

Ω

(f+g(x))u dx,

where χ = (cΛ)−1(−u + v + h(x)).
Similarly, from the second equation of (3.2),

1
2
Dt

∫

Ω

v2dx+b

∫

Ω

|∇v|2dx+ν

∫

Ω

v∇v·∇χ dx+f

∫

Ω

uv2dx =
∫

Ω

(f+g(x))v dx.

We sum up these two equalities after multiplying the first one by ν and the
second one by µ, respectively. Then, since it follows from Lemma 4.1 that

µν

∫

Ω

(−u∇u · ∇χ + v∇v · ∇χ)dx =
µν

2

∫

Ω

(v2 − u2)Λχ dx

=
µν

2c

∫

Ω

(u− v)2(u + v)dx +
µν

2c

∫

Ω

h(x)(v2 − u2)dx,
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we have

1
2
Dt

∫

Ω

(νu2 +µv2)dx+
∫

Ω

(aν|∇u|2 + bµ|∇v|2)dx+
µν

2c

∫

Ω

(u−v)2(u+v)dx

+ f

∫

Ω

(νu+µv)uv dx =
∫

Ω

(f + g(x))(νu+µv)dx+
µν

2c

∫

Ω

h(x)(u2− v2)dx.

Furthermore, by (1.4),
∫

Ω

(f + g(x))(νu + µv)dx ≤ ‖f + g‖L2‖µu + νv‖L2 ≤ ε(‖u‖2L2 + ‖v‖2L2) + Cε

with an arbitrary positive number ε > 0 and a constant Cε > 0 depending on
ε. Similarly, by (1.5),

∫

Ω

h(x)(u2 − v2)dx ≤ ‖h‖L∞

∫

Ω

{ε(u− v)2(u + v) + Cε(u + v)}dx

≤ ‖h‖L∞

∫

Ω

{ε(u− v)2(u + v) + ε(u2 + v2) + Cε}dx

with an arbitrary positive number ε > 0 and a constant Cε > 0 depending on
ε. By the Poincaré inequality,

∫

Ω

(aν|∇u|2 + bµ|∇v|2)dx ≥ α

∫

Ω

(u2 + v2)dx

for some positive number α > 0. Therefore, taking ε sufficiently small, we
obtain that

1
2
Dt

∫

Ω

(νu2 + µv2)dx +
α

2

∫

Ω

(u2 + v2)dx ≤ C

for some constant C > 0. Hence,

‖u(t)‖2L2 + ‖v(t)‖2L2 ≤ C[e−δt(‖u0‖2L2 + ‖v0‖2L2) + 1], 0 ≤ t ≤ TU (5.2)

for some positive exponent δ > 0 and some constant C > 0.

We can now state the global existence of solutions. As the proof is quite
standard, it is omitted.

THEOREM 5.1 For any pair of initial data 0 ≤ u0 ∈ L2(Ω) and 0 ≤ v ∈
L2(Ω), (3.2) possesses a unique global solution in the function space

0 ≤ u ∈ C((0,∞); H1
D(Ω)) ∩ C([0,∞); L2(Ω)) ∩ C1((0,∞); H1

D(Ω)′),

0 ≤ v ∈ C((0,∞); H1
D(Ω)) ∩ C([0,∞); L2(Ω)) ∩ C1((0,∞); H1

D(Ω)′).
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6 Exponential attractors

In this section we shall define a dynamical system determined from the two-
dimensional semiconductor equations (1.1) and shall show that it has exponen-
tial attractors. We begin with reviewing some known results for exponential
attractors.

Let X be a Banach space with norm ‖ · ‖X . Let X be a compact subset
of X, X being a metric space with the distance d(·, ·) induced from ‖ · ‖X .
Let S(t), 0 ≤ t < ∞, be a nonlinear semigroup acting on X . Let S(t) be
continuous in the sense that the mapping (t, U0) 7→ S(t)U0 is continuous from
[0,∞)×X to X . Then S(t) defines a dynamical system (S(t),X , X) in X with
the compact phase space X .

As the phase space is compact, it is easily seen that the set

A =
⋂

0≤t<∞
S(t)X

is the global attractor of (S(t),X , X). Namely, A is a strictly invariant set,
i.e., S(t)A = A for every t > 0, and attracts all the trajectories in the
sense that limt→+∞ h(S(t)X ,A) = 0, where h(B0, B1) = supU∈B0

d(U,B1) =
supU∈B0

infV ∈B1 d(U, V ) denotes the Hausdorff semidistance of two subsets
B0 and B1 of X .

The exponential attractor is then defined as follows. A set M such that
A ⊂ M ⊂ X is called an exponential attractor of (S(t),X , X) (see Eden,
Foias, Nicolaenko and Temam [3]) if: i) M is a compact subset of X with
finite fractal dimension; ii) M is an invariant set, i.e., S(t)M⊂M for every
t > 0; and iii) there exist some exponent δ > 0 and a constant C0 > 0 such
that

h(S(t)X ,M) ≤ C0e
−δt, 0 ≤ t < ∞. (6.1)

Concerning the construction of exponential attractors we present a method
due to Efendiev, Miranville and Zelik [4]. Assume the following two conditions.
There exists a Banach space Z that is compactly embedded in X and a time
t∗ > 0 such that the operator S(t∗) satisfies a Lipschitz condition of the form

‖S(t∗)U0 − S(t∗)V0‖Z ≤ L1‖U0 − V0‖X , U0, V0 ∈ X (6.2)

with a constant L1 > 0. The mapping (t, U0) 7→ S(t)U0 from [0, t∗] × X into
X also satisfies the usual Lipschitz condition

‖S(t)U0 − S(s)V0‖X ≤ L2{|t− s|+ ‖U0 − V0‖X},
t, s ∈ [0, t∗], U0, V0 ∈ X . (6.3)

Then, the theorem on construction of exponential attractors in [4] jointed
with [3, Theorem 3.1] provides the following theorem.
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THEOREM 6.1 If (6.2) and (6.3) are satisfied, then the dynamical system
(S(t),X , X) possesses a family of exponential attractors M.

We will now apply the present theorem to our problem (1.1). Let X be the
product space H1

D(Ω)′ × H1
D(Ω)′ given by (3.1), its norm being denoted by

‖ · ‖X . We use also the product spaces D(A1/2) and D(A), which are given
by (3.8) and (3.3) respectively. We equip D(A1/2) and D(A) with the product
L2-norm and the product H1

D-norm, respectively, these norms being denoted
by ‖ · ‖D(A1/2) and ‖ · ‖D(A).

We first introduce a set of initial functions given by

K =
{

U0 =
(

u0

v0

)
; 0 ≤ u0 ∈ L2(Ω) and 0 ≤ v0 ∈ L2(Ω)

}
. (6.4)

Obviously, K is a closed subset of the product Hilbert space D(A1/2).
Theorem 5.1 then shows that we can define a nonlinear semigroup acting

on K from the problem (3.2) by setting

S(t)U0 = U(t) =
(

u(t)
v(t)

)
, U0 ∈ K,

where U denotes the unique global solution to (3.2).
We now notice the fact that estimates (5.2), which have been established

for the local solutions, actually hold for the global solutions. This fact then
shows implicitly the existence of an absorbing set of S(t). In fact, let C∗ be
the constant appearing in (5.2) and consider the subset

B = {U ∈ K; ‖U‖D(A1/2) ≤
√

2C∗} ⊂ K. (6.5)

Then this subset is an absorbing set in the sense that for any bounded set B
of K, there exists a time tB > 0 such that S(t)B ⊂ B for all t ≥ tB .

This means that the asymptotic behavior of global solutions to (1.1) is
reduced to that of solutions starting from B. Moreover, since B is also one of
bounded sets of K, all the solutions starting from B themselves enter B after
some fixed time tB > 0. In view of this fact we are led to introduce a new
phase space

X =
⋃

t≥tB

S(t)B (closure in the norm of X). (6.6)

Several propositions proved below will show some nice properties of X .

PROPOSITION 6.1 The set X is a compact set of X such that X ⊂ B,
and is an absorbing set of S(t).

Proof. As D(A1/2) is a separable Hilbert space, B is a sequentially weakly
compact set of D(A1/2); therefore, B is a closed set of X. So the relation
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⋃
t≥tB S(t)B ⊂ B implies X ⊂ B = B. In addition, since B is a compact set of

X, it is the same for X .
Since B is an absorbing set, it is the same for the set X by definition (6.6).

PROPOSITION 6.2 The set X is a closed bounded set of D(A1/2) as well
as of D(A).

Proof. Since X ⊂ B, X is a bounded set of D(A1/2). It is clear that X is
closed in D(A1/2).

In order to verify X ⊂ D(A), we use the estimate established in Theorem
3.1. For any 0 < R < ∞, there exist time TR > 0 and a constant CR > 0 such
that

‖S(t)U0‖D(A) ≤ CRt−1/2, 0 < t ≤ TR, ‖U0‖D(A1/2) ≤ R.

Let us use this with R = R∗ =
√

C∗(2C∗ + 1). By (5.1), we observe that

sup
0≤t<∞

‖S(t)U0‖D(A1/2) ≤
√

C∗(2C∗ + 1) = R∗, U0 ∈ B. (6.7)

So, let T ∗ > 0 be a fixed time in such a way that T ∗ ≤ tB and T ∗ ≤ TR∗ .
If U1 ∈

⋃
t≥tB S(t)B, namely U1 = S(t0)U0 with some t0 ≥ tB and some

U0 ∈ B, then

‖U1‖D(A) = ‖S(T ∗)S(t0 − T ∗)U0‖D(A) ≤ CR∗(T ∗)−1/2,

because of ‖S(t0 − T ∗)U0‖D(A1/2) ≤ R∗. Thus we have proved that
⋃

t≥tB

S(t)B ⊂ {U ∈ D(A); ‖U‖D(A) ≤ CR∗(T ∗)−1/2}.

As any closed bounded ball of D(A) is sequentially weakly compact, it is a
closed set of X. Therefore we deduce that

X ⊂ {U ∈ D(A); ‖U‖D(A) ≤ CR∗(T ∗)−1/2}. (6.8)

It is clear that X is closed in D(A).

PROPOSITION 6.3 The set X is an invariant set of S(t), i.e., S(t)X ⊂
X for every t > 0.

Proof. Let us apply Theorem 3.2 with R = R∗ =
√

C∗(2C∗ + 1) to obtain
that

‖S(t)U0 − S(t)V0‖X ≤ CR∗‖U0 − V0‖X ,

0 ≤ t ≤ TR∗ , ‖U0‖D(A1/2) ≤ R∗, ‖V0‖D(A1/2) ≤ R∗. (6.9)
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From this we deduce that

‖S(t)U0 − S(t)V0‖X ≤ (CR∗)j‖U0 − V0‖X ,

(j − 1)TR∗ ≤ t ≤ jTR∗ , U0, V0 ∈ B (6.10)

for every j = 1, 2, 3, . . .. Indeed, from (6.7) and (6.9), this holds for j = 1.
Assume that (6.10) holds for j. If jTR∗ ≤ t ≤ (j +1)TR∗ , then 0 ≤ t− jTR∗ ≤
TR∗ . Since ‖S(jTR∗)U0‖D(A1/2) ≤ R∗ and ‖S(jTR∗)V0‖D(A1/2) ≤ R∗ (due to
(6.7)), we observe that

‖S(t)U0 − S(t)V0‖X = ‖S(t− jTR∗)S(jTR∗)U0 − S(t− jTR∗)S(jTR∗)V0‖X

≤ CR∗‖S(jTR∗)U0 − S(jTR∗)V0‖X ≤ (CR∗)j+1‖U0 − V0‖X .

This shows that (6.10) holds for j + 1 also.
Therefore, for any t ≥ 0, the operator S(t) : X → X is continuous with

respect to the X norm. We then observe that

S(t)X = S(t)
⋃

τ≥tB

S(τ)B ⊂ S(t)
⋃

τ≥tB

S(τ)B ⊂ X .

Hence, S(t) maps X into itself for every t > 0.

PROPOSITION 6.4 The mapping (t, U) 7→ S(t)U is locally Lipschitz con-
tinuous from [0,∞) × X into X in a sense that, for any 0 < T < ∞, there
exists a constant CT > 0 such that

‖S(t)U0−S(s)V0‖X ≤ CT {|t−s|+‖U0−V0‖X}, t, s ∈ [0, T ], U0, V0 ∈ X .

Proof. Write

S(t)U0 − S(s)V0 = {S(t)U0 − S(s)U0}+ {S(s)U0 − S(s)V0}.
By (6.10) we already know that

‖S(s)U0 − S(s)V0‖X ≤ CT ‖U0 − V0‖X .

In the meantime, for 0 < s < t < T ,

‖S(t)U0−S(s)U0‖X =
∥∥∥∥
∫ t

s

dS(τ)U0

dτ
dτ

∥∥∥∥
X

≤
∫ t

s

‖AS(τ)U0+F (S(τ)U0)‖Xdτ.

Therefore, Propositions 6.2 and 6.3 yield that

‖S(t)U0 − S(s)U0‖X ≤ C(t− s).
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We have thus constructed a dynamical system (S(t),X , X) in which the
phase space X is a compact set of X and absorbs every solution starting
from K in finite time. Since the phase space X is compact, the set A =⋂

0≤t<+∞ S(t)X is nonempty and gives the global attractor of the dynamical
system.

We are now in a position to apply Theorem 6.1 by verifying conditions (6.2)
and (6.3). We apply Theorem 3.2 with R =

√
2C∗. As X ⊂ B,

‖S(t)U0−S(t)V0‖D(A1/2) ≤ CRt−1/2‖U0−V0‖X , 0 < t ≤ TR, U0, V0 ∈ X .

Therefore if we set Z = D(A1/2) and t∗ = TR (R =
√

2C∗), then (6.2) is
fulfilled. By Proposition 6.4, the condition (6.3) was already verified. Hence,
by virtue of Theorem 6.1, we conclude the following main result.

THEOREM 6.2 Let Ω be a two-dimensional bounded domain with Lips-
chitz boundary Γ and let Γ be split into two parts ΓD 6= ∅ and ΓN satisfying
(1.2) and (1.3), respectively. If (1.4) and (1.5) hold, then the dynamical sys-
tem (S(t),X , X) determined from (1.1) possesses exponential attractors M.

We notice that the basin of attraction of M is the whole space K of initial
data, for, in view of Proposition 6.1, X is an absorbing set of (S(t),K, X) and
any bounded set of K is absorbed in X in finite time.

7 Three-dimensional problem

In this section we shall consider the three-dimensional problem. Let Ω ⊂ R3

be a bounded domain with Lipschitz boundary Γ which is split into two parts
ΓD 6= ∅ and ΓN satisfying (1.2) and (1.3).

As a matter of fact, we can argue in a similar way as for the two-dimensional
problem. But in view of (2.8) we have to assume a stronger shift property that
Λu ∈ L2(Ω) implies u ∈ W 1

p (Ω) with some p > 3 as well as the estimate

‖u‖W 1
p
≤ C‖Λu‖L2 , u ∈ Λ−1(L2(Ω)). (7.1)

We do not know any general condition on Ω which ensures this shift prop-
erty. We can only say that (7.1) is valid at least in some particular cases.
For example, if Ω is a convex domain and if ΓD = Γ (i.e., ΓN = ∅), then
Λu ∈ L2(Ω) implies u ∈ H2(Ω) ⊂ W 1

6 (Ω). Similarly, if Ω is a rectangular
parallelepiped and if ΓD and ΓN consist of pairs of face-to-face side surfaces,
then Λu ∈ L2(Ω) implies u ∈ H2(Ω) ⊂ W 1

6 (Ω).
We set the same underlying space X defined by (3.1). In X, the initial and

boundary value problem (1.1) is written as an abstract problem of the form
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(3.2), where A and F are the same linear and nonlinear operators, respectively,
as in the two-dimensional case. The only difference is that F has the domain

D(F ) =
{(

u
v

)
: u ∈ H3/p(Ω) and v ∈ H3/p(Ω)

}
,

where p > 3 is the exponent appearing in (7.1). Then, D(Aη) ⊂ D(F ) with
η = (1/2) + (3/2p) < 1 due to (2.5). Then F is shown to fulfill [22, (F)].
Therefore, by the same arguments used in Theorems 3.1 and 4.1, for any

initial value U0 =
(

u0

v0

)
in the space of initial values K given by (6.4), there

exists a unique nonnegative local solution to (3.2) in the function space (3.9).
In addition, by the a priori estimates provided by Proposition 5.1, the local
solution is extended over the whole real semi-axis [0,∞).

Arguments in Section 6 are independent of the dimension. The set B given
by (6.5) is an absorbing set and the set X given by (6.6) becomes a compact
absorbing and invariant set. In this way, a dynamical system (S(t),X , X) is
defined. This dynamical system has the global attractorA =

⋂
0≤t<+∞S(t)X .

Finally, we obtain the analogue of Theorem 6.2, that is,

THEOREM 7.1 Let Ω be a three-dimensional bounded domain with Lips-
chitz boundary Γ and let Γ be split into two parts ΓD 6= ∅ and ΓN satisfying
(1.2) and (1.3), respectively. If (1.4), (1.5) and (7.1) hold, then the dynamical
system (S(t),X , X) possesses exponential attractors M.
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Convergence to stationary states

of solutions to the semilinear equation

of viscoelasticity

Stefania Gatti and Maurizio Grasselli

Abstract We consider the equation of viscoelasticity characterized by a non-
linear elastic force φ depending on the displacement u and subject to a time
dependent external load. The dissipativity of the corresponding evolution system
is only due to the presence of the relaxation kernel k. Rescaling k(s)−k(∞) with
a relaxation time ε > 0, we can find a sufficiently small ε0 > 0, such that, if φ is
real analytic and ε ∈ (0, ε0], then any sufficiently smooth u converges to a single
stationary state with an algebraic decay rate, provided that the external load
suitably converges to a time independent one. The proof relies on the well-known
ÃLojasiewicz-Simon inequality.

1 Introduction

Let Ω ⊂ RN , N = 1, 2, 3, be a bounded domain with smooth boundary ∂Ω. We
consider the following integrodifferential equation for a function u : Ω×R→ R

D2
t u(t)−

∫ +∞

0

k(s)∆Dtu(t− s)ds + φ(u(t)) = f(t), t > 0, (1.1)

where k : (0, +∞) → (0, +∞) is a convex decreasing relaxation kernel such
that k(+∞) > 0, φ is a smooth function, and f : Ω × (0,+∞) → R is a
source term. Given the past history ũ : (−∞, 0] → R, we endow (1.1) with
the following boundary and initial conditions

u(t)|∂Ω = 0, ∀ t ∈ R, (1.2)

u(t) = ũ(t), t ≤ 0. (1.3)

This work was partially supported by the Italian MIUR FIRB Research Project Analisi di
Equazioni a Derivate Parziali, Lineari e Non Lineari: Aspetti Metodologici, Modellistica,
Applicazioni
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Equation (1.1) is a model for a isothermal viscoelastic solid of Boltzmann
type (e.g., a membrane). In this case, interpreting u as the displacement (see,
e.g., [15, 36, 37]), the solid is subject to a nonlinear elastic force represented
by φ and an external time dependent load f as well. Here we consider the
scalar equation for the sake of simplicity only.

This kind of equation has been studied in [20] as a dynamical system on a
suitable phase-space. Following the past history approach outlined in [21], the
authors prove the existence of a global attractor assuming φ globally Lipschitz
continuous. This result is far from being trivial since the memory term is the
only source of dissipation for the associated dynamical system (compare, e.g.,
with [10, 12, 31, 33]) where (1.1) with an additional instantaneous damping
Dtu is analyzed). In [13], the understanding of the above problem has been
greatly deepened. Indeed, for a time independent source, the authors show the
existence of a global smooth attractor in the case of φ with critical (cubic)
growth in three dimensions. Their argument is based on the existence of a
global Lyapunov functional combined with appropriate uniform estimates. As
the authors point out, thanks to their results, one can construct a family
of exponential attractors which is stable (robust) with respect to a certain
relaxation time ε > 0 related to a suitable rescaling of the relaxation kernel
(see below, cf. also [11, 12]).

Here, within the setting of [13], we want to address to the problem of con-
vergence of a single trajectory to a stationary state, i.e., a solution to the
following elliptic problem

−k(+∞)∆z + φ(z) = f(+∞), in Ω,

z|∂Ω = 0.

We recall that, in more than one dimension, the set of stationary solutions
z can have a rather complicated structure and, for physically reasonable φ
like, e.g., φ(r) = r3 − ar, a > 0, it can be a continuum (cf., for instance,
[23, Rem.2.3.13]). Hence, for a dynamical system with the above stationary
equation, it is not easy to establish sufficiently general criteria in order to
decide whether a given trajectory does converge to a stationary solution. In-
deed, this can even be false in some cases (see [5, 34, 35]). However, if φ
is real analytic, a positive answer can be obtained by using the celebrated
ÃLojasiewicz-Simon inequality (see [29, 30, 39], cf. also [27] for a simplified
proof). Using this inequality, many people have been able to prove conver-
gence results for several types of evolution equations or systems (see, for in-
stance, [1, 2, 3, 4, 7, 8, 9, 18, 24, 26, 28, 38, 41, 42, 43]), even relaxing the
analyticity assumption in some rather special cases (see [6, 25]). In particu-
lar, [7] is devoted to the analysis of a semilinear integrodifferential equation
similar to (1.1) (see also [16, 17] for related problems), but characterized by
the presence of a damping term of the form BDtu, where B is a positive
linear operator (for instance, B = I or B = −∆) on L2(Ω), and with no
external time dependent load. The authors are able to demonstrate the con-
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vergence of a sufficiently smooth trajectory to a single stationary state under
sufficiently general assumptions on the memory kernel. They also provide an
estimate of the convergence rate to the steady state. However, they regard
the precompactness of the trajectory as an assumption. Here, following [13],
we first state conditions which ensure the precompactness of the trajectory in
the phase space (see Theorem 2.1, cf. also Remark 3.2). This is not a trivial
fact since φ can have critical growth if N = 3, so that Webb’s compactness
principle [40] does not apply (see also [24]). Then, we proceed to prove that
results similar to [7] also hold for equation (1.1), provided that the kernel
k(s) − k(+∞) is sufficiently close to the Dirac mass at 0. Of course, this re-
striction is not necessary if, like in [7], an extra damping term is added (see
Remark 3.6 below). In order to do that, we shall follow the mentioned history
space approach and the rescaling procedure devised in [11]. To handle the
time dependent source, we shall use the ideas of [9] (see also [26]) combined
with the further refinements contained in [22]. For the sake of simplicity, we
shall consider only sources f(t) which converge to 0 as t goes to ∞ (however,
see Remark 3.5 below).

We now introduce the abstract formulation of problem (1.1)-(1.3). Set H =
L2(Ω) and denote by 〈·, ·〉 and ‖·‖ the canonical inner product and the norm in
H, respectively. Define the linear positive operator A = −∆ : D(A) ⊂ H → H
with D(A) = H2(Ω) ∩H1

0 (Ω) and set, for any r ∈ R,

V r = D(A(r+1)/2)

endowed with the inner product

〈u1, u2〉V r = 〈A(r+1)/2u1, A
(r+1)/2u2〉.

Identifying H = V −1 with its dual space H∗, we have (V r)∗ = V −r−2. Also,
we recall that V r1 ↪→ V r2 with compact injection for any r1, r2 such that
r1 > r2.

Let φ ∈ C2(R) such that

φ(0) = 0, (1.4)

|φ′′(y)| ≤ c(1 + |y|), ∀ y ∈ R, (1.5)

lim inf
|y|→+∞

φ(y)
y

> −k(+∞)λ1, (1.6)

where λ1 is the first eigenvalue of A. Then, equations (1.1) and (1.2) can be
formulated as a single abstract integrodifferential evolution equation, that is,

D2
t u(t) + k(+∞)Au(t) +

∫ +∞

0

(k(s)− k(+∞))ADtu(t− s)ds

+ φ(u(t)) = f(t), t > 0. (1.7)
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This abstract equation is endowed with the initial condition (1.3). Notice that
we have implicitly assumed that Aũ(−∞) = 0.

2 Preliminary results

Let us set
µ(s) = −k′(s).

To avoid the presence of unnecessary constants we can assume k(0) = 2 and
k(+∞) = 1 without any loss of generality. Then we suppose that

µ ∈ W 1,1(R+), (2.1)

µ(s) ≥ 0, ∀ s ∈ R+, (2.2)

µ′(s) + δµ(s) ≤ 0, for a.e. s ∈ R+, (2.3)

for some δ > 0. Note that (2.1) implies

lim
s→0

µ(s) = µ0 < ∞. (2.4)

Furthermore, for any relaxation time ε ∈ (0, 1], following [11] (see also [12]),
we set

µε(s) =
1
ε2

µ
(s

ε

)
.

We notice that ∫ +∞

0

µ(s)ds = 1,

which entails
∫ +∞

0

µε(s)ds =
1
ε

and
∫ +∞

0

sµε(s)ds = 1. (2.5)

Then, we introduce the weighted Hilbert spaces Mr
ε = L2

µε
(R+; V r−1), en-

dowed with the inner products

〈η1, η2〉Mr
ε

=
∫ +∞

0

µε(s)〈η1(s), η2(s)〉V r−1ds.

We shall make use of the infinitesimal generator of the right-translation semi-
group on M1

ε, namely, the linear operator Tε = −∂s (∂s being the distribu-
tional derivative with respect to s) with domain

D(Tε) =
{
η ∈M1

ε : ∂sη ∈M1
ε, η(0) = 0

}
.
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On account of (2.3), there holds

〈Tεη, η〉M0
ε
≤ − δ

2ε
‖η‖2M0

ε
, ∀η ∈ D(Tε). (2.6)

Setting now
ηt(s) = u(t)− u(t− s),

equation (1.7) can be rewritten as the evolution system




D2
t u + G(u) +

∫ +∞

0

µε(s)Aη(s)ds = f(t),

Dtη = Tεη + Dtu,

(2.7)

which is subject to the initial conditions

u(0) = u0, Dtu(0) = u1, η0 = η0,

where (cf. (1.3))

u0 = ũ(0), u1 = Dtũ(0), η0(s) = ũ(0)− ũ(−s).

Here the nonlinear operator G : V 1 → H is defined by

G(u) = Au + φ(u).

Note that the formal limit of system (2.7) as ε goes to 0 is the well-known
strongly damped semilinear wave equation (see [32] and references therein).

We now introduce the Banach spaces

Vr
ε = V r × V r−1 ×Mr+1

ε , Wr
ε = V r × V r−1 × Lr+1

ε ,

where
Lr

ε = Mr
ε ∩ D(Tε)

is equipped with the norm

‖η‖2Lr
ε

= ‖η‖2Mr
ε

+ ε‖Tεη‖2Mr−1
ε

+ ε sup
x≥1

x

∫

(0,1/x)∪(x,+∞)

µε(s)‖η(s)‖2V r−2ds.

Then we recall (see [19, Lemma 5.1], cf. also [33, Lemma 5.5]) that the em-
bedding Lr+1

ε ⊂Mr
ε is compact. There holds

THEOREM 2.1 Let (1.4)–(1.6), (2.1)–(2.3) hold. If

f ∈ W 1,∞(R+,H), (2.8)

then (2.7) defines a process Uε(t, τ) on V0
ε and, for any (u0, u1, η0) ∈ W1

ε ,
setting

(u(t), Dtu(t), ηt) = Uε(t, 0)(u0, u1, η0),
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we have that
⋃

t≥0 (u(t), Dtu(t), ηt) is bounded in W1
ε and precompact in V0

ε .

The proof can be obtained from previous results proved in the case f ≡ 0. In
fact, for the existence of the process one can argue as in [12] (see also [33]).
On the other hand, adapting [13, Lemma 5.3] we can infer that the trajectory⋃

t≥0 (u(t), Dtu(t), ηt) is bounded in V1
ε . Moreover, the boundedness of the

second component in L2
ε comes again from [11, Lemmata 3.3 and 3.4]. The

precompactness then follows from L2
ε b M1

ε.
Let us define the set

S =
{
v∞ ∈ V 1 : G(v∞) = 0

}
,

and introduce the energy functional

E(v) =
1
2
‖v‖2V 0 + 〈Φ(v), 1〉, ∀ v ∈ V 0,

where Φ(y) =
∫ y

0
φ(ξ)dξ. Observe that, due to the assumptions (1.4)–(1.6),

the set S is bounded in V 1 and, consequently, in L∞(Ω).
We can now state and prove a quite standard result of convergence.

LEMMA 2.1 Let (1.4)–(1.6), (2.1)–(2.3), and (2.8) hold. Moreover, sup-
pose that

∫ +∞

0

‖f(τ)‖V −2 dτ < +∞. (2.9)

Consider (u0, u1, η0) ∈ W1
ε and set (u(t), Dtu(t), ηt) = Uε(t, 0)(u0, u1, η0).

Then, we have
1
ε

∫ +∞

0

‖ηt‖2M1
ε
dt ≤ C0, (2.10)

for some positive constant C0 independent of ε. In addition, there hold

lim
t→+∞

ηt = 0, strongly in M1
ε, (2.11)

lim
t→+∞

Dtu(t) = 0, strongly in V −1, (2.12)

ω(u0, u1, η0) ⊆
{
(w1, w2, w3) ∈ W1

ε : w1 ∈ S, w2 ≡ 0, w3 ≡ 0
}
, (2.13)

and E is constant on the set {u∞ ∈ V 1 : (u∞, 0, 0) ∈ ω(u0, u1, η0)}.

Proof. Following [13], we define the functional

Λ(t) =
1
2
‖ηt‖2M1

ε
+

1
2
‖Dtu(t)‖2 + E(u(t)) +

∫ +∞

t

〈f(τ), Dtu(τ)〉dτ,

and observe that

DtΛ(t)− 1
2

∫ +∞

0

µ′ε(s)‖A1/2ηt(s)‖2 ds = 0.
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Thus, on account of (2.3),

DtΛ(t) ≤ − δ

2ε
‖ηt‖2M1

ε
.

Hence, owing to Theorem 2.1 and (2.9), Λ is decreasing and bounded. This
entails the bound (2.10). Set now

h(t) = ‖ηt‖2M0
ε
, ∀ t ≥ 0,

and notice that, using the second equation of (2.7),

h′(t) = 2〈ηt, ηt
t〉M0

ε
= 2〈ηt, Tεη + Dtu〉M0

ε
.

Hence h′ is globally bounded. Thus, on account of (2.10),

lim
t→+∞

ηt = 0, strongly in M0
ε,

and the precompactness of the trajectory implies (2.11). On the other hand,
from the second equation of system (2.7), using again the precompactness of
the trajectory, we also deduce (2.12). Consequently, any point of ω(u0, u1, η0)
is of the form (u∞, 0, 0). Let {tn}n∈N be an unbounded increasing sequence
such that u(tn) → u∞ in V 0, as n goes to ∞. Therefore G(u(tn+τ)) → G(u∞)
in V −2, as n tends to ∞, for any τ ∈ (0, 1]. Then, using the first equation of
system (2.7) and denoting by 〈〈·, ·〉〉 the duality pairing between V −2 and V 0,
we have, on account of (2.11) and (2.12),

〈〈G(u∞), v〉〉

= 〈〈
∫ 1

0

G(u∞), v〉〉dτ

= lim
n→+∞

∫ 1

0

〈〈G(u(tn + τ)), v〉〉dτ

= lim
n→+∞

∫ 1

0

〈〈−utt(tn + τ)−
∫ +∞

0

µε(s)Aηtn+τ (s)ds + f(tn + τ), v〉〉dτ

= 0,

for any v ∈ V 0. Thus G(u∞) = 0 so that (2.13) holds. Finally, it is clear
that limt→+∞ Λ(t) = Λ∞, where E(u∞) = Λ∞ for all u∞ ∈ V 1 such that
(u∞, 0, 0) ∈ ω(u0, u1, η0).

3 Main result

We first report the main tool of this section, namely, the ÃLojasiewicz-Simon
inequality in the following form (see [24, Thm. 2.2 and Prop. 5.3.1].
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LEMMA 3.1 Suppose that φ is real analytic and assume (1.4)–(1.6). Let
v∞ ∈ S. Then there exist ρ ∈ (0, 1

2 ), σ > 0, and C1 > 0 such that

‖G(v)‖V −2 ≥ C1|E(v)− E(v∞)|1−ρ, (3.1)

for all v ∈ V 0 such that ‖v − v∞‖V 0 < σ.

REMARK 3.1 If ρ0 < ρ, then one can always find σ0 ≤ σ such that
inequality (3.1) holds with ρ and σ replaced by ρ0 and σ0, respectively.

Our main result is

THEOREM 3.1 Let (2.1)–(2.3), (2.8), and (2.9) hold. In addition, suppose

sup
t≥0

t1+θ

∫ +∞

t

‖f(τ)‖2 dτ < +∞, (3.2)

for some θ > 0, and assume that φ is real analytic and satisfies (1.4)–(1.6).
Take (u0, u1, η0) ∈ W1

ε and set (u(t), Dtu(t), ηt) = Uε(t, 0)(u0, u1, η0), for
all t ≥ 0. Then, there exists ε0 > 0 such that, for any fixed ε ∈ (0, ε0],
ω(u0, u1, η0) consists of a single point (u∞, 0, 0) and, as t goes to +∞,

u(t) → u∞, strongly in V 0. (3.3)

If

θ >
2ρ

1− 2ρ
, (3.4)

then one can find t∗ > 0 and a positive constant C2 such that

‖u(t)− u∞‖ ≤ C2 t−ρ/(1−2ρ), ∀ t ≥ t∗. (3.5)

Otherwise, one can find ρ0 ∈ (0, ρ) so that

θ >
2ρ0

1− 2ρ0
, (3.6)

a time t∗∗ > 0 and a positive constant C3 such that

‖u(t)− u∞‖ ≤ C3 t−ρ0/(1−2ρ0), ∀ t ≥ t∗∗. (3.7)

REMARK 3.2 Consider for simplicity the homogeneous case f ≡ 0. If
(u0, u1, η0) ∈ V0

ε , then the corresponding trajectory z(t) = (u(t), Dtu(t), ηt)
can be written as z = zd + zc, where zd(t) exponentially decays to 0 as t goes
to +∞, while zc(t) is bounded in W1/4

ε for any t ≥ 0 (cf. [13, Secs. 6 and
7]). The trajectory is thus precompact in V0

ε and it can still be proved that
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ω(u0, u1, η0) = {(u∞, 0, 0)}, and (3.3) as well as (3.5) hold, whenever ε > 0 is
small enough.

REMARK 3.3 Since S is a bounded subset of L∞(Ω), the assumption on
the analyticity of φ can be slightly relaxed. Indeed, we can suppose that φ is
real analytic on a suitable bounded interval [−M, M ] with M > 0 such that
supv∞∈S ‖v∞‖L∞(Ω) < M . In this case, however, instead of Lemma 3.1 we
have to use a localized version of ÃLojasiewicz-Simon inequality (see [2, 18]).

REMARK 3.4 Notice that, by interpolation, we can get estimates similar
to (3.5) and (3.7) for ‖u(t)− u∞‖V 0 .

REMARK 3.5 Lemma 3.1 also holds when the nonlinear function φ de-
pends on x (see [24]). In particular, this allows to consider a source term F
which converges to some F∞ ∈ H as t goes to +∞. Our results still hold
provided G(u) and f are defined as follows

G(u) = Au + φ(u)− F∞, f = F − F∞.

In this case, the energy functional is

E(v) =
1
2
‖v‖2V 0 + 〈Φ(v), 1〉 − 〈F∞, v〉.

REMARK 3.6 If equation (1.7) contains a damping term like κDtu, then
Theorem 3.1 holds without any restriction on ε. Moreover, assumption (2.9)
in Lemma 2.1 can be replaced by (2.8). Consequently, in Theorem 3.1, we
only need (3.2).

REMARK 3.7 The above results and remarks as well as the main theorem
stated in the next section still hold for the case of a viscoelastic Kirchhoff
plate subject to a nonlinear force depending on the vertical deflection u and
subject to an external time dependent load. More precisely, for u : Ω×R→ R,
Ω ⊂ R2 being a bounded domain with smooth boundary ∂Ω, we consider the
integrodifferential evolution equation

D2
t u(t)+k(+∞)∆2u(t)+

∫ +∞

0

(k(s)−k(+∞))∆2Dtu(t−s)ds+φ(u(t)) = f(t),

endowed with the Navier boundary conditions

u = ∆u = 0, on ∂Ω× R.

Let us define H = L2(Ω) and introduce the linear positive operator A = ∆2 :
D(A) ⊂ H → H with

D(A) =
{
z ∈ H4(Ω) : z = ∆z = 0, on ∂Ω

}
.
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Arguing as above, we can write the corresponding dynamical system that has
exactly the form (2.7). Notice that, in the present case, the growth condition
(1.5) on φ can be neglected since the Lyapunov functional implies that u is
globally bounded in Ω×R+. In fact, here we have V 0 = D(A1/2) = H2(Ω) ∩
H1

0 (Ω) ↪→ C0(Ω̄). Thus, in particular, owing to Remark 3.4, an estimate of
the convergence rate in the C0-norm holds. Similar considerations are valid
for the semilinear Bernoulli viscoelastic beam (compare with [7, 16, 17]).

4 Proof of Theorem 3.1

Let (u∞, 0, 0) ∈ ω(u0, u1, η0). In this proof, we will denote with c a generic
positive constant, independent of ε, which may vary even in the same line.

In order to prove (3.3) we proceed along the lines of [9, Proof of Thm.2.3].
First let us assume (3.4) and recall that θ comes from (3.2), while ρ comes
from (3.1). Then, introduce the unbounded set

Σ =
{

t ≥ 0 : ‖u(t)− u∞‖V 0 ≤ σ

3

}
,

where σ is given by Lemma 3.1. For every t ∈ Σ, define

τ(t) = sup
{

t′ ≥ t : sup
s∈[t,t′]

‖u(s)− u∞‖V 0 ≤ σ
}

and observe that τ(t) > t, for every t ∈ Σ.
Let t0 ∈ Σ be large enough such that

‖Dtu(t)‖+ ‖ηt‖M1
ε
≤ 1, ∀ t ≥ t0,

and set

J = [t0, τ(t0)),

J1 =
{

t ∈ J : N (u,Dtu, η)(t) >
(∫ +∞

t

‖f(s)‖2 ds
)1−ρ

}
,

J2 = J \ J1,

J3 = {t ≥ 0 : βN (u,Dtu, η)(t) ≤ ‖f(t)‖} ,

where β > 0 is to be fixed below and

N (u,Dtu, η)(t) = ‖G(u(t))‖V −2 + ‖Dtu(t)‖+
1√
ε
‖ηt‖M1

ε
.
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We now introduce the functional

Λ0(t) =
1
2
‖ηt‖2M1

ε
+

1
2
‖Dtu(t)‖2 + E(u(t))− E(u∞)

+
∫ τ(t0)

t

〈f(s), Dtu(s)〉χ(s) ds

+αε

∫ τ(t0)

t

(〈f(s), A−1G(u(s))〉 − 〈f(s), ηs〉M0
ε

)
χ(s) ds

+αε
(〈Dtu(t), A−1G(u(t))〉 − 〈Dtu(t), ηt〉M0

ε
〉) ,

for α ∈ (0, 1) and every t ∈ J , where χ is the characteristic function of J3.
On account of (2.7), we have

DtΛ0 =
1
2

∫ +∞

0

µ′ε(s)‖A1/2ηt(s)‖2ds

−α‖Dtu‖2 − αε‖G(u)‖2V −2 + αε〈Dtu, [A−1G(u)]t〉
+〈f, Dtu〉(1− χ) + αε

(〈f,A−1G(u)〉 − 〈f, η〉M0
ε

)
(1− χ)

+αε
∥∥∥

∫ +∞

0

µε(s)A1/2η(s)ds
∥∥∥

2

− αε

∫ +∞

0

µ′ε(s)〈η(s), Dtu〉 ds.

Observe that

〈Dtu, [A−1G(u)]t〉 = ‖Dtu‖2 + 〈Dtu, [A−1φ(u)]t〉. (4.1)

Then, thanks to (1.5) and (2.5), we obtain

〈Dtu, [A−1φ(u)]t〉 ≤ c‖Dtu‖2,

αε
∥∥∥

∫ +∞

0

µε(s)A1/2η(s)ds
∥∥∥

2

≤ α‖η‖2M1
ε
,

− αε

∫ +∞

0

µ′ε(s)〈η(s), Dtu〉 ds ≤ cα2‖Dtu‖2 − 1
4

∫ +∞

0

µ′ε(s)‖A1/2η(s)‖2 ds.

Moreover, we easily infer

〈f,Dtu〉(1− χ) ≤ βN (u,Dtu, η)2,

αε〈f, A−1G(u)〉(1− χ) ≤ βcN (u,Dtu, η)2,

αε〈f, η〉M0
ε
(1− χ) ≤ αβcN (u,Dtu, η)2.

Thus we deduce

DtΛ0 ≤ −
(

δ

4ε
− α

)
‖ηt‖2M1

ε
− α[(1 + ε)− c(ε + α)]‖Dtu‖2 − αε‖G(u)‖2V −2

+β[1 + c(α + 1)]N (u,Dtu, η)2.
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Choosing α ∈ (0, 1) and β sufficiently small, we can find ε0 > 0 and a positive
constant γ0 = γ0(α, β, ε0) > 0 such that

DtΛ0 ≤ −γ0N (u,Dtu, η)2, ∀ t ≥ 0, (4.2)

for any ε ∈ (0, ε0], which henceforth is assumed to be fixed. Inequality (4.2)
implies that Λ0 is decreasing. Therefore, since

Dt

(|Λ0(t)|ρ sgnΛ0(t)
)

= ρ|Λ0(t)|ρ−1DtΛ0(t), t ∈ J, (4.3)

the function |Λ0|ρ sgnΛ0 is decreasing as well.
Using (3.1), for every t ∈ J1, we have

|Λ0(t)|1−ρ ≤ cN (u, Dtu, η)(t).

Consequently, we infer
∫

J1

N (u,Dtu, η)(s) ds ≤ −c

∫ τ(t0)

t0

Dt

(|Λ0(s)|ρ sgnΛ0(s)
)
ds

≤ c
(
|Λ0(t0)|ρ + |Λ0(τ(t0))|ρ

)
,

where |Λ0(τ(t0))| = 0 if τ(t0) = +∞.
On the other hand, if t ∈ J2, by definition of J2 and (3.2), we deduce

N (u,Dtu, η)(t) ≤
(∫ +∞

t

‖f(s)‖2 ds
)1−ρ

≤ ct−(1+θ)(1−ρ). (4.4)

Hence, on account of (3.4), we can integrate N (u,Dtu, η) over J2 to get
∫

J2

N (u,Dtu, η)(s) ds ≤ ct−θ+ρ+ρθ
0 .

Thus, in particular, ‖Dtu‖ is integrable over J and, due to Lemma 2.1 and
(3.2),

0 ≤ lim sup
t0∈Σ, t0→+∞

∫ τ(t0)

t0

‖Dtu(s)‖ ds (4.5)

≤ c lim sup
t0∈Σ, t0→+∞

(
|Λ0(t0)|ρ + |Λ0(τ(t0))|ρ + t−θ+ρ+ρθ

0

)
= 0.

Notice that, for every t ∈ J ,

‖u(t)− u∞‖ ≤
∫ t

t0

‖Dtu(s)‖ds + ‖u(t0)− u∞‖. (4.6)

Suppose now that τ(t0) < +∞ for any t0 ∈ Σ. By definition, we have

‖u(τ(t0))− u∞‖V 1 = σ, ∀ t0 ∈ Σ.
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Consider an unbounded sequence {tn}n∈N ⊂ Σ such that

lim
n→+∞

‖u(tn)− u∞‖V 1 = 0.

By compactness, we can find a subsequence {tnk
}k∈N and an element ũ∞ ∈ S

such that ‖ũ∞ − u∞‖V 1 = σ and

lim
k→+∞

‖u(τ(tnk
))− ũ∞‖V 1 = 0.

Then, owing to (4.5) and (4.6), we deduce the contradiction

0 < ‖ũ∞ − u∞‖ ≤ lim sup
k→+∞

( ∫ τ(tnk
)

tnk

‖Dtu(τ)‖ dτ + ‖u(tnk
)− u∞‖

)
= 0,

so that τ(t0) = +∞ for some t0 > 0 large enough. We can thus conclude
that ‖Dtu(·)‖ is indeed integrable over (t0,∞) so that, by compactness, (3.3)
follows. Finally, to obtain (3.5) and (3.7), we follow exactly the argument
devised in [22].

REMARK 4.1 In the linear case, that is, φ ≡ 0, we have G(u) = Au.
Thus, recalling (4.1), we now have 〈Dtu,Dt[A−1G(u)]〉 = ‖Dtu‖2, and, if
f ≡ 0, it is possible to recover from (4.2) the well-known exponential decay
of the solution (cfr. [14]). On the other hand, as a byproduct, here we have
also a decay estimate in the presence of a time dependent body force which
suitably converges to a time independent one (see Remark 3.5).

References

[1] S. Aizicovici and E. Feireisl: Long-time stabilization of solutions to a
phase-field model with memory, J. Evol. Equ. 1 (2001), 69–84.

[2] S. Aizicovici, E. Feireisl and F. Issard-Roch: Long time convergence of
solutions to a phase-field system, Math. Methods Appl. Sci., 24 (2001),
277–287.
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[23] A. Haraux: Systèmes dynamiques dissipatifs et applications, Masson,
Paris, 1991.

[24] A. Haraux and M.A. Jendoubi: Convergence of bounded weak solutions
of the wave equation with dissipation and analytic nonlinearity, Calc.
Var. Partial Differential Equations 9 (1999), 95–124.

[25] A. Haraux, M.A. Jendoubi and O. Kavian: Rate of decay to equilibrium
in some semilinear parabolic equations, J. Evol. Equ. 3 (2003), 463–484.
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Asymptotic behavior of a phase-field

system with dynamic boundary

conditions

Stefania Gatti and Alain Miranville

Abstract This article is devoted to the study of the asymptotic behavior of
a Caginalp phase-field system with nonlinear dynamic boundary conditions. As
a proper parameter ε goes to zero, this problem converges to the viscous Cahn-
Hilliard equation. We first prove the existence and uniqueness of the solution to
the system and then provide an upper semicontinuous family of global attractors
{Aε}. Furthermore, we prove the existence of an exponential attractor for each
problem, which yields, since it contains the aforementioned global attractor, the
finite fractal dimensionality of Aε.

1 Introduction

We are concerned in this article with the well-posedness and the longtime
behavior of a one-parameter family of phase-field type equations with non-
linear dynamic (in the sense that the time derivative of the unknowns also
appear) boundary conditions. These have recently been proposed by physi-
cists (see [4], [5], [7] and references therein) to model phase separations in
confined systems, for which the interactions with the walls need to be taken
into account.

To be more precise, we consider a two-phase Caginalp type system, whose
state is described by the temperature w and the phase-field (or order parame-
ter) u, occupying a bounded domain Ω ⊂ R3 with smooth boundary Γ = ∂Ω.
For each parameter ε ∈ [0, 1], we will deal with the following problem:





εwt −∆w = −ut, t > 0, x ∈ Ω
ut −∆u + f(u) = w, t > 0, x ∈ Ω
∂nw|∂Ω = 0, t > 0, x ∈ Γ
ut −∆Γu + λu + ∂nu + g(u) = 0, t > 0, x ∈ Γ
w|t=0 = w0, u|t=0 = u0, x ∈ Ω,

where ∆Γ is the Laplace-Beltrami operator, ∂n is the outward normal deriva-
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tive and λ > 0. Notice that, when ε = 0 (we will refer to this situation as the
limiting case), the system is equivalent to the viscous Cahn-Hilliard equation
proposed in [11], supplemented with dynamic boundary conditions. In order
to study the problem, it is convenient to introduce, following [10], a further
variable ψ = u|Γ and to view the dynamic boundary conditions as a parabolic
equation for ψ on the boundary, namely,

ψt −∆Γψ + λψ + ∂nu + g(ψ) = 0, t > 0, x ∈ Γ
u|Γ = ψ, t > 0, x ∈ Γ
ψ|t=0 = ψ0, x ∈ Γ,

while the other equations remain unchanged.
This model, without the nonlinearity g and with stronger assumptions on f ,

has been considered in [1] (see also, e.g., [9] for the case of classical boundary
conditions), where the existence of solutions in H1-spaces is proven, together
with the convergence of the solutions to steady states. Here, the weaker as-
sumptions on the nonlinearities force the choice of more regular phase-spaces
(namely, H2 instead of H1). The approach that we adopt has been devel-
oped in several recent articles on the Cahn-Hilliard equation with dynamic
boundary conditions [1, 10, 12, 13, 16]. Following in particular [10], we ob-
tain several a priori estimates which, employing Lp-techniques, as well as the
Leray-Schauder fixed point theorem [17], furnish the existence of a solution.
Besides, relying again on the a priori estimates, we prove the Lipschitz con-
tinuous dependence of the solutions on the initial data at any fixed time.
These preliminary results show that the problem generates a dissipative dy-
namical system in a proper phase-space. Next, by suitably decomposing the
semigroup, we obtain the existence of smooth global attractors Aε. We recall
that the global attractor is the unique compact and invariant set which at-
tracts the bounded sets of initial data as time goes to +∞. Actually, applying
the procedure devised in [6], we see that the family {Aε} is upper semicon-
tinuous at zero. Furthermore, for every ε ∈ [0, 1], we can construct, thanks to
an abstract result from [2], an exponential attractor Mε, which is a compact
and positively invariant set which has final fractal dimension and attracts ex-
ponentially fast the bounded sets of initial data. Unfortunately, we are not
able to construct a robust (i.e., continuous) family of exponential attractors.
Nevertheless, the nondependence of proper constants on ε furnishes a uniform
bound on the fractal dimension of Mε. Moreover, noting that the global at-
tractor Aε is contained in Mε, it follows that the fractal dimension of Aε is
uniformly bounded with respect to ε as well.

In order to properly define the phase-spaces, which will depend on the
parameter ε, but will always have three components, we need an equation
for w in the limiting case ε = 0. For this purpose, we introduce the operator
A = I − ∆ : D(A) → L2(Ω), where D(A) = {w ∈ H2(Ω) : ∂nw|∂Ω = 0}.
Then, from the second equation of our system with ε = 0, we have w = J (u),
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where J : H2(Ω) → D(A) is defined by

J (u) = A−1
(−∆u + f(u)

)
,

and, as in [9], J ∈ C1(H2(Ω);D(A)). Next, setting 〈u〉 = 1
|Ω|

∫
Ω

udx, we
observe that the solutions verify the conservation law

〈u(t)〉+ ε〈w(t)〉 = Iε, ∀t ≥ 0. (1.1)

We now introduce the phase-spaces, which take into account (1.1), by

Dε
M ={(w, u, ψ)∈H2(Ω)×H2(Ω)×H2(Γ) : ∂nw|∂Ω = 0, u|∂Ω = ψ, |Iε| ≤ M},

when ε > 0, while

D0
M ={(w, u, ψ)∈H2(Ω)×H2(Ω)×H2(Γ) : w = J (u), u|∂Ω = ψ, |I0| ≤ M}.

Besides, D = D(A)×H2(Ω)×H2(Ω). We finally introduce the spaces Vε
M b

Dε
M as

Vε
M = Dε

M ∩ [H3(Ω)×H3(Ω)×H3(Γ)],

with V = H3(Ω)×H3(Ω)×H3(Γ). Concerning the nonlinearities f, g ∈ C3(R),
we assume

lim inf
|r|→∞

f ′(r) > 0, lim inf
|r|→∞

g′(r) > 0 (1.2)

f(v)v ≥ µ|v|2 − µ′, g(v)v ≥ µ|v|2 − µ′′, ∀v ∈ R, (1.3)

for some µ > 0 and µ′, µ′′ ≥ 0. Here, (1.2) is a dissipativity condition which,
in particular, implies the existence of a positive constant K such that f ′, g′ ≥
−K.

DEFINITION 1.1 For any fixed M > 0, T > 0 and any triplet z0 =
(w0, u0, ψ0) ∈ Dε

M , a solution to problem Pε on the time interval (0, T ) is a
triplet of functions z(t) = (w(t), u(t), ψ(t)) ∈ C([0, T ];Dε

M ) satisfying




εwt −∆w = −ut, t > 0, x ∈ Ω
ut −∆u + f(u) = w, t > 0, x ∈ Ω
ψt −∆Γψ + λψ + ∂nu + g(ψ) = 0, t > 0, x ∈ Γ
∂nw|∂Ω = 0, u|∂Ω = ψ, t > 0, x ∈ Γ
w|t=0 = w0, u|t=0 = u0, ψ|t=0 = ψ0, x ∈ Ω.

(1.4)

In what follows, we will denote by c a generic positive constant independent
of ε which is allowed to vary even within the same formula; further dependen-
cies will be made precise on occurrence. Besides, unless otherwise specified,
every product is understood in the corresponding L2-space. In particular, the
norm and the scalar product in L2(Ω) are denoted by ‖ · ‖ and 〈·, ·〉, respec-
tively, whereas the corresponding symbols in L2(Γ) are characterized by a
subscript Γ.
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2 A priori estimates

LEMMA 2.1 There exist ϑ > 0, a constant c and a monotone nonnegative
function Q such that, for any fixed ε ∈ (0, 1], given any initial datum z0 ∈ Dε

M ,
the following estimate holds for z(t) = (w(t), u(t), ψ(t)) solution to (1.4):

‖z(t)‖2D + ‖ut(t)‖2 + ‖ψt(t)‖2Γ +
∫ t+1

t

[ε‖wt(s)‖2 + ‖ut(s)‖2H1 + ‖ψt(s)‖2H1(Γ)]ds

(2.1)

≤ Q
(‖z0‖2D

)
e−ϑt + c.

Proof. Throughout this proof, Q stands for a generic nonnegative increasing
monotone function independent of ε and may vary even within the same for-
mula. We first set F (r) =

∫ r

0
f(s)ds and G(r) =

∫ r

0
g(s)ds. Then, we introduce

the energy functional E = E(t) defined by

E = ε‖w‖2+‖∇u‖2+β‖u‖2+‖∇Γψ‖2Γ+(λ+β)‖ψ‖2Γ+2〈F (u), 1〉+2〈G(ψ), 1〉Γ,

where β > 0 will be suitably chosen later. Multiplying the first equation of
(1.4) by w and the second by ut + βu, we have, on account of the boundary
conditions,

dE

dt
+ 2‖∇w‖2 + 2β‖∇u‖2 + 2β‖∇Γψ‖2Γ + 2λβ‖ψ‖2Γ + 2‖ut‖2 + 2‖ψt‖2Γ

= 2β〈w, u〉 − 2β〈f(u), u〉 − 2β〈g(ψ), ψ〉Γ.

Following [9], we write, in order to apply the Friedrich inequality,

2〈w, u〉 = 2〈w − 〈w〉, u〉+ 2|Ω|Iε〈w〉 − 2ε|Ω|〈w〉2.

It is now readily seen that, for any 0 < γ < β, the functional E satisfies the
inequality

dE

dt
+ γE = h,

where h = h(t) is defined by

h = −(2β − γ)(‖∇u‖2 + ‖∇Γψ‖2Γ)− [λ(2β − γ)− βγ]‖ψ‖2Γ
+ 2γ

(〈F (u)− f(u)u, 1〉+ 〈G(ψ)− g(ψ)ψ, 1〉Γ
)

+ 2(γ − β)
(〈f(u), u〉+ 〈g(ψ), ψ〉Γ

)
+ βγ‖u‖2 − ‖∇w‖2

− 2‖ut‖2 − 2‖ψt‖2Γ + 2β|Ω|Iε〈w〉 − 2(β − γ)ε|Ω|〈w〉2
+ γε‖w‖2 − 2γε|Ω|〈w〉2 − ‖∇w‖2 + 2β〈w − 〈w〉, u〉.
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By the Friedrich inequality, there exists a positive constant CΩ such that

‖w − 〈w〉‖2 = ‖w‖2 − |Ω|〈w〉2 ≤ CΩ‖∇w‖2.
This, together with the Young inequality, yields the following bound for the
last line in the expression for h:

γε‖w‖2 − 2γε|Ω|〈w〉2 − ‖∇w‖2 + 2β〈w − 〈w〉, u〉
≤ −(1− γεCΩ)‖∇w‖2 + 2β

√
CΩ‖∇w‖‖u‖

≤ β2CΩ

1− γεCΩ
‖u‖2,

provided that γ < 1/CΩ. Besides, the following inequalities are proven in [18]:

〈F (u)− f(u)u, 1〉 ≤ K‖u‖2 and 〈G(ψ)− g(ψ)ψ, 1〉Γ ≤ K‖ψ‖2Γ,

for any u ∈ L2(Ω) and ψ ∈ L2(Γ). Then, arguing as in [9], we have, if β and
γ are small enough (and are independent of ε),

h ≤ h̃ + r,

where

r =− 1
2
(2β − γ)(‖∇u‖2 + ‖∇Γψ‖2Γ)− 1

2
[λ(β − γ)− βγ]‖ψ‖2Γ

+ 2γ
(〈F (u)− f(u)u, 1〉+ 〈G(ψ)− g(ψ)ψ, 1〉Γ

)

− (β − γ)
(〈f(u), u〉+ 〈g(ψ), ψ〉Γ

)
+ βγ‖u‖2 + γε‖w‖2

− ‖∇w‖2 + 2β〈w − 〈w〉, u〉 − 2γε|Ω|〈w〉2

≤ −1
2
(2β − γ)(‖∇u‖2 + ‖∇Γψ‖2Γ)− 1

2
[λ(β − γ)− βγ]‖ψ‖2Γ

+ [2γK − (β − γ)µ](‖u‖2 + ‖ψ‖2Γ) + βγ‖u‖2 +
β2CΩ

1− γεCΩ
‖u‖2 + c

≤ c,

while

h̃ = −1
2
(2β − γ)c(‖u‖2H1 + ‖ψ‖2H1(Γ))− (β − γ)

(〈f(u), u〉+ 〈g(ψ), ψ〉Γ
)

− ‖∇w‖2 − 2‖ut‖2 − 2‖ψt‖2Γ + 2β|Ω|Iε〈w〉 − 2(β − γ)ε|Ω|〈w〉2.
We thus obtain

dE

dt
+ γE ≤ h̃ + c.

Next, integrating the first and the second equations of (1.4) over Ω, and the
third over Γ, it follows that

d

dt
(ε〈w〉) + 〈w〉 = 〈f(u)〉+

|Γ|
|Ω|

(〈ψt〉Γ + λ〈ψ〉Γ + 〈g(ψ)〉Γ
)
. (2.2)
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Hence, taking κ = (1 − γε)−1(2β|Ω|Iε), it is apparent that the energy func-
tional E + κε〈w〉 satisfies the differential inequality

d

dt
(E + κε〈w〉) + γ(E + κε〈w〉)

≤ −1
2
(2β − γ)c(‖u‖2H1 + ‖ψ‖2H1(Γ))− (β − γ)

(〈f(u), u〉+ 〈g(ψ), ψ〉Γ
)

− ‖∇w‖2 − 2‖ut‖2 − 2‖ψt‖2Γ − 2(β − γ)ε|Ω|〈w〉2

+ κ〈f(u)〉+ κ
|Γ|
|Ω|

(〈ψt〉Γ + λ〈ψ〉Γ + 〈g(ψ)〉Γ
)

+ c.

Mimicking [9, (4.16)], there exist, for any arbitrarily small ν, ν′ > 0, Cν , Cν′ >
0 such that

|〈f(u)〉| ≤ ν〈f(u), u〉+ Cν

|〈g(ψ)〉Γ| ≤ ν′〈g(ψ), ψ〉Γ + Cν′ ,

which yields

κ〈f(u)〉 − (β − γ)〈f(u), u〉 ≤ c,

κ
|Γ|
|Ω| 〈g(ψ)〉Γ − (β − γ)〈g(ψ), ψ〉Γ ≤ c.

Besides, it is readily seen that

κ
|Γ|
|Ω| 〈ψt〉Γ − ‖ψt‖2Γ ≤ c.

Thus, handling the other terms analogously, we end up with

d

dt
(E + κε〈w〉) + γ(E + κε〈w〉)
+ γ′

(‖u‖2H1 + ‖ψ‖2H1(Γ) + ‖∇w‖2 + ‖ut‖2 + ‖ψt‖2Γ
) ≤ c,

and, since the energy functional satisfies the following inequalities:

E + κε〈w〉 ≤ CM

(
ε‖w‖2+ ‖u‖2H1 + ‖ψ‖2H1(Γ)+ 2〈F (u), 1〉+ 2〈G(ψ), 1〉Γ+ 1

)
,

E + κε〈w〉 ≥ C−1
M

(
ε‖w‖2+ ‖u‖2H1 + ‖ψ‖2H1(Γ)+ 2〈F (u), 1〉+ 2〈G(ψ), 1〉Γ− 1

)
,

where the positive constant CM is independent of ε, the Gronwall lemma gives

ε‖w(t)‖2 + ‖u(t)‖2H1 + ‖ψ(t)‖2H1(Γ) + 2〈F (u(t)), 1〉+ 2〈G(ψ(t)), 1〉Γ (2.3)

+
∫ t+1

t

[‖∇w(s)‖2 + ‖ut(s)‖2 + ‖ψt(s)‖2Γ]ds

≤ CMe−αt[ε‖w0‖2+ ‖u0‖2H1 + ‖ψ0‖2H1(Γ)+ 2〈F (u0), 1〉+ 2〈G(ψ0), 1〉Γ] + CM .
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Next, we consider the problem formally obtained by differentiating the second
and the third equations of (1.4) with respect to time, namely,

utt −∆ut + f ′(u)ut = wt, t > 0, x ∈ Ω (2.4)
ψtt −∆Γψt + λψt + ∂nut + g′(ψ)ψt = 0, t > 0, x ∈ Γ, (2.5)

supplemented with the initial conditions read from the problem

ut(0) = ∆u0 − f(u0) + w0

ψt(0) = ∆Γψ0 − λψ0 − ∂nu0 − g(ψ0).

Multiplying (2.4) by ut, (2.5) by ψt and the first equation of (1.4) by wt, we
obtain

1
2

d

dt

(‖∇w‖2 + ‖ut‖2 + ‖ψt‖2Γ
)

+ ε‖wt‖2 + ‖∇ut‖2 + ‖∇Γψt‖2Γ + λ‖ψt‖2Γ
+ 〈f ′(u)ut, ut〉+ 〈g′(ψ)ψt, ψt〉Γ = 0.

Adding (‖∇w‖2 + ‖ut‖2)/2 to both sides of the above equality, we deduce
from (1.2) that

d

dt

(‖∇w‖2 + ‖ut‖2 + ‖ψt‖2Γ
)

+ ‖∇w‖2 + ‖ut‖2

+ 2[ε‖wt‖2 + ‖∇ut‖2 + ‖∇Γψt‖2Γ + λ‖ψt‖2Γ]

≤ c[‖∇w‖2 + ‖ut‖2 + ‖ψt‖2Γ] ;

hence, in view of (2.3),

‖∇w(t)‖2+ ‖ut(t)‖2+ ‖ψt(t)‖2Γ+
∫ t+1

t

[ε‖wt(s)‖2 + ‖∇ut(s)‖2 + ‖∇Γψt(s)‖2Γ]ds

≤ Q(‖z0‖2D)e−α′t + c. (2.6)

To complete the H1-norm of w, it is enough to observe that it follows from
(2.2) that

〈w(t)〉 ≤ Q(‖z0‖2D)e−ct + c,

which, together with (2.6), yields

‖w(t)‖2H1 ≤ Q(‖z0‖2D)e−ct + c.

We now consider the elliptic problem




∆u− f(u) = h1

∆Γψ − λψ − g(ψ)− ∂nu = h2

u|Γ = ψ,
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where h1 = ut − w and h2 = ψt − λψ. Since it follows from (2.3) and (2.6)
that

‖h1(t)‖2 + ‖h2(t)‖2Γ ≤ c + Q(‖z0‖2D)e−γt, (2.7)

the maximum principle [10, Lemma A.2] applies, giving

‖u(t)‖2L∞ + ‖ψ(t)‖2L∞(Γ) ≤ c + Q(‖z0‖2D
)
e−γt.

This allows to view f(u) and g(ψ) as external forces as in [10, Theorem 1.1],
entailing

‖u(t)‖2H2 + ‖ψ(t)‖2H2(Γ) ≤ c + Q
(‖z0‖2D

)
e−γt.

So far, only the dissipativity in ‖∆w‖ is missing, but, since we want to control
this norm without ε, we rescale time as in [9, Lemma 1.3], that is, t = ετ .
Then, the first equation of (1.4) reads

w̃τ −∆N w̃ = h(τ) = −ut(ετ),

and, owing to (2.6), we obtain at once

‖w̃(t)‖2H2 ≤ Q(‖z0‖2D)e−ct + c.

REMARK 2.1 Unfortunately, we are not able to derive these a priori
estimates when (1.3) does not hold, since the phase-field model does not allow
to argue as in [10], where a single equation is considered.

In the limiting case, we can prove the

LEMMA 2.2 For any z0 ∈ D0
M , if z0(t) = (w0(t), u0(t), ψ0(t)) solves (1.4)

with ε = 0, then

‖z0(t)‖2D + ‖u0
t (t)‖2 + ‖ψ0

t (t)‖2Γ ≤ Q
(‖z0‖2D

)
e−ϑt + c. (2.8)

Moreover, we have
‖w0

t (t)‖2 ≤ Q
(‖z0‖2D

)
e−ϑt + c. (2.9)

Proof. Since (2.1) is uniform in ε, we can pass to the limit and we obtain
at once (2.8). Next, (2.9) can be proved by arguing exactly as in [9, Lemma
1.8].

LEMMA 2.3 For any pair of initial data z1, z2 ∈ Dε
M , there exist two

positive constants C and L such that, if zi(t) = (wi(t), ui(t), ψi(t)) is the
solution originating from zi, there holds

‖z1(t)− z2(t)‖D + ‖u1
t (t)− u2

t (t)‖+ ‖ψ1
t (t)− ψ2

t (t)‖ ≤ CeLt‖z1 − z2‖D,
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where the constants only depend on the norms of the initial data and are in
particular independent of ε.

Proof. We can see that the difference z(t) = z1(t)−z2(t) = (w(t), u(t), ψ(t))
solves the problem





εwt + ut −∆w = 0
ut −∆u = w − φu

ψt −∆Γψ + λψ + ∂nu + ξψ = 0
∂nw|Γ = 0, u|Γ = ψ

w(0) = w0, u(0) = u0, ψ(0) = ψ0,

(2.10)

where (w0, u0, ψ0) = z1 − z2 and

φ = φ(u1, u2) =
∫ 1

0

f ′(su1 + (1− s)u2)ds,

ξ = ξ(ψ1, ψ2) =
∫ 1

0

g′(sψ1 + (1− s)ψ2)ds.

Here, the integral mean is still conserved, but its modulus is now controlled
as

|〈u(t) + εw(t)〉| = |〈u0 + εw0〉| ≤ c,

with c possibly different from M , depending on the initial data. We will take
advantage of Lemma 2.1 (respectively, of Lemma 2.2 when ε = 0), which,
thanks to the assumptions on f and g, yields

‖φ(t)‖H2 + ‖φt(t)‖+ ‖ξ(t)‖H2(Γ) + ‖ξt(t)‖ ≤ c.

Multiplying the first equation of (2.10) by w, the second by ut and the third
by ψt, we obtain

1
2

d

dt
[ε‖w‖2 + ‖∇u‖2 + ‖∇Γψ‖2Γ + λ‖ψ‖2Γ] + ‖∇w‖2 + ‖ut‖2 + ‖ψt‖2Γ

= −〈φu, ut〉 − 〈ξψ, ψt〉Γ ;

hence, by the Young inequality and an integration in time,

ε‖w(t)‖2 + ‖u(t)‖2H1 + ‖ψ(t)‖2H1(Γ) ≤ ect
(
ε‖w0‖2 + ‖u0‖2H1 + ‖ψ0‖2H1(Γ)

)
.

(2.11)
Differentiating with respect to time the second and the third equations in
(2.10), we have

utt −∆ut = wt − φtu− φut

ψtt −∆Γψt + λψt + ∂nut + ξtψ + ξψt = 0,
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which, multiplied by ut and ψt, respectively, and added to the product of the
first equation of (2.10) by wt, furnishes

1
2

d

dt

(‖∇w‖2 + ‖ut‖2 + ‖ψt‖2Γ
)

+ ε‖wt‖2 + ‖∇ut‖2 + ‖∇Γψt‖2Γ + λ‖ψt‖2Γ
= −〈φtu, ut〉 − 〈φut, ut〉 − 〈ξtψ,ψt〉Γ − 〈ξψt, ψt〉Γ.

Here, the assumptions on f and g immediately give

−〈φut, ut〉 − 〈ξψt, ψt〉Γ ≤ K[‖ut‖2 + ‖ψt‖2Γ],

whereas

−〈φtu, ut〉 − 〈ξtψ, ψt〉Γ ≤ c[‖u‖H1‖ut‖H1 + ‖ψ‖H1(Γ)‖ψt‖H1(Γ)].

Taking advantage of (2.11), these inequalities lead, in view of the initial con-
ditions read from (2.10), to

‖∇w(t)‖2 + ‖ut(t)‖2 + ‖ψt(t)‖2Γ ≤ cect[‖w0‖2H1 + ‖u0‖2H2 + ‖ψ0‖2H2(Γ)].

Since
〈w(t)〉 = 〈ut〉+ 〈φu〉+

|Γ|
|Ω| [〈ψt〉Γ + λ〈ψ〉Γ + 〈ξψ〉Γ],

it is straightforward to complete the H1-norm of w. Then, the final estimates
follow by standard parabolic regularity arguments.

3 Existence of solutions

The main result of this section states as follows.

THEOREM 3.1 For any ε ∈ [0, 1] and any z0 ∈ Dε
M , there exists a unique

solution z(t) to problem Pε which satisfies all the a priori estimates derived
in the previous section.

Since the limiting case is well known, we only focus on the case ε ∈ (0, 1]. We
set ΩT = [0, T ]×Ω and ∂ΩT = [0, T ]×∂Ω and we will exploit the anisotropic
Sobolev spaces W 1,2

p (ΩT ) and W 1,2
p (∂ΩT ), constituted by functions that, to-

gether with their first time derivative and first and second space derivatives,
belong to Lp(ΩT ) and Lp(∂ΩT ), respectively (see, e.g., [8]). In what follows,

we will need the embeddings W 1,2
p (ΩT ) b C(ΩT ) and H2(Ω) ⊂ W

2− 2
p

p (Ω).
The former compact inclusion follows from classical theorems, provided that
W 2,p(Ω) b C(Ω), that is, when 2−3/p > 0. The second embedding is satisfied
if 2 ≤ p ≤ 10/3. This lead us to confine p ∈ (3, 10/3].
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As a first step, we consider the linear nonhomogeneous problem for w and
u with homogeneous boundary conditions, namely,





εwt + ut −∆w = h1

ut −∆u− w = h2

∂nw|Γ = 0, u|Γ = 0
w(0) = w0, u(0) = u0.

(3.1)

LEMMA 3.1 For any fixed ε > 0, if w0, u0 ∈ W
2(1− 1

p )
p (Ω) and h1, h2 ∈

Lp(ΩT ), with 〈h1(t)〉 = 0, there exists a unique solution (w, u) ∈ W 1,2
p (ΩT )×

W 1,2
p (ΩT ) to (3.1) such that

‖w‖W 1,2
p (ΩT ) + ‖u‖W 1,2

p (ΩT ) (3.2)

≤ C
(‖w0‖

W
2(1− 1

p
)

p (Ω)
+ ‖u0‖

W
2(1− 1

p
)

p (Ω)
+ ‖h1‖Lp(ΩT ) + ‖h2‖Lp(ΩT )

)
,

where C is a positive constant depending on T and ε, but is independent of w
and u.

Proof. We proceed as in the proof of [10, Lemma 2.1]. Both equations in
(3.1) are compact perturbations of the heat equation and, since the existence
and uniqueness follow from standard arguments, we concentrate on the a
priori estimates. For this purpose, it is convenient to determine ut from the
second equation, rewriting the first equation as

εwt + Aw = −∆u + h1 − h2. (3.3)

Applying the Lp-theory to the second equation, we obtain

‖u‖W 1,2
p (ΩT ) ≤ c(‖h2‖Lp(ΩT ) + ‖w‖Lp(ΩT ) + ‖u0‖

W
2(1− 1

p
)

p (Ω)
), (3.4)

which, proceeding in a similar way for (3.3), implies the estimates

‖w‖W 1,2
p (ΩT ) (3.5)

≤ c(‖h1‖Lp(ΩT ) + ‖h2‖Lp(ΩT ) + ‖∆u‖Lp(ΩT ) + ‖w0‖
W

2(1− 1
p

)
p (Ω)

)

≤ c(‖h1‖Lp(ΩT )+ ‖h2‖Lp(ΩT ) + ‖w‖Lp(ΩT )+ ‖u0‖
W

2(1− 1
p

)
p (Ω)

+ ‖w0‖
W

2(1− 1
p

)
p (Ω)

).

Using proper interpolation inequalities (see, e.g., [8, Chapter II, (3.2)] with
q = r = p), we have

‖w‖Lp(ΩT ) ≤ c‖w‖1−
2
p

L∞(0,T ;L2(Ω))‖w‖
2
p

L2(0,T ;H1(Ω)).
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We thus accomplish our purpose provided that we can properly estimate
‖w‖L∞(0,T ;L2(Ω)). Multiplying the first equation in (3.1) by w and the sec-
ond by ut and taking advantage of the null integral mean of h1, we obtain

1
2

d

dt

(
ε‖w‖2 + ‖∇u‖2) + ‖∇w‖2 + ‖ut‖2 = 〈h1, w − 〈w〉〉+ 〈h2, ut〉,

and the Friedrich and the Young inequalities entail the desired bound.

Next, we study the linear homogeneous problem with nonhomogeneous
boundary conditions, but with null initial data, that is,





εwt + ut −∆w = 0
ut −∆u− w = 0
∂nw|Γ = 0, u|Γ = ψ

w(0) = 0, u(0) = 0.

(3.6)

LEMMA 3.2 For any fixed ε > 0, if ψ ∈ W
1−1/(2p), 2−1/p
p (∂ΩT ), there

exists a unique solution (w, u) ∈ W 1,2
p (ΩT )×W 1,2

p (ΩT ) to (3.6) such that

‖w‖W 1,2
p (ΩT ) + ‖u‖W 1,2

p (ΩT ) ≤ C‖ψ‖
W

1−1/(2p), 2−1/p
p (∂ΩT )

, (3.7)

for some positive constant C depending on T , but independent of ψ. Moreover,

∫ t

0

〈∂nu(s), ψ(s)〉Γds =
1
2
‖u(t)‖2 +

∫ t

0

‖∇u(s)‖2ds ≥ 0. (3.8)

Proof. Following [10, Corollary 2.1], we consider the linear extension oper-
ator

Tp : W
1− 1

2p ,2− 1
p

p (∂ΩT ) → W 1,2
p (ΩT ) defined as (Tpψ)|∂ΩT = ψ.

Besides, it is possible to construct this operator such that

〈Tpψ(t)〉 = 0, ∀ψ ∈ W
1− 1

2p ,2− 1
p

p (∂ΩT ), ∀t ≥ 0.

Performing the change of variable v = u − Tpψ, by straightforward compu-
tations we obtain that, if (w, u) solves (3.6), then (w, v) solves (3.1) with
h1 = −∂t(Tpψ), h2 = −∂t(Tpψ) + ∆(Tpψ) and v0 = −Tpψ0. By Lemma 3.1,
we have the existence and uniqueness of the solution, together with estimate
(3.7). In order to derive (3.8), it is enough to multiply the second equation in
(3.6) by u and to integrate in time and space.
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As a third step, we analyze the linearized version of problem Pε, that is,




εwt + ut −∆w = h1

ut −∆u− w = h2

∂nw|Γ = 0, u|Γ = ψ

ψt −∆Γψ + λψ + ∂nu + h3 = 0
w(0) = w0, u(0) = u0, ψ(0) = ψ0.

(3.9)

LEMMA 3.3 For any fixed ε > 0, if h1, h2 ∈ Lp(ΩT ), with 〈h1(t)〉 = 0,
h3 ∈ Lp(∂ΩT ), w0, u0 ∈ W

2(1− 1
p )

p (Ω) and ψ0 ∈ W
2(1− 1

p )
p (∂Ω), then (3.9)

possesses a unique solution (w(t), u(t), ψ(t)) such that

‖w‖W 1,2
p (ΩT ) + ‖u‖W 1,2

p (ΩT ) + ‖ψ‖W 1,2
p (∂ΩT ) (3.10)

≤ C(‖w0‖
W

2(1− 1
p

)
p (Ω)

+ ‖u0‖
W

2(1− 1
p

)
p (Ω)

+ ‖ψ0‖
W

2(1− 1
p

)
p (∂Ω)

+ ‖h1‖Lp(ΩT ) + ‖h2‖Lp(ΩT ) + ‖h3‖Lp(∂ΩT )),

for some constant C > 0 depending on T and ε, but independent of (w, u, ψ)
and (h1, h2, h3).

Proof. Since the existence, the uniqueness and the estimates for w are the
same as above, we assume that w is fixed and we concentrate on the pair
(u, ψ). The proof is similar to that of [10, Lemma 2.2], but we report it for the

reader’s convenience. There exists T : W
1− 1

2p ,2− 1
p

p (∂ΩT ) → W 1,2
p (ΩT ) solution

operator to the following problem:




vt −∆v = w

v|Γ = ψ

v(0) = 0.

(3.11)

Setting v(t) = Tψ(t) and θ(t) = u(t)− v(t), we obtain, in view of (3.9),




θt −∆θ = h2

θ|∂Ω = 0
θ|t=0 = u0

ψt −∆Γψ + λψ + ∂nu + h3 = 0.

(3.12)

In this new formulation of the problem, the unknowns are no longer coupled.
Therefore, we consider the first three equations of (3.12), to which Lemma
3.1 applies, yielding

‖θ‖W 1,2
p (ΩT ) ≤ C

[‖u0‖
W

2(1− 1
p

)
p (Ω)

+ ‖h2‖Lp(ΩT )

]
. (3.13)
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Next, ψ solves {
ψt −∆Γψ + λψ + ∂n(Tψ) + h̃ = 0
ψ|t=0 = ψ0,

(3.14)

where, due to (3.13), h̃ = h3 + ∂nθ ∈ Lp(∂ΩT ). Moreover, Lemma 3.2 and a
suitable trace theorem provide

‖∂n(Tψ)‖Lp(∂ΩT ) ≤ C‖ψ‖
W

1− 1
2p

,2− 1
p

p (∂ΩT )
.

Owing to this estimate, (3.14) is a compact perturbation of the heat equa-
tion on the boundary. Arguing as in [10], we then obtain the existence and
uniqueness of solutions, as well as the estimate

‖ψ‖W 1,2
p (∂ΩT ) ≤ C

[‖ψ0‖
W

2− 2
p

p (∂Ω)
+ ‖ψ‖

W
1− 1

2p
,2− 1

p
p (∂ΩT )

+ ‖h̃‖Lp(∂ΩT )

]
.

The second term in the right-hand side of the above inequality can be handled
by interpolation, yielding

‖ψ‖W 1,2
p (∂ΩT ) ≤ C

[‖ψ0‖
W

2− 2
p

p (∂Ω)
+ ‖ψ‖L2(∂ΩT ) + ‖h̃‖Lp(∂ΩT )

]
.

Finally, we obtain, multiplying (3.14) by ψ and taking (3.8) into account,

‖ψ‖L2(∂ΩT ) ≤ C[‖ψ0‖L2(∂Ω) + ‖h̃‖L2(∂ΩT )].

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Given z0 = (w0, u0, ψ0) ∈ Dε
M , mimicking the

proof of [10, Theorem 2.1], we consider the following homotopy of problem
Pε: 




εwt −∆w + ut = 0
ut −∆u− w = −sf(u)
ψt −∆Γψ + λψ + ∂nu = −sg(ψ)
∂nw|Γ = 0, u|Γ = ψ

w(0) = w0, u(0) = u0, ψ(0) = ψ0.

For any s ∈ [0, 1], this problem is equivalent to the following:


w
u
ψ


 =M0




w0

u0

ψ0


 + sMh




0
−f(u)
−g(ψ)


 ,

where M0 : (w0, u0, ψ0) 7→ (w, u, ψ) is the solving operator of (3.9) with h1 =
h2 = h3 = 0 and Mh : (h1, h2, h3) 7→ (w, u, ψ) is the solving operator of (3.9)
with null initial data. We now introduce the space Φ = W 1,2

p (ΩT )×W 1,2
p (ΩT )×

W 1,2
p (∂ΩT ) which is compactly embedded into C(ΩT )×C(ΩT )×C(∂ΩT ) and

is such that the operator (w, u, ψ) 7→ Mh

(
0,−f(u),−g(ψ)

)
is compact in Φ.

Since each solution to the s-problem satisfies the a priori estimates uniformly
in s, we obtain, by the Leray-Schauder theorem and arguing as in [10], the
desired existence result.
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4 Dynamical Systems and Global Attractors

Collecting Lemmas 2.1 and 2.3 and Theorem 3.1, we can now state the

THEOREM 4.1 Given any ε ∈ [0, 1] and any positive number M , problem
Pε generates a dissipative dynamical system {Sε(t)} on the phase-space Dε

M .

Our next aim is to show the existence of an upper semicontinuous family
of global attractors. We first have the

THEOREM 4.2 Fixing ε ∈ [0, 1], the dynamical system {Sε(t)} on Dε
M

possesses the connected global attractor Aε ⊂ Vε
M . Besides, there exists a

positive constant C such that, for any initial datum z0 ∈ Aε, Sε(t)z0 =
(w(t), u(t), ψ(t)) satisfies

ε‖wt(t)‖2 + ‖ut(t)‖2H1 + ‖ψt(t)‖2H1(Γ) ≤ C, ∀t ≥ 0.

Proof. Given z = (w0, u0, ψ0) ∈ Dε
M we decompose the corresponding solu-

tion as z(t) = zd(t) + zc(t), where

zd(t) = (wd(t), ud(t), ψd(t)) and zc(t) = (wc(t), uc(t), ψc(t))

solve




εwd
t + ud

t −∆wd = 0
ud

t −∆ud = wd

ψd
t −∆Γψd + λψd + ∂nud = 0

∂nwd|∂Ω = 0, ud|∂Ω = ψd

wd(0) = w0 − 〈w0〉, ud(0) = u0 − 〈u0〉, ψd(0) = ψ0

(4.1)

and 



εwc
t + uc

t −∆wc = 0
uc

t −∆uc = wc − f(u)
ψc

t −∆Γψc + λψc + ∂nuc + g(ψ) = 0
∂nwc|∂Ω = 0, uc|∂Ω = ψc

wc(0) = 〈w0〉, uc(0) = 〈u0〉, ψc(0) = 0,

(4.2)

respectively. Arguing exactly as in Lemma 2.1, it is not difficult to show that

‖zd(t)‖D ≤ ce−γt‖z0‖D.
Besides,

‖zc(t)‖D ≤ ‖z(t)‖D + ‖zd(t)‖D ≤ c, ∀t ≥ 0,
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and, in order to show the uniform boundedness of zc(t) in V, it is enough to
bound ‖∇∆wc‖2+‖∇∆uc‖2+‖∇Γ∆Γψc‖2Γ uniformly in time, which amounts
to controlling the H1-norms of the time derivatives of wc, uc and ψc. Thus,
differentiating (4.2) with respect to time, we have





εwc
tt + uc

tt −∆wc
t = 0

uc
tt −∆uc

t = wc
t − f ′(u)ut

ψc
tt −∆Γψc

t + λψc
t + ∂nuc

t + g′(ψ)ψt = 0
∂nwc

t |∂Ω = 0, uc
t |∂Ω = ψc

t .

(4.3)

Multiplying then the first equation of (4.3) by wc
t , the second by uc

tt and the
third by ψc

tt, we have

1
2

d

dt

(
ε‖wc

t‖2 + ‖∇uc
t‖2 + ‖∇Γψc

t‖2Γ + λ‖ψc
t‖2Γ

)
+ ‖∇wc

t‖2 + ‖uc
tt‖2 + ‖ψc

tt‖2Γ
= −〈f ′(u)ut, u

c
tt〉 − 〈g′(ψ)ψt, ψ

c
tt〉Γ

≤ ‖uc
tt‖2 + ‖ψc

tt‖2Γ + c‖ut‖2 + c‖ψt‖2Γ.

Finally, we deduce from Lemma 2.1 and the Gronwall lemma that

‖zc(t)‖V ≤ c, ∀t ≥ 0

and the existence of the global attractor follows from classical results (see,
e.g., [14]).

It is worth noting that the global attractor Aε depends on the fixed constant
M . Furthermore, we note that, in the limiting case ε = 0, the first component
reads w0(t) = J (u0(t)) and (S0(t),D0

M ) is a lifting of the dynamical system
(PS0(t),H2(Ω)×H2(Γ)), where P is the projection P : D0

M → H2(Ω)×H2(Γ)
onto the second and the third components. In particular, (PS0(t), H2(Ω) ×
H2(Γ)) is dissipative and possesses the global attractor Ã0 ⊂ H3(Ω)×H3(Γ),
hence

A0 = {(w, u, ψ) ∈ V0
M : (u, ψ) ∈ Ã0, w = J (u)}.

THEOREM 4.3 The global attractor A0 is upper semicontinuous with re-
spect to the family {Aε}, that is,

lim
ε→0

distD(Aε,A0) = 0,

where distD corresponds to the Hausdorff semidistance in D.

Proof. We adopt the procedure devised in [6]. Setting

A =
⋃

ε∈(0,1]

Aε,
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it is readily seen that A is a bounded subset of H3(Ω) × H3(Ω) × H3(Γ).
We again consider the projection P : Dε

M → H2(Ω)×H2(Γ) onto the second
and the third components. First, notice that, owing to the definition of a
continuous semigroup and to Theorem 4.2, the family

G =

{
(u, ψ) ∈ C0([0,∞); H2(Ω)×H2(Γ))

∣∣∣ (u(t), ψ(t)) = PSε(t)z0

z0 ∈ Aε, ε ∈ (0, 1]

}

is equicontinuous at zero. We will prove the upper semicontinuity by arguing
by contradiction. Suppose that there exist ρ > 0 and two sequences εn → 0
and zn ∈ Aεn such that

distD(zn,A0) ≥ ρ. (4.4)

We observe that each zn(t) = (wn(t), un(t), ψn(t)) = Sεn(t)zn ∈ Aεn can be
extended to a bounded complete trajectory of Sεn(t). Besides, the set defined
as ⋃

t∈R

⋃

n∈N
zn(t) ⊂ A

is a relatively compact subset of D. On account of the equicontinuity of the
family G and of the properties of the semigroups, the family Pzn : R →
H2(Ω)×H2(Γ) is equicontinuous, allowing to apply the Ascoli theorem, which,
together with a diagonalization procedure, leads to the existence of (û, ψ̂) ∈
C0(R;H2(Ω) × H2(Γ)) such that Pzn → (û, ψ̂) in C0([−N, N ];H2(Ω) ×
H2(Γ)), for any N > 0, at least for a subsequence. Moreover,

sup
t∈R

‖(û(t), ψ̂(t))‖H2(Ω)×H2(Γ) < ∞.

We now show that (û, ψ̂) is a bounded complete trajectory of PS0(t). By
definition, 




(I−∆)wn = −εnwn
t + ∆un − f(un)

un
t = wn + ∆un − f(un)

ψn
t −∆Γψn + λψn + ∂nun + g(ψn) = 0

∂nwn|∂Ω = 0, un|∂Ω = ψn,

endowed with the obvious initial conditions. The convergence of Pzn and
Theorem 4.2 yield that, up to a subsequence,

(wn, un
t , ψn

t ) → (J (ū),J (ū) + ∆ū− f(ū),∆Γψ̄ − λψ̄ − ∂nū− g(ψ̄))

in C0([−N, N ]; H1(Ω) × (H1(Ω))∗ × (H1(Γ))∗), for any N > 0. Besides,
(wn, un

t , ψn
t ) converges to (w̄, ūt, ψ̄t) in the sense of distributions and the pair

(ū(t), ψ̄(t)) is indeed a complete bounded trajectory of PS0(t). This implies
(ū(0), ψ̄(0)) ∈ Ã0 and (w̄(0), ū(0), ψ̄(0)) ∈ A0, which, together with the con-
vergence for Pzn(t), provides Pzn → (ū(0), ψ̄(0)) in H2(Ω) ×H2(Γ). Finally,
we know that wn ∈ C0(R,H1(Ω)) and supt∈R ‖wn(t)‖H3 < ∞, hence

wn → w̄ = J (ū) in C0([−N, N ]; H2(Ω)),
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for any N > 0. This allows to conclude that zn → (w̄(0), ū(0), ψ̄(0)) ∈ A0 in
D, against (4.4).

5 Exponential Attractors

We have the following exponential attractor’s existence result [2].

THEOREM 5.1 For any ε ∈ [0, 1], let Bε be the absorbing ball given by
Lemma 2.1 and Lemma 2.2 and let t∗ > 0 be such that Sε(t)Bε ⊂ Bε, for any
t ≥ t∗. Assume that the following conditions hold.

(H1) Setting Sε(t∗) = Sε, the map Sε satisfies, for every z1, z2 ∈ Bε,

Sεz1 − Sεz2 = Lε(z1, z2) + Kε(z1, z2),

where

‖Lε(z1, z2)‖D ≤ κ‖z1 − z2‖D,
‖Kε(z1, z2)‖V ≤ Λ‖z1 − z2‖D,

for some κ ∈ (0, 1/2) and some Λ > 0 independent of ε.

(H2) The map
z 7→ Sε(t)z : Bε → Bε

is Lipschitz continuous on Bε, with a Lipschitz constant independent of
t ∈ [t∗, 2t∗] and of ε. Besides, the map

(t, z) 7→ Sε(t)z : [t∗, 2t∗]× Bε → Bε

is Hölder continuous, with an exponent independent of ε.

Then, there exists an exponential attractor Mε on B̃ε = Bε
D

that attracts B̃ε

exponentially fast. Besides, the fractal dimension of Mε is uniformly bounded
with respect to ε.

Verification of (H1)

Given a pair of initial data zi
0 ∈ Bε, we set

z0 = z1
0 − z2

0 = (w0, u0, ψ0).

The difference of the corresponding solutions

z(t) = z1(t)− z2(t) = (w(t), u(t), ψ(t))
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can be decomposed as z(t) = ẑd(t) + ẑc(t), where

ẑd(t) = (ŵd(t), ûd(t), ψ̂d(t)) and ẑc(t) = (ŵc(t), ûc(t), ψ̂c(t))

solve (4.1) and




εŵc
t + ûc

t −∆ŵc = 0
ûc

t −∆ûc = ŵc − `1u

ψ̂c
t −∆Γψ̂c + λψ̂c + ∂nûc = −`2ψ

∂nŵc|∂Ω = 0, ûc|∂Ω = ψ̂c

ŵc(0) = 〈w0〉, ûc(0) = 〈u0〉, ψ̂c(0) = 0,

respectively. Here,

`1(t) =
∫ 1

0

f ′(su1(t) + (1− s)u2(t))ds

`2(t) =
∫ 1

0

g′(sψ1(t) + (1− s)ψ2(t))ds

satisfy, thanks to Lemma 2.1 (respectively, Lemma 2.2),

‖`1(t)‖H2 + ‖∂t`1(t)‖+ ‖`2(t)‖H2(Γ) + ‖∂t`2(t)‖Γ ≤ c, ∀t ≥ 0.

Arguing as in Lemma 2.1, we see that

‖ẑd(t)‖D ≤ ce−γt‖z0‖D.

We thus accomplish our purpose if we show that

‖ẑc(t)‖V ≤ c‖z0‖D,

for some c possibly depending on t?. This can be seen as in Theorem 4.2, by
using Lemma 2.3 instead of Lemma 2.1. Finally, taking t? large enough, the
maps Lε(z1, z2) = ẑd(t?) and Kε(z1, z2) = ẑc(t?) satisfy (H1).

Verification of (H2)

Notice that, thanks to (2.10), only the Hölder continuity with respect to time
is left to prove. Arguing as in [9, Lemma 3.3], we have, by interpolation,

‖v(t2)− v(t1)‖H2 ≤ ‖v(t2)− v(t1)‖2/3
H3 ‖v(t2)− v(t1)‖1/3, 2t∗ ≥ t2 > t1 ≥ t∗.

Thus, Sε(·)z is Hölder continuous with exponent 1/3, provided that

sup
z∈Bε

‖Sε(t)z‖V ≤ c, ∀t ∈ [t∗, 2t∗].
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By decomposing Sε(t)z as in the verification of (H1), it is possible to prove
(cf. [9, Lemma 2.7]) that

sup
z∈Bε

‖Sε(t)z‖V ≤ c(t), ∀t > 0

and Lemma 2.1 implies, when ε > 0,

‖w(t2)− w(t1)‖2 + ‖u(t2)− u(t1)‖2 + ‖ψ(t2)− ψ(t1)‖2Γ
≤ (t2 − t1)

ε

∫ 2t?

0

{ε‖wt(s)‖2 + ‖ut(s)‖2 + ‖ψt(s)‖2Γ}ds

≤ c(t2 − t1),

where c now depends on ε. Analogously, when ε = 0, we deduce from Lemma
2.2

‖w(t2)− w(t1)‖2 + ‖u(t2)− u(t1)‖2 + ‖ψ(t2)− ψ(t1)‖2Γ
≤ (t2 − t1)

∫ 2t?

0

{‖wt(s)‖2 + ‖ut(s)‖2 + ‖ψt(s)‖2Γ}ds

≤ c(t2 − t1).

These two estimates yield the desired result.

REMARK 5.1 Since the global attractor is the minimal (for the inclusion)
compact attracting set, we obtain Aε ⊂Mε, which ensures the uniform (with
respect to ε) boundedness of the fractal dimension of the global attractors.

REMARK 5.2 It would be interesting to construct a robust (i.e., upper
and lower semicontinuous) family of exponential attractors for our problem.
Indeed, it is in general very difficult to prove the lower semicontinuity of
global attractors (this property may even be not valid). In contrast to this,
this property is rather general for (proper) families of exponential attractors
(see, e.g., [2], [3], [9] and [10]). Now, to do so, we need to study the boundary
layer at t = 0 (cf. [15]; see also [9]). However, compared with the same problem
with classical boundary conditions (see [9]), the dynamic boundary conditions
yield new difficulties and we will come back to this problem in a forthcoming
article.
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The model-problem associated to the

Stefan problem with surface tension:

an approach via Fourier-Laplace

multipliers

Matthias Geissert1, Bérénice Grec, Matthias Hieber
and Evgeniy Radkevich

Abstract In this paper we introduce Fourier-Laplace multipliers and show
how this technique can be used to investigate the model problem for the Stefan
problem with surface tension.

1 Introduction

The classical Stefan problem has been studied by many authors for several
decades. It is a model for phase transition in liquid-solid systems and accounts
for heat diffusion and exchange of lateral heat in a homogeneous medium. For
a precise formulation of the problem we refer to the monographs [20], [15] and
Section 3.

It is known that the Stefan problem (without surface tension) admits a
unique global weak solution provided that the given initial data have suitable
signs. The existence of such a weak solution is closely related to the maximum
principle. Regularity results for weak solutions for the one-phase Stefan prob-
lem were given for example in [4], [5], [8], [9], [13] and for the two-phase case
for example in [2], [14], [17]. It is also known that many methods which were
applied to the classical Stefan problem are not available for the Stefan prob-
lem with surface tension. In fact, the inclusion of surface tension will no longer
allow to determine the phases merely by the sign of u. Existence of a global
weak solution for the two-phase problem with surface tension was proved by
Luckhaus in [12]; existence of a local classical solution was announced by the
last author in [18] and [19] as a corollary of the estimates for the associated
model problem. Recently it was proved by Escher, Prüss and Simonett [7]

1The first author was supported by the DFG-Graduiertenkolleg 853
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that the Stefan problem with surface tension admits a unique analytic solu-
tion under mild assumptions on the data in case that the interface is a graph
over R2.

In this paper we study the linear model-problem associated to the two-
phase Stefan problem with surface tension. Our basic tool to investigate this
problem is Fourier-Laplace multipliers. By this approach we obtain a proof of
the characterization of the existence of a strong solution of the linear model-
problem by its data that is different from the one given in [7].

In Section 2 we show that these multipliers are closely related to classi-
cal Fourier multipliers and that results on Lp-boundedness of Fourier-Laplace
multipliers can be obtained via results on boundedness of Fourier multipli-
ers. In particular, we deduce a Fourier-Laplace multiplier theorem from the
classical theorem due to Lizorkin [11].

Section 3 deals with the model-problem for the Stefan problem with surface
tension. We show that the model-problem enjoys maximal Lp–regularity if the
given data are in suitable Besov spaces.

2 The Fourier-Laplace transform

Fourier multipliers naturally occur in the study of elliptic differential equations
in Rn. This is one reason why Fourier multipliers have been studied for a long
time (see [21], [11], [22]).

In order to deal in particular with parabolic equations the method of Fourier-
Laplace multipliers turns out to be very helpful. We hence define in this section
Fourier-Laplace multipliers and show how theorems on Fourier multipliers on
Lp(Rn+1) may be transferred to theorems on Fourier-Laplace multipliers on
Lp

γ(Ω), where Ω = R+ × Rn. Here

Lp
γ(Ω) :=

{
f ∈ L1

loc(Ω) : ‖f‖p
Lp

γ(Ω)
:=

∫

Rn

∫ +∞

0

|e−γtf(t, x)|p dt dx < +∞
}

for some constant γ > 0. The space L∞γ (Ω) is defined in a similar way.
We start with the definition of the Fourier-Laplace transform. For f ∈

C∞c (Ω) the Fourier-Laplace transform
̂̃
f of f is defined by the following for-

mula:

̂̃
f(λ, ξ) =

∫ +∞

0

∫

Rn

e−ix·ξ−λtf(t, x) dx dt, ξ ∈ Rn, λ ∈ C.

Note that ̂̃
f(·, ξ) is an entire function for ξ ∈ Rn and integrating by parts, for

γ ∈ R, there exists Cγ > 0 such that

|ξn+1̂̃f(λ, ξ)|+ |λ2̂̃f(λ, ξ)| ≤ Cγ , ξ ∈ Rn, Re λ ≥ γ. (2.1)
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In order to introduce the notion of Fourier-Laplace multipliers, let Cγ0 :=
{z ∈ C : Re z ≥ γ0} for some γ0 ∈ R and consider m ∈ L∞(Cγ0 × Rn).
Assume that m(·, ξ) is analytic on Cγ0 for a.e. ξ ∈ Rn. Then it follows from
(2.1) that there exists C > 0 such that

|ξn+1m(λ, ξ)̂̃f(λ, ξ)|+ |λ2m(λ, ξ)̂̃f(λ, ξ)| ≤ C, a.e. ξ ∈ Rn, Re λ ≥ γ0.

Therefore, by the inverse Fourier transform and by techniques similar to those
described in [1, Theorem 2.5.1], for f ∈ C∞c (Ω) and γ ≥ γ0 there exists
g ∈ L∞γ (Ω), given by

g(t, x) =
1

(2π)n+1

∫

R

∫

Rn

eix·ξ+(γ+ir)tm(γ + ir, ξ)̂̃f(γ + ir, ξ) dξ dr, (2.2)

such that m
̂̃
f = ̂̃g. Note that by Cauchy’s theorem g is independent of γ.

Let Tm : C∞c (Ω) → L∞γ0
(Ω) denote the mapping f 7→ g. We say that m is

a Fourier-Laplace multiplier on Lp
γ0

(Ω) if Tm maps C∞c (Ω) into Lp
γ0

(Ω) and
there exists C > 0 such that

‖Tmf‖Lp
γ0 (Ω) ≤ C‖f‖Lp

γ0 (Ω), f ∈ C∞c (Ω).

In this case, Tm can be extended to a bounded operator on Lp
γ0

(Ω).
By (2.2), we obtain that Tmf admits for a.e. x ∈ Rn and t > 0 the repre-

sentation

(Tmf)(t, x) = g(t, x) =
1

(2π)n+1
eγ0tF−1[m(γ0 + i·, ·)F(fγ0)](t, x), (2.3)

where F denotes the Fourier transform and

fγ0(t, x) :=
{

e−γ0tf(t, x), x ∈ Rn, t ≥ 0,
0, x ∈ Rn, t < 0.

This representation allows us to transfer results on Fourier multipliers to
Fourier-Laplace multipliers. For example, the following proposition may be
deduced from Lizorkin’s theorem on Fourier multipliers (see [11]).

PROPOSITION 2.1 Let 1 < p < ∞ and m ∈ L∞(Cγ0 × Rn) for some
γ0. Assume that m(·, ξ) is analytic on Cγ0 for a.e. ξ ∈ Rn, m(γ0 + i·, ·) ∈
Cn+1(Rn+1 \ {0}) and there exists M > 0 such that

|ξα1
1 · · · ξαn

n λαn+1∂α1
ξ1
· · · ∂αn

ξn
∂

αn+1
λ m(γ0 + iλ, ξ)| ≤ M, (λ, ξ) ∈ Rn+1 \ {0},

whenever (α1, . . . , αn+1) ∈ {0, 1}n+1. Then the function m is a Fourier-
Laplace multiplier on Lp

γ0
(Ω).

Copyright © 2006 Taylor & Francis Group, LLC



174 M. Geissert, B. Grec, M. Hieber and E. Radkevich

Note that the analyticity of m(·, ξ) is needed for the representation (2.2) of g.
Moreover, since the Fourier-Laplace transform ̂̃g(·, ξ) of a function g ∈ Lp

γ0
(Ω)

is analytic in {z ∈ C : Re z > γ0} for a.e. ξ ∈ Rn it is not a strong restriction.
Furthermore, note that the second equality in (2.3) also holds for t < 0.

Letting γ →∞ in (2.2), it thus follows that

supp F−1[m(γ0 + i·, ·)F(fγ0)] = supp g ⊂ Ω, f ∈ C∞c (Ω). (2.4)

3 An Application to the Stefan problem

In this section we consider the linear model-problem associated to the classical
Stefan problem with surface tension. The latter may be described as follows:

Let Ω ⊂ R3 be a bounded domain with smooth boundary ∂Ω. Assume that
Ω is filled with a liquid and solid phase, e.g., water and ice, which at time
t = 0 cover the domains Ω±0 . The domains Ω+

0 and Ω−0 are separated by a
compact surface Γ0. For t ≥ 0 let Γ(t) denote the interface at time t and Ω±(t)
the domains of the two phases. We denote by ν(·, t) the outer normal at Γ(t)
with respect to Ω−(t). Furthermore, let V (·, t) be the normal velocity of the
free boundary Γ(t) and H(·, t) its mean curvature.

Let Γ0 and u±0 : Ω±0 → R be given, where u+
0 and u−0 denote the initial

temperatures of the liquid and solid phases. The strong formulation of the
two-phase Stefan problem with surface tension consists of finding a family Γ :=
{Γ(t), t ≥ 0} of hypersurfaces and a family of functions {u± : ∪t≥0(Ω±(t) ×
{t}) → R} that satisfies





κ±∂tu
± = µ±∆u± in Ω±(t), t > 0,

u± = σH on Γ(t), t > 0,

[µ∂νu] = lV on Γ(t), t > 0,

u±(0, ·) = u±0 in Ω±0 ,

Γ(0, ·) = Γ0,

(3.1)

where l > 0 is the latent heat, κ± > 0 the heatcapacity, σ the surface tension
and µ± > 0 the coefficient of heatconduction in the two phases. Moreover,

[µ∂ν ] = µ+∂νu+ − µ−∂νu−

denotes the jump of the normal derivatives across the interface Γ(t).
The investigation of the free boundary problems (3.1) is often reduced in a

first step to the so-called model-problem. In our situation the model-problem
reads as follows.
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∂tu
± −∆u± = f, (x, y) ∈ R3

±, t > 0,

∂t%− ∂yu+|y=0 + ∂yu−|y=0 = g, x ∈ R2, t > 0,

u±|y=0 + ∆% = h, x ∈ R2, t > 0,

u±|t=0 = u±0 , (x, y) ∈ R3
±,

%|t=0 = 0, x ∈ R2.

(3.2)

Here, f , g, h and u±0 are the given data. For the time being, let u±0 = 0 and
f = 0. Then (3.2) reads as follows:

∂tu
± −∆u± = 0, (x, y) ∈ R3

±, t > 0,

∂t%− ∂yu+|y=0 + ∂yu−|y=0 = g, x ∈ R2, t > 0,

u±|y=0 + ∆% = h, x ∈ R2, t > 0,

u±|t=0 = 0, (x, y) ∈ R3
±,

%|t=0 = 0, x ∈ R2.

(3.3)

It turns out that weighted Besov spaces are the right choice for the data g
and h to ensure solvability of (3.3). For 1 < p < ∞, s ≥ 0, γ ≥ 0 and T > 0
we define

Bs/2,s
p,γ ((0, T )× R2) :=

{
u ∈ Lp((0, T )× R2) : ‖u‖

B
s/2,s
p,γ ((0,T )×R2)

< +∞
}

,

where

‖u‖p

B
s/2,s
p,γ ((0,T )×R2)

:=
∫ T

0

‖e−γtf(t, ·)‖p
Bs

p,p(R2) dt+
∫

R2
‖e−γ·f(·, x)‖p

B
s/2
pp (0,T )

dx.

Here, Bs
p,p(R2) and Bs

p,p(0, T ) denote the usual Besov spaces (see [22] or
[16]). The closure of C∞c ((0, T ) × R2) in B

s/2,s
p,γ ((0, T ) × R2) is denoted by

0B
s/2,s
p,γ ((0, T )×R2). For convenience, we set B

s/2,s
p ((0, T )×R2):=B

s/2,s
p,0 ((0, T )

×R2).
Finally, for T > 0 we define

W 1,2
p ((0, T )× R3

±) :=
{

u ∈ Lp((0, T )× R3
±) : ‖u‖W 1,2

p ((0,T )×R3
±) < +∞

}
,

where

‖u‖p

W 1,2
p ((0,T )×R3

±)
:=

∫ T

0

‖f(t, ·)‖p
W 2,p(R3

±)
dt +

∫

R3
±

‖f(·, x)‖p
W 1,p(0,T ) dx.

Here, W 2,p(R3
±) and W 1,p(0, T ) denote the usual Sobolev spaces.

In the next lemma we collect several properties of weighted Besov spaces.

LEMMA 3.1 Let γ > 0, T > 0 and 1 < p < ∞. Then the following
assertions hold true.
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(a) For s > 0 there exist an extension operator E : B
s/2,s
p ((0, T ) × R2) →

B
s/2,s
p,γ (R+ × R2) and c, C > 0 such that for u ∈ B

s/2,s
p ((0, T )× R2)

c‖Eu‖
B

s/2,s
p,γ (R+×R2)

≤ ‖u‖
B

s/2,s
p ((0,T )×R2)

≤ C‖Eu‖
B

s/2,s
p,γ (R+×R2)

.

(b) Let s ≥ 0 with s− (1/p) /∈ N0, r ≤ s and

mr :

{
R2 × Cγ → C

(ξ, λ) 7→ (λ + |ξ|2)r/2
.

Then mr is a Fourier-Laplace multiplier from 0B
s/2,s
p,γ (R+ × R2) into

0B
(s−r)/2, s−r
p,γ (R+ × R2).

(c) For s ≥ 0 the space B
s/2,s
p ((0, T )×R2) coincides with B

s/2
p,p (0, T ;Lp(R2))∩

Lp(0, T ;Bs
p,p(R2)).

Proof. Observe first that for s ∈ N0 and T > 0, there exists c, C > 0 such
that

c‖f‖W s,p(0,T ) ≤ ‖e−γ·f‖W s,p(0,T ) ≤ C‖f‖W s,p(0,T ), f ∈ W s,p(0, T ).

Combined with real interpolation (see [22, equation 2.4.2(16), Theorem 4.3.1]
this implies

c‖f‖Bs
p,p(0,T ) ≤ ‖e−γ·f‖Bs

p,p(0,T ) ≤ C‖f‖Bs
p,p(0,T ), f ∈ Bs

p,p(0, T ). (3.4)

By [22, Theorem 4.2.2], there exists a strong s/2-extension operator Ẽ :
Bl

pp(0, T ) → Bl
p,p(R) for 0 ≤ l ≤ s/2. We now define E : B

s/2,s
p,γ ((0, T )×R2) →

B
s/2,s
p (R+ × R2) by

(Ef)(x, t) =
(
Ẽf(x, ·))(t), x ∈ R2, t > 0.

Then, by definition of E and (3.4), the operator E satisfies the inequality
given in (a).

By Proposition 2.1, (2.4) and standard arguments in the theory of Besov
spaces (see [3, Theorem 6.2.7 and Lemma 6.2.1] and [22, Theorem 2.10.3(b)]),
we see that mr is a Fourier-Laplace multiplier from 0B

s/2,s
p,γ (R+ × R2) into

0B
(s−r)/2, s−r
p,γ (R+×R2) for r ≤ 0. In order to prove (b) for 0 < r ≤ min{2, s}

write

(λ + |ξ|2)r/2 = λr/2 (λ + |ξ|2)r/2

λr/2 + |ξ|r + |ξ|r (λ + |ξ|2)r/2

λr/2 + |ξ|r
and observe that, by (2.4) and standard arguments as above,

(λ, ξ) 7→ (λ + |ξ|2)r/2

λr/2 + |ξ|r
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is a Fourier-Laplace multiplier from 0B
s/2,s
p,γ (R+ × R2) into 0B

s/2,s
p,γ (R+ × R2)

and
(λ, ξ) 7→ λr/2 as well as (λ, ξ) 7→ |ξ|r

are Fourier-Laplace multipliers from 0B
s/2,s
p,γ (R+×R2) into 0B

(s−r)/2, s−r
p,γ (R+×

R2). Finally, the case min{2, s} < r ≤ s follows by iteration.
We identify v ∈ B

s/2
p,p (0, T ;Lp(R2))∩Lp(0, T ; Bs

p,p(R2)) with u ∈ B
s/2,s
p ((0, T )

×R2) by u(x, t) = (v(t))(x) for (t, x) ∈ (0, T )× R2. Hence, (c) follows. 2

We are now in the position to state the main result of this note. It was proved
first by Escher, Prüss and Simonett in [7].

THEOREM 3.1 Let 1 < p < ∞ with p 6= 3/2, 3 and T > 0. Then there
exists a unique solution (u±, %) of problem (3.3) satisfying

u± ∈ W 1,2
p ((0, T )× R3

±), % ∈ B(3−(1/p))/2, 3−(1/p)
p ((0, T )× R2),

∆% ∈ B(2−(1/p))/2, 2−(1/p)
p ((0, T )× R2)

and (∂t%)(0, ·) = 0 in case p > 3

if and only if the data f and g satisfy

g ∈ B(1−(1/p))/2, 1−(1/p)
p ((0, T )× R2), h ∈ B(2−(1/p))/2, 2−(1/p)

p ((0, T )× R2)

and the compatibility conditions

h(0, ·) = 0, in case p >
3
2
,

g(0, ·) = 0, in case p > 3.

Sketch of proof. The only if part follows from the trace theorem for Besov-
spaces (see [16, 9.5.4], [22]) as in [7].

In order to prove the converse implication, we choose a strategy different
from the one in [7] and make use of the Fourier-Laplace transform. In fact,
taking Fourier-Laplace transforms in x and t of problem (3.3) we obtain

λ̂̃u± + |ξ|2̂̃u± − ∂2
y
̂̃u± = 0,

λ̂̃%− ∂y
̂̃u+|y=0 + ∂y

̂̃u−|y=0 = ̂̃g,

̂̃u±|y=0 − |ξ|2̂̃% = ̂̃
h.

(3.5)

In order to solve this problem, let v ∈ 0B
(2−(1/p))/2, 2−(1/p)
p,γ (R+ × R2) and

consider the problem

λ̂̃u± + |ξ|2̂̃u± − ∂2
y
̂̃u± = 0,

̂̃u±|y=0 = ̂̃v.
(3.6)
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The solutions ̂̃u± of (3.6) are given by ̂̃u± = e∓y(λ+|ξ|2)1/2̂̃v and satisfy (see
[10, Chapter IV, Theorem 9.1] or [6, Theorem 2.1])

‖u±‖W 1,2
p ((0,T )×R3

±) ≤ C‖v‖
B

(2−(1/p))/2, 2−(1/p)
p ((0,T )×R2)

, (3.7)

where C is independent of v. Moreover, we calculate that

∂y
̂̃u±|y=0 = ∓(λ + |ξ|2)1/2̂̃v.

It thus suffices to solve the problem

λ̂̃% + 2(λ + |ξ|2)1/2̂̃v = ̂̃g,

̂̃v − |ξ|2̂̃% = ̂̃
h,

(3.8)

in order to find a solution to problem (3.3). The solution (̂̃v, ̂̃%) of (3.8) is given
by

̂̃v =
|ξ|2

S(λ, ξ)
̂̃g +

λ

S(λ, ξ)
̂̃
h,

̂̃% =
1

S(λ, ξ)
̂̃g − 2

(λ + |ξ|2)1/2

S(λ, ξ)
̂̃
h,

where
S(λ, ξ) = λ + 2(λ + |ξ|2)1/2|ξ|2.

Let us define ̂̃G = (λ + |ξ|2)(1−1/p)/2̂̃g, ̂̃H = (λ + |ξ|2)(2−1/p)/2̂̃h, ̂̃V =
(λ + |ξ|2)(2−1/p)/2̂̃v and ̂̃R = (λ + |ξ|2)(3−1/p)/2̂̃%. Then

̂̃V =
|ξ|2(λ + |ξ|2)1/2

S(λ, ξ)
̂̃G +

λ

S(λ, ξ)
̂̃H,

̂̃R =
(λ + |ξ|2)
S(λ, ξ)

̂̃G − 2
(λ + |ξ|2)
S(λ, ξ)

̂̃H.

By Proposition 2.1 and similar arguments as in Lemma 3.1(b),

‖V‖B0,0
p,γ(R+×R2) + ‖R‖B0,0

p,γ(R+×R2) ≤ C(‖G‖B0,0
p,γ(R+×R2) + ‖H‖B0,0

p,γ(R+×R2)),

where C is independent of G and H. By definition of V, R, G and H and
Lemma 3.1(b), we thus obtain

‖v‖
0B

(2−(1/p))/2, 2−(1/p)
p,γ (R+×R2)

+ ‖ρ‖
0B

(3−(1/p))/2, 3−(1/p)
p,γ (R+×R2)

≤C
(
‖g‖

0B
(2−(1/p))/2, 2−(1/p)
p,γ (R+×R2)

+ ‖h‖
0B

(2−(1/p))/2, 2−(1/p)
p,γ (R+×R2)

)
.

In particular, we have (∂t%)(0, ·) = 0 if p > 3. Lemma 3.1(a) now yields for
any T > 0

v ∈ B(2−(1/p))/2, 2−(1/p)
p ((0, T )× R2), ρ ∈ B(3−(1/p))/2, 3−(1/p)

p ((0, T )× R2),
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and, therefore, by (3.7),

u ∈ W 1,2
p ((0, T )× R3

±).

So far we have shown the desired regularity for u± and ρ. It thus remains to
prove that

∆ρ ∈ B(2−(1/p))/2, 2−(1/p)
p ((0, T )× R2). (3.9)

Let us introduce the function ̂̃P = (λ + |ξ|2)(2−(1/p))/2(|ξ|2̂̃%). Then

̂̃P =
|ξ|2(λ + |ξ|2)1/2

S(λ, ξ)
̂̃G − 2

|ξ|2(λ + |ξ|2)1/2

S(λ, ξ)
̂̃F ,

and, as above, we obtain

‖P‖B0,0
p,γ(R+×R2) ≤ C(‖G‖B0,0

p,γ(R+×R2) + ‖F‖B0,0
p,γ(R+×R2)).

Now, (3.9) follows from similar arguments as above. 2

Let us now return to (3.2). For f ∈ Lp((0, T )×R3) and u±0 ∈ B
2−(2/p)
p,p (R3

±)
the solution u± of the heat equation

∂tu
± −∆u± = f, x ∈ R3

±, 0 < t < T,

u±|t=0 = u±0 , x ∈ R3
±,

satisfies

‖u±‖W 1,p((0,T )×R3
±) ≤ C

(
‖f‖Lp((0,T )×R3) + ‖u±0 ‖B

2−(2/p)
p,p (R3

±)

)
,

where C > 0 is independent of f and u±0 . We thus obtain the following corol-
lary which also was proved first in [7].

COROLLARY 3.1 Let 1 < p < ∞ with p 6= 3/2, 3 and T > 0. Then there
exists a unique solution (u±, %) of problem (3.2) satisfying

u± ∈ W 1,2
p ((0, T )× R3

±), % ∈ B(3−(1/p))/2, 3−(1/p)
p ((0, T )× R2) and

∆% ∈ B(2−(1/p))/2, 2−(1/p)
p ((0, T )× R2)

and (∂t%)(0, ·) = 0 in case p > 3

if and only if the data f , g, h and u±0 satisfy

f ∈ Lp((0, T )× R3), u±0 ∈ B2−(2/p)
p,p (R3

±),

g ∈ B(2−(1/p))/2, 2−(1/p)
p ((0, T )× R2), h ∈ B(2−(1/p))/2, 2−(1/p)

p ((0, T )× R2).
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and the compatibility conditions

u+
0 |y=0 = u−0 |y=0,

u±0 |y=0 = h(0, ·), in case p >
3
2
,

−∂yu+
0 |y=0 + ∂yu−0 |y=0 = g(0, ·), in case p > 3.
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[10] O. A. Ladyženskaja, V. A. Solonnikov, and N. N. Ural’ceva: Linear

Copyright © 2006 Taylor & Francis Group, LLC



The model-problem associated to the Stefan problem with surface tension 181

and quasilinear equations of parabolic type, American Mathematical
Society, Providence, R.I., 1967.

[11] P. I. Lizorkin: Generalized Liouville differentiation and the func-
tional spaces Lr

p(En), Imbedding theorems, Mat. Sb. 60 (1963),
325–353.

[12] S. Luckhaus: Solutions for the two-dimensional Stefan problem
with the Gibbs-Thomson law for melting temperature, European
J. Appl. Math. 1 (1990), 101–111.

[13] H. Matano: Asymptotic behavior of the free boundaries arising in
one phase Stefan problems in multi-dimensional spaces, Lecture
Notes in Num. Appl. Anal. 5, Kinokuniya, Tokyo, 1982, 133–151.

[14] A.M. Meirmanov: On the classical solution of the multidimensional
Stefan problem for quasilinear parabolic equations, Math. Sb. 112
(1980), 170–192.

[15] A.M. Meirmanov: The Stefan Problem, De Gruyter, Berlin, 1992.
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The power potential and nonexistence

of positive solutions

Gisèle Ruiz Goldstein, Jerome A. Goldstein
and Ismail Kombe

Abstract We prove the nonexistence of positive solutions of the equation

Dtu = div(|x|−2γ∇um) + c|x|−2−2γum

for 0 < t < ε and x in a bounded domain in RN containing origin. For suitable
choices of m < 1 and all γ > −1/2, we show that positive solutions never exist
provided c > (N − 2γ − 2)2/4. That is, positive solutions never exist when the
c exceeds the best constant for the Hardy inequality corresponding to the linear
problem (m = 1).

1 Introduction

In quantum mechanics, the Schrödinger operator, −∆ + V (x), represents the
energy. The kinetic energy operator, −∆, “scales like λ2.” By this we mean the
following. Let λ > 0 and let Uλ be the unitary (on L2(RN )) scaling operator
defined by

Uλf(x) = λN/2f(λx).

That is, Uλf(x) is f(λx), normalized to have the same norm as f . Then
U−1

λ = U1/λ and “∆ scales like λ2” means

U−1
λ ∆Uλ = λ2∆. (1.1)

Similarly, if V (x) = |x|−α denotes the operator of multiplication by |x|−α,
then

U−1
λ |x|−αUλ = λα|x|−α, (1.2)

so “|x|−α scales like λ2” iff α = 2.
So consider the Hamiltonian with the inverse square potential,

H̃c = −∆− c

|x|2 ,

183
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acting on L2(RN ). When H̃c is defined on the domain D = C∞c (RN ) (or
D = C∞c (RN \ {0}) if N = 1, 2), then H̃c is symmetric and H̃c ≥ 0 iff
c ≤ (N − 2)2/4. This is the best constant in Hardy’s inequality:

(
〈H̃cϕ,ϕ〉 =

) ∫

RN

|∇ϕ|2dx− c

∫

RN

|ϕ|2
|x|2 dx ≥ 0

for all ϕ ∈ D iff c ≤ (N − 2)2/4. Now let Hc be the Friedrichs extension of
H̃c if c ≤ (N − 2)2/4 and any selfadjoint extension otherwise. Since H̃c is
unitarily equivalent to λ2H̃c for every λ > 0 by (1.1), (1.2), it follows that the
spectrum of Hc is either [0,∞) or R, and this holds according as c ≤ (N−2

2 )2

or c > (N−2
2 )2.

This circle of ideas was the key for answering an old question of H. Brezis
and J.-L. Lions. They assumed that V ∈ L∞loc(RN \ {0}) was a positive poten-
tial with a singularity at the origin, and asked if the singularity could be so
strong as to prevent a positive solution to

Dtu = ∆u + V (x)u, x ∈ RN , t ≥ 0 (1.3)

from existing. This was settled by P. Baras and J. Goldstein [3] in 1984. They
considered 




Dtun = ∆un + Vn(x)un

un(x, 0) = f(x),
(1.4)

where f ≥ 0 and

Vn(x) =





c/|x|2 if |x| ≥ 1/n

cn2 if |x| ≤ 1/n.

Then Vn(x) = n2V1(nx) scales nicely.
If f is not too big (e.g., f ∈ ⋃

1≤p≤∞(Lp(RN ))), then the unique positive
solution Vn to (1.4) exists on RN× [0,∞). Moreover, un(x, t) increases in n for
each x ∈ RN and t > 0. For c ≤ (N−2)2/4, un(x, t) increases to u(x, t), where
u is the unique positive solution for Dtu = ∆u + c|x|−2u, u(x, 0) = f(x).

Let us assume f ∈ L2(RN ) for convenience. Then u(x, t) = e−Hcf(x) since
Hc ≥ 0. But u will exist in many other cases as well, even when f is a measure
[3]. But for c > (N − 2)2/4, then

lim
n−→∞

un(x, t) = ∞

for all x ∈ RN and all t > 0. This is “instantaneous blow up” [3].
There were various extensions of [3], for example, by replacing Rn by the

Heisenberg group HN [12], by replacing ∆ by
∑

Dxi(aij(x)Dxj ), a uniformly
elliptic operator with L∞ coefficients [13], allowing potentials with large nega-
tive values [14], etc. But now we want to explain a significant contribution by
X. Cabré and Y. Martel [4]. The idea is to determine exactly which condition
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on V prevents a positive solution of (1.3) from existing. The above result with
the inverse square potential settled this when V is singular at only one point.
Consider the Rayleigh quotient

R =

∫
Ω
|∇φ|2dx− ∫

Ω
V (x)φ2dx∫

Ω
φ2dx

for real φ ∈ D̃ = C∞c (Ω \ K) where Ω ⊂ RN is open and K is a closed
Lebesgue null subset of Ω. If Ω 6= RN then, roughly speaking, the following
Cauchy-Dirichlet problem for V (x) ≥ 0,





Dtu = ∆u + V (x)u, x ∈ Ω, t ≥ 0,

u(x, 0) = f(x) x ∈ Ω

u(x, t) = 0 x ∈ ∂Ω, t ≥ 0

has no positive solution if

Q0 := inf
{Rφ : φ ∈ D̃ \ {0}} = −∞.

More precisely, there are lots of positive solutions if Q0 > −∞, and none exist
if

inf
{

Rφ +
ε
∫
Ω
|∇φ|2dx∫

Ω
|φ|2dx

: φ ∈ D̃ \ {0}
}

= −∞

for some ε > 0. Thus the nonexistence set of V is “open” as was the case
for the inverse square potential, when it was ((N − 2)2/4,+∞) for V of the
V (x) = c|x|−2 with c varying. The work of [4] provided the background for
extensions to nonlinear problems involving a general potential V (x) ≥ 0.
Several papers were then devoted to nonexistence of positive solutions for
nonlinear parabolic equations, see for example [1], [2], [6], [7], [8], [9], [10],
[11], [15], [16], [17].

We want to explain the ideas of our recent paper [8]. This we do in Sec-
tion 2. This discussion leads to the detailed calculations in Section 3. These
calculations form the heart of this paper. Section 4 concludes the paper with
various remarks.

2 Nonexistence for nonlinear problems

Let Ω be a smooth bounded domain in RN . Nonexistence of positive solutions
was studied in [8] for the two problems
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



Dtu = div(|x|−2γ∇um) + V (x)um in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x) ≥ 0 in Ω,

(2.1)

and




Dtu = div(|x|−γp|∇u|p−2∇u) + V (x)up−1 in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x) ≥ 0 in Ω.

(2.2)

When m = 1, p = 2, γ = 0 and V (x) = c|x|−2, both of these problems reduce
to the heat equation with inverse square potential. Let γ = 0 and V ≡ 0.
Then (2.1) and (2.2) reduce respectively to the porous medium equation (or
filtration equation, or fast diffusion equation) and the p-Laplace heat equation.
When γ 6= 0 these are “weighted” equations with singularity at the origin.

Theorem 2.1 Let γ ∈ R, N ≥ 3, (N−2)/N ≤ m < 1, and V (x) ∈ L1
loc(Ω\K)

where K is a closed Lebesgue null subset of Ω; if γ ≥ (N − 2)/2, we require
that 0 ∈ K. Define

R2
φ =

∫
Ω
(ε + |x|−2γ)|∇φ|2dx− ∫

Ω
V (x)|φ|2dx∫

Ω
|φ|2dx

.

If
inf{R2

φ : 0 6= φ ∈ C∞c (Ω \ K)} = −∞,

for some ε > 0, then the problem (2.1) has no positive solution. When N = 2
(resp. N = 1), the condition on m should be replaced by 1/2 ≤ m < 1 (resp.
0 < m < 1).

Theorem 2.2 Let γ ∈ R, N ≥ 2, γ ∈ R, (2N)/(N + 1) ≤ p < 2, V (x) ∈
L1

loc(Ω \ K) where K is a closed Lebesgue null subset of Ω, and define

Rp
φ =

∫
Ω
(ε + |x|−pγ)|∇φ|pdx− ∫

Ω
V (x)|φ|pdx∫

Ω
|φ|pdx

.

If
inf{Rp

φ : 0 6= φ ∈ C∞c (Ω \ K)} = −∞,

for some ε > 0, then the problem (2.2) has no positive solution. If N = 1 then
the same conclusion holds provided p is assumed to satisfy 1 < p < 2.

We conjecture that these results are valid for a wide choice of m and p, but
the proof [8] only works for restricted values. The concrete examples associated
with these theorems are as follows.
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Theorem 2.3 In Theorem 2.1, assume that 0 ∈ Ω and V (x) = c|x|−2−2γ

and γ > −1/2. Then (2.1) has no positive solutions provided c > C∗(N, γ) =
(N − 2γ − 2)2/4.

Theorem 2.4 In Theorem 2.2, assume that 0 ∈ Ω and V (x) = c|x|−p−pγ and
γ > −1/2. Then (2.2) has no positive solutions provided c > C∗(N, γ, p) =
p−p|N − pγ − p|p.

Note that C∗(N, γ) = C∗(N, γ, 2). In the above two theorems, V (x) can be
replaced by

Ṽ = c|x|−p−γp + β|x|−p−γp sin(|x|−α)

for any α > 0 and any real β provided c > C∗(N, γ, p) with p = 2 for Theorem
2.3 and 2N

N+1 < p ≤ 2 for Theorem 2.4.
The key tool necessary for these results is the weighted version of Hardy’s

inequality due to Caffarelli, Kohn and Nirenberg [5]. Here is a complete version
valid for all p, N and γ.

Theorem 2.5 Let α ∈ R, 1 < p < ∞. Then
∫

RN

|∇u(x)|p
|x|α−p

dx ≥
∣∣∣N − α

p

∣∣∣
p
∫

RN

|u(x)|p
|x|α dx (2.3)

for all u ∈ W 1,p
loc (RN \{0}) for which the right-hand side is finite. The constant

C(N,α, p) =
∣∣∣N − α

p

∣∣∣
p

is the best possible in the sense that the inequality can fail to hold if C(N, α, p)
is replaced by any c > C(N, α, p).

The proof is by scaling. See [8] for details.
In [8], we sketched very briefly how to show that Theorem 2.3 and 2.4 follows

from Theorems 2.1 and 2.2. In the next section we give a detailed proof of
Theorem 2.3. The proof of Theorem 2.4 is similar and is omitted.

3 Detailed proof of Theorem 2.3

Let ε > 0 be given. Define the radial function φ0 ∈ Cc(Ω) ∩ W 1,∞(Ω) by
φ0(x) = φ(r) where r = |x| and the radial function φ is given by

φ(r) =





ε−a if 0 ≤ r ≤ ε

r−a if ε ≤ r ≤ 1

2− r if 1 ≤ r ≤ 2

0 if r ≥ 2,

(3.1)
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where 0 < ε < 1 and a > 0. Then

φ′(r) =





0 if 0 ≤ r < ε and r > 2

−ar−a−1 if ε < r < 1

−1 if 1 < r < 2.

(3.2)

We are assuming that 0 ∈ Ω b RN and N ≥ 3. Without loss of generality,
we suppose B̄(0, 2) = {x ∈ RN : |x| ≤ 2} ⊂ Ω; if not, we simply redefine φ,
replacing 2 by R, where B̄(0, R) ⊂ Ω. This only results in notational changes
in the proof that follows. Thus we have φ ∈ Cc(Ω) ∩W 1,∞(Ω).

We want to show that, for some ε0 > 0,

inf
0 6=φ∈C∞c (Ω\K)

∫
Ω
(ε0 + |x|−2γ)|∇φ|2dx− ∫

Ω
c|φ|2|x|−2−2γdx∫

Ω
|φ|2dx

= −∞ (3.3)

whenever c > C∗(N, γ) = (N −2−2γ)2/4. We compute each integral in (3.3).
First, ∫

Ω

|φ|2dx = ωN

∫ 2

0

|φ(r)|2rN−1dr

where ωN is the (Lebesgue) surface measure of the (N-1 dimensional) unit
sphere in RN . Continuing, with φ as in (3.1),

1
ωN

∫

Ω

|φ|2dx =
( ∫ ε

0

+
∫ 1

ε

+
∫ 2

1

)
|φ(r)|2rN−1dr

= ε−2a

∫ ε

0

rN−1dr +
∫ 1

ε

rN−2a−1dr +
∫ 2

1

(2− r)2rN−1dr.

Therefore
1

ωN

∫

Ω

|φ|2dx =
εN−2a

N
− εN−2a

N − 2a
+ K1(a,N) (3.4)

where

K1(a,N) =
1

N − 2a
+

2N+2 − 4
N

− 2N+3 − 4
N + 1

+
2N+4 − 1

N − 2
.

If 0 < a < N/2, then
∫

Ω

|φ|2dx = K1(a,N)(1 + o(1)) (3.5)

as ε −→ 0+, and K1(a,N) > 0. If a > N/2 then
∫

Ω

|φ|2dx =
2a

(2a−N)N
εN−2a(1 + o(1)) (3.6)

as ε −→ 0+. Thus far we assumed a > 0, a 6= N/2.
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Next, we treat the case of −1/2 < γ < (N − 2)/2. Then

1
ωN

∫

Ω

φ2

|x|2+2γ
dx =

∫ 2

0

φ2rN−2γ−3dr

= εN−2a−2γ−2
( 2a

(N − 2γ − 2)(2a + 2γ + 2−N)

)

+ K2(N, a, γ)

(3.7)

where

K2(a,N, γ) =
1

N − 2a− 2γ − 2
+

4(2N−2γ−2 − 1)
N − 2γ − 2

− 4(2N−2γ−1 − 1)
N − 2γ − 1

+
2N−2γ − 1
N − 2γ

;

this is all valid when −1/2 < γ < (N − 2)/2 and

a >
N − 2γ − 2

2
, (3.8)

which we assume. Thus
∫

Ω

φ2

|x|2+2γ
dx = ωN

2aεN−2a−2γ−2

(N − 2γ − 2)(2a + 2γ + 2−N)
(1 + o(1)) (3.9)

as ε −→ 0+.
Next,

1
ωN

∫

Ω

ε0|∇φ|2dx = ε0

{ ∫ 1

ε

+
∫ 2

1

}
(φ′(r))2rN−1dr

= ε0(
a2

2a + 2−N
+

2N − 1
2

)(1 + o(1))

(3.10)

as ε −→ 0+ if a < (N − 2)/2; otherwise,

1
ωN

∫

Ω

ε0|∇φ|2dx =
ε0a

2εN−2a−2

2a + 2−N
(1 + o(1)) (3.11)

as ε −→ 0+, if a > (N − 2)/2. Recall N ≥ 3. Our assumptions on a are a > 0,
a > (N − 2− 2γ)/2, a 6= N/2, a 6= (N − 2)/2.

Moreover,

1
ωN

∫

Ω

r−2γ |∇φ|2dx = a2

∫ 1

ε

rN−2a−2γ−3dr +
∫ 2

1

rN−2γ−1dr

= a2
( εN−2a−2γ−2

2 + 2a + 2γ −N

)
(1 + o(1))

(3.12)
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as ε −→ 0+ by (3.8).
Let

R =

∫
Ω
(ε0 + |x|−2γ)|∇φ|2dx− ∫

Ω
c|φ|2|x|−2−2γdx∫

Ω
|φ|2dx

. (3.13)

First consider the case of γ > 0. Then using (3.5), (3.6), (3.10), (3.11),

R =
εN−2a−2γ−2(c1(ε) + c2 + c3)

c0(ε)
(1 + o(1))

where

c0(ε) = K1(a,N) if 0 < a < N/2, (3.14)

c0(ε) =
2a

(2a−N)N
εN−2a if a > N/2, (3.15)

and 0 < c1(ε) = ε0K0ε
b1 or ε0K1ε

b2 , according as a < (N − 2)/2 or a >
(N − 2)/2; here K0 = a2(2a + 2N)−1 + 2−1(2N − 1), K1 = a2/(2a + 2−N),
b1 = 2 + 2a + 2γ −N > 0, b2 = 2γ.

Next, by (3.12) and (3.9),

c2 =
a2

2 + 2a + 2γ −N
, c3 =

−2ac

(N − 2γ − 2)(2a + 2γ + 2−N)

(recall γ < (N−2)/2). For 0 < γ < (N−2)/2 we conclude that c1(ε)+c2+c3 <
0 for small ε > 0 if c > (N − 2− 2γ)2/4 and c2 < −c3, i.e,

a <
2c

N − 2γ − 2
.

So by choosing
N − 2− 2γ

2
< a <

2c

N − 2− 2γ

(which is possible since c > (N−2−2γ)2/4), we deduce R = c1(ε)+c2 +c3 <
−ε1 < 0 for small ε > 0. We also require a 6= N/2, a 6= (N − 2)/2. In
R (see (3.13)), the numerator is ≤ −ε1ε

N−2a−2γ−2, and the denominator
c0(ε) is given by either (3.14) or (3.15). Since N − 2a − 2γ − 2 < 0 and
N − 2a − 2γ − 2 < N − 2a (since γ > 0), it follows that limε−→0R = −∞.
This completes the proof for the case of 0 ≤ γ < (N − 2)/2. (We assumed
γ > 0, but the proof works for γ = 0.)

For γ ≥ (N − 2)/2, we modify φ by defining ψ to be

ψ(r) =





ε−a−brb if 0 ≤ r ≤ ε

φ(r) if r ≥ ε;
(3.16)

the choice of b will be made later. Then ψ defines a function (still denoted by
ψ) in Cc(Ω \ {x : |x| = ε}) ∩W 1,∞(Ω) provided b > 0. (In (3.1), φ was the
choice of ψ corresponding to b = 0.) As before we want to show that

lim
ε−→0+

R = −∞
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(see (3.3) and (3.13)), for suitable choices of a and b, if c > (N − 2γ − 2)2/4.
We next compute R, using ψ rather than φ.

First,

1
ωN

∫

Ω

|ψ|2dx =
1

ωN

∫

Ω

φ2dx +
∫ ε

0

(ε−2a−2br2b+N−1 − ε2arN−1)dr

=
εN−2a

2a−N
+ K1(a,N) +

εN−2a

2b + N
.

Therefore

1
ωN

∫

Ω

|ψ|2dx =





K1(a, N)(1 + o(1)) if a < N/2,

K2ε
N−2a(1 + o(1)) if a > N/2,

(3.17)

as ε −→ 0+ (cf. (3.5), (3.7)), where

K2 =
2a + 2b

(2a−N)(2b + N)
.

Next,

1
ωN

∫

Ω

ψ2

r2+2γ
dx =

1
ωN

∫

Ω

φ2

r2+2γ
dx

+
∫ ε

0

(ε2a−2br2b−2γ+N−3 − ε−2ar−2γ+N−3)dr

= εN−2a−2γ−2(
1

2a + 2γ + 2−N
+

1
2b + N − 2γ − 2

)

+ K2(a,N, γ)
(3.18)

by (3.7) provided

b >
2γ + 2−N

2
(≥ 0),

which we assume. Consequently b > 0 and

1
ωN

∫

Ω

φ2

|x|2+2γ
dx =

2(a + b)εN−2a−2γ−2

(2a−N + 2γ + 2)(2b + N − 2γ − 2)
(1 + o(1)) (3.19)

as ε −→ 0+, since a > 0 ≥ (N − 2γ − 2)/2.
Next,

1
ωN

∫

Ω

ε0|∇ψ|2dx =
1

ωN

∫

Ω

ε0|∇φ|2dx +
∫ ε

0

ε−2a−2bb2r2b+N−3dr

=
ε0a

2εN−2a−2

2 + 2a−N
(1 + o(1)) +

ε0b
2εN−2a−2

2b + N − 2

= ε0K3ε
N−2a−2(1 + o(1))

(3.20)
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as ε −→ 0+, where

K3 =
a2

2 + 2a−N
+

b2

2b + N − 2
> 0;

recall b > 0 and assume a > (N − 2)/2 ≥ 1/2.
Next,

1
ωN

∫

Ω

|x|−2γ |∇ψ|2dx =
1

ωN

∫

Ω

|x|−2γ |∇φ|2dx +
∫ ε

0

ε−2a−2bb2r2b+N−3−2γdr

=
a2εN−2a−2γ−2

2 + 2a + 2γ −N
(1 + o(1)) +

b2εN−2a−2γ−2

2b− 2γ + N − 2

(by(3.9))

=
c4ε

N−2a−2γ−2

(2a + 2 + 2γ −N)(2b− 2− 2γ + N)
(1 + o(1))

(3.21)
as ε −→ 0+, where

c4 = a2(2b− 2γ + N − 2) + b2(2 + 2a + 2γ −N). (3.22)

Let

Rψ =

∫
Ω
(ε0 + |x|−2γ)|∇ψ|2dx− ∫

Ω
c|ψ|2|x|−2−2γdx∫

Ω
|ψ|2dx

. (3.23)

By (3.17)–(3.22), we conclude that

Rψ =
1
c0

εN−2a−2γ−2(c5 + c6(ε) + c7)(1 + o(1))

as ε −→ 0+, where

c0 = K1(a,N) (as before),

c5 =
−c(2a + 2b)

(2a + N − 2γ − 2)(2b + N − 2γ − 2)
,

c6(ε) = ε0(
a2

2 + 2a−N
+

b2

2b + N − 2
)ε2γ ,

c7 =
c4

(2a + 2 + 2γ −N)(2b− 2− 2γ + N)
,

and c4 is given by (3.22). To reach the desired conclusion that limε−→0+ Rψ =
−∞, it is enough to show that

c5 + c6(ε) + c7 ≤ −δ1 < 0

for some δ1 > 0. But γ > 0 implies c6(ε) −→ 0 as ε −→ 0 for every ε0 > 0. So
it suffices to show c5 + c7 < 0. But this is equivalent to

c(2a + 2b) > c4,
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that is
c >

a2(2b− 2γ + N − 2) + b2(2a + 2γ + 2−N)
2a + 2b

. (3.24)

Choose b = (2γ − N + 2 + δ1)/2 and a = δ/2 for small δ > 0. Then all of
the construction on a and b are fulfilled, and (3.23) reduces to

c >
1
4δ2(−2N + 4 + δ) + b2(2δ + 2γ + 2−N)

2γ −N + 2 + 2δ

= b2 + O(δ2)

as δ −→ 0+. Then for small δ > 0,

c >
(2γ −N + 2

2

)2

, (3.25)

as desired. In other words, where c is chosen to satisfy (3.24), then (3.23)
holds for small δ > 0.

With (3.24) holding, it follows that

lim
ε−→0+

Rψ = −∞,

and the proof is complete.

4 Concluding Remarks

The condition that γ > −1/2 in Theorems 2.3 and 2.4 seems to be natural.
We conjecture that it can be removed, but this perhaps requires suitable
extensions of Theorems 2.1 and 2.2. We are studying this problem.

We have concentrated on the nonexistence aspect. For more related exis-
tence results see the paper [6] by Dall’Aglio, Giachetti and Peral.

References

[1] J. A. Aguilar Crespo and I. Peral Alonso: Global behaviour of the Cauchy
problem for some critical nonlinear parabolic equations, SIAM J. Math.
Anal. 31 (2000), 1270–1294.

[2] B. Abdellaoui and I. Peral: Existence and nonexistence results for quasi-
linear parabolic equations related to Caffarelli-Kohn-Nirenberg inequal-
ity, Preprint, 2003.

Copyright © 2006 Taylor & Francis Group, LLC



194 G. Ruiz Goldstein, J.A. Goldstein and I. Kombe

[3] P. Baras and J. A. Goldstein: The heat equation with a singular poten-
tial, Trans. Amer. Math. Soc. 284 (1984), 121–139.
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Inverse and direct problems

for nonautonomous degenerate

integrodifferential equations

of parabolic type with Dirichlet

boundary conditions1

Alfredo Lorenzi and Hiroki Tanabe

Abstract This paper deals with inverse and direct problems related to linear
degenerate integrodifferential equations of parabolic type. The study of the direct
problem is highly affected by the related inverse problems so that the results of
the direct problems are just those needed to solve – locally in time – the inverse
one. The latter is concerned with recovering – in a Hölder class – a memory kernel
depending on time only.

1 Introduction and statement of the main result

This paper shows the deep links between direct and inverse problems related
to the same equation – in this case a linear integrodifferential one.

The major part of this work will be devoted to a profound study – via
Semigroup Theory – of the properties of the solution to the direct problem
related to Lp-spaces, p ∈ (1, 2), as far as the spatial variables are concerned.
Yet, the route to be covered will be traced by a preliminary discussion of the
inverse problem leading to an appropriate reformulation of the problem itself.

The reader is recommended to compare the results in the paper [1] in this
book, dealing only with the direct problem for the same equation, but in
a more general framework, to the ones more restrictive, but more specific,
obtained here for the inverse problem, to understand which kind of additional
requirements on the direct problem an inverse problem may give rise to.

Consequently, we devote this introduction to dealing with the problem of re-

1Work partially supported by the Italian Ministero dell’Istruzione, dell’Università e della
Ricerca (M.I.U.R.), PRIN no. 2004011204, Project Analisi Matematica nei Problemi In-
versi.
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covering the scalar kernel k : [0, T ] → R in the following degenerate parabolic
integrodifferential equation, Ω being a bounded open set of Rn with a C2-
boundary:

m(x, t)Dtu(x, t) + L(t)u(x, t) +
∫ t

0

k(t− s)B(s)u(x, s) ds

= f(x, t), (x, t) ∈ Ω× [0, T ], (1.1)

subject to the initial condition

u(x, 0) = u0(x), x ∈ Ω, (1.2)

to the boundary conditions

u(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ], (1.3)

and to the additional information

Ψ[m(·, t)u(·, t)] = g(t), t ∈ [0, T ], (1.4)

Ψ being a linear continuous functional on Lp(Ω), p ∈ (1, 2).
Concerning function m and linear operators L(t), B(t), Ψ we make the

following assumptions:

H1 m = m1m0, where m1 ∈ C1+ρ([0, T0];W 2,∞(Ω)), ρ ∈ (0, 1), m0 ∈ C(Ω)
and m1(x, t) ≥ c0 > 0, m1(x, 0) = 1 for all (x, t) ∈ Ω× [0, T0], m0(x) > 0
for a.e. x ∈ Ω;

H2 Dxm0 ∈ C(Ω) and |Dxm0(x)| ≤ Cm0(x)δ for all x ∈ Ω and some
positive constant δ;

H3 D2
t m ∈ C([0, T0];L∞(Ω)).

We emphasize that our problem is degenerate, since function m may vanish,
but the set of its zeros is time independent due to assumption H1 and coincides
with the set of zeros of m0.
Let now

L(t) = −
n∑

i,j=1

Dxj
[ai,j(x, t)Dxi

] + a(x, t), Dxj
=

∂

∂xj
, j = 1, . . . , n,

be a linear second-order differential operator with real coefficients defined in
Ω . We assume that the coefficients of L(t) satisfy

H4 ai,j , Dxi
ai,j , a ∈ C0,1+ρ(Ω × [0, T0]), ρ ∈ (0, 1), ai,j = aj,i, i, j = 1,

. . . , n,
∑n

i,j ai,j(x, t)ξiξj ≥ µ|ξ|2, a(x, t) ≥ c1 > 0 for all (x, t) ∈ Ω ×
[0, T0] and ξ ∈ Rn.
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The realization of L(t) in Lp(Ω) with homogeneous Dirichlet boundary con-
ditions is denoted by L(t):

D(L(t)) = W 2,p(Ω) ∩W 1,p
0 (Ω), L(t) = L(t), t ∈ [0, T0].

Let

B(t) =
n∑

i,j=1

bi,j(x, t)DxiDxj +
n∑

i=1

bi(x, t)Dxi + b(x, t)

be a linear differential operator of order at most 2 for each t ∈ [0, T0]. The
coefficients of B(t) are assumed to satisfy

H5 bi,j , bi, b ∈ C0,1+ρ(Ω× [0, T0]), i, j = 1, . . . , n.

The realization of B(t) in Lp(Ω) with homogeneous Dirichlet boundary con-
ditions is denoted by B(t):

D(B(t)) = W 2,p(Ω), B(t) = B(t), t ∈ [0, T0].

To recover the unknown kernel k we need to introduce the new unknown

w(x, t) = Dtu(x, t) ⇐⇒ u(x, t) = u0(x) +
∫ t

0

w(x, s) ds, (1.5)

where (x, t) ∈ Ω× (0, T ].
By differentiation of equations (1.1) and (1.4) we easily deduce that the

pair (w, k) solves the identification problem

Dt[m(x, t)w(x, t)] + L(t)w(x, t) = −L′(t)
[
u0(x) +

∫ t

0

w(x, s) ds
]
− k(t)B(0)u0

−
∫ t

0

k(t− s)B(s)w(x, s) ds−
∫ t

0

k(t− s)B′(s)
(
u0(x) +

∫ s

0

w(·, r) dr
)
(x) ds

+Dtf(x, t), (x, t) ∈ Ω× [0, T ], (1.6)

m(x, 0)w(x, 0) = −L(0)u0(x)− f(x, 0) := w0(x), x ∈ Ω, (1.7)

w(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ], (1.8)

Ψ[m(·, t)w(·, t)] + Ψ
[
Dtm(·, t)

(
u0(x) +

∫ t

0

w(·, s) ds
)]

= g′(t), t ∈ [0, T ],(1.9)

where we have set

D(L′(t)) = W 2,p(Ω) ∩W 1,p
0 (Ω), D(B′(t)) = W 2,p(Ω), t ∈ [0, T ],

L′(t) = DtL(t) = −
n∑

i,j=1

Dxj
[Dtai,j(x, t)Dxi

] + Dta(x, t),

B′(t) = −
n∑

i,j=1

Dtbi,j(x, t)DxiDxj +
n∑

i=1

Dtbi(x, t)Dxi + Dtb(x, t).
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Denote now by M(t) the multiplication operator by m(·, t), t ∈ [0, T0]. Then,
according to assumption H1, M(t) is formally invertible:

M(t)−1u(x) = m(x, t)−1u(x), x ∈ Ω, t ∈ [0, T0],

but its inverse M(t)−1 is not (in general) a bounded linear operator from
Lp(Ω) into itself.

Introduce then the family of operators {A(t)}t∈[0,T0] defined by
{

D(A(t)) = {m(·, t)u : u ∈ D(L(t)) = W 2,p(Ω) ∩W 1,p
0 (Ω)},

A(t) = L(t)M(t)−1.

We stress that, according to assumption H1, for all t ∈ [0, T0] we get

D(A(t)) = {m0u : u ∈ D(L(t)) = W 2,p(Ω) ∩W 1,p
0 (Ω)} =: D0. (1.10)

i.e., D(A(t)) is independent of t ∈ [0, T0]. Moreover, D0 is dense in Lp(Ω).
Indeed, if (m0u, z) = 0 for all u ∈ D0 and some z ∈ Lp′(Ω), then m0z = 0
a.e. in Ω. Hence z = 0 a.e. in Ω, since m0 > 0 a.e. in Ω, by assumption H1.
Under the previous assumption H1 and the following one

H6 ai,j , Dxiai,j , a ∈ C0,ρ(Ω× [0, T0]), ρ ∈ (0, 1], ai,j = aj,i, i, j = 1, . . . , n,∑n
i,j ai,j(x, t)ξiξj ≥ µ|ξ|2, a(x, t) ≥ c1 > 0 for all (x, t) ∈ Ω× [0, T0],

and ξ ∈ Rn,

we can show that operator A(t) = L(t)M(t)−1 generates an infinitely dif-
ferentiable semigroup {e−sA(t)}s>0 for any t ∈ [0, T0]. Indeed, according to
Theorem 2.1 in [2], holding under the more general assumption H1, the spec-
tral equation

λM(t)u(t)− L(t)u(t) = f

is solvable for any λ ∈ Σ1, t ∈ [0, T0] and f ∈ Lp(Ω), where (cf. [2][p. 388]
with k1(p) = 1

2 (p− 1)1/2|p− 2|−1) Σ1 ⊂ C is the sector

Σ1 =
{

λ ∈ C : Re λ +
(p− 1)1/2

4(2− p)
|Imλ|+ c1

8‖m‖L∞(Ω)

}
, p ∈ (1, 2), (1.11)

with half-width ϕ ∈ (π/2, π − 1
2 (p − 1)1/2|p − 2|−1). Moreover, u(t) satisfies

the generation estimate

‖M(t)u(t)‖Lp(Ω) ≤
C

|λ|β ‖f‖Lp(Ω), λ ∈ Σ1, t ∈ [0, T0], (1.12)

with β = 1/p, the positive constant C depending on (p, ‖m‖C((Ω×[0,T0]))
, c1),

only.
If we require that function m0 possesses the greater regularity listed in H2,

we can increase the decay at infinity of the resolvent operator. More exactly,
if p ∈ (1, 2), then, according to Theorem 4.1 in [2], we can choose, e.g.,

β = max
{1

p
,

1
2− δ

}
. (1.13)
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Indeed, the quoted Theorem 4.1 holds under the more general assumptions
H1 and H2, since the following inequalities hold true for all (x, t) ∈ Ω× [0, T0]:

|Dxm(x, t)| ≤ |Dxm1(x, t)|m0(x) + m1(x, t)|Dxm0(x)|
≤ [‖Dxm1‖C(Ω×[0,T0])

‖m0‖1−δ

C(Ω)
+ C‖m1‖C(Ω×[0,T0])

]m0(x)δ.

Before stating our main result concerning our identification problem (cf.
Theorem 1.1 stated at the end of the Section) we need the following assump-
tion concerning the triplet (δ, p, ρ), introduced till now, as well as parameter
γ related to the regularity exponent in Theorem 1.1:

H7 δ ∈ (0, 1), p ∈ (1, 2), β = max{1/p, 1/(2 − δ)}, ρ ∈ (1 − β, 1), ρ/2 <
min{2β − 1, ρ + β − 1}, γ ∈ [ρ/2, min{2β − 1, ρ + β − 1}).

REMARK 1.1 Observe that p ∈ (1, 2) implies β ∈ (1/2, 1). Assume first
that ρ + β − 1 ≤ 2β − 1. This implies ρ ∈ (1− β, β] and ρ/2 < ρ + β − 1, i.e.,
in turn, 2(1− β) < ρ ≤ β and β ∈ (2/3, 1). Summing up, in this case we have

β ∈ (2/3, 1), 2− 2β < ρ ≤ β, γ ∈ [ρ/2, ρ + β − 1).

On the contrary, if 2β−1 < ρ+β−1, i.e., if β < ρ < 1, from ρ/2 < 2β−1 we
deduce β < ρ < min{4β − 2, 1}. This inequality, in turn, implies β ∈ (2/3, 1).
Summing up, in this case we have

β ∈ (2/3, 1), β < ρ < min{4β − 2, 1}, γ ∈ [ρ/2, 2β − 1).

We can now sharpen assumption H3 to the following

H8 D2
t m ∈ Cγ(Ω× [0, T0]).

Finally, we assume that our data satisfy

H9 f ∈ C1+ρ([0, T0]; Lp(Ω)), g ∈ C2+γ([0, T0];R), u0 ∈ D0, w0 := L(0)u0 +
f(·, 0) ∈ D0, B(0)u0 ∈ (D0, L

p(Ω))θ,p, A(0)w0 − Dtf(·, 0) + L′(0)u0 ∈
(D0, L

p(Ω))β−γ,p where the interpolation spaces (D0, X)θ,p, 0 < θ < 1,
1 ≤ p ≤ ∞, are defined by

(D0, L
p(Ω))θ,p =

{
w(0) : tθ−1/pw ∈ Lp((0,+∞); D0),

tθ−1/pw′ ∈ Lp((0, +∞); Lp(Ω))
}

. (1.14)

We can now state our main result concerning our identification problem
(1.1)–(1.4) related to Lp(Ω)-spaces with p ∈ (1, 2).

THEOREM 1.1 Under assumptions H1–H5, H7–H9 and the condition

Ψ[B(0)u0] 6= 0 (1.15)
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there exists a small enough T ∈ (0, T0] (cf. (6.36)) for which problem (1.1)–
(1.4) admits a unique solution (u, k) with the properties: i) m0u ∈ C1+γ([0, T ];
Lp(Ω)), ii) u(t) ∈ D(L(t)), t ∈ [0, T ], iii) L(·)u ∈ Cγ([0, T ];Lp(Ω)), iv)
k ∈ Cγ([0, T ];R).

We give now the plan of the paper. Section 2 is devoted to constructing
the fundamental solution to equation (1.1) with k = 0, while Section 3 is
concerned with the existence of a solution to the direct differential problem
(1.1), with k = 0, (1.2), (1.3). The uniqueness of such a solution is proved in
Section 4, while Section 5 is devoted to the regularization of the solution to
the direct differential problem. Finally, the identification problem (1.1)–(1.4)
is solved in Section 6.

2 Existence of the fundamental solution
to the differential equation related to (1.1)

This section is first devoted to the construction of the fundamental solution
U(t, s) to the problem

Dtv(t) + A(t)v(t) = f(t), 0 < t ≤ T0,

v(0) = v0

(2.1)

by a classical method. Then we will show the unique solvability of the initial
value problem (2.1).

In this section we shall need the following weaker conditions H10, H11 in
the place of H1, H4:

H10 m = m1m0, where m1 ∈ Cρ([0, T0]; W 2,∞(Ω)), ρ ∈ (0, 1], m0 ∈ C(Ω)
and m1(x, t) ≥ c0 > 0, m1(x, 0) = 1 for all (x, t) ∈ Ω× [0, T0], m0(x) > 0
for a.e. x ∈ Ω;

H11 ai,j , Dxiai,j , a ∈ C0,ρ(Ω× [0, T0]), ρ ∈ (0, 1], ai,j = aj,i, i, j = 1, . . . , n,
∑n

i,j ai,j(x, t)ξiξj ≥ µ|ξ|2, a(x, t) ≥ c1 > 0 for all (x, t) ∈ Ω× [0, T0].

First we recall that, according to estimate (1.12), operators A(t) satisfy the
inequality

‖(λ + A(t))−1‖ ≤ C|λ|−β , ∀λ ∈ Σ1, ∀t ∈ [0, T0], (2.2)

Σ1 and β being defined by (1.11) and (1.13), respectively.
Hence

‖A(t)(λ + A(t))−1‖ ≤ C|λ|1−β , ∀λ ∈ Σ1, ∀t ∈ [0, T0], (2.3)
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for some positive constant C independent of (λ, t) ∈ Σ1 × [0, T0].

Making use of estimate (2.2), we can define, via the Dunford integral, the
following family {e−rA(t)}t∈[0,T0] of linear semigroups:

e−rA(t) =
1

2πi

∫

Γ

erλ(λ + A(t))−1 dλ, ∀r ∈ R+, ∀t ∈ (0, T0], (2.4)

where (throughout the paper)

Γ = Γ− ∪ Γ+, Γ− = {re−iη : r ≥ 0}, Γ+ = {reiη : r ≥ 0}, η ∈ (π/2, ϕ).

The fundamental solution U(t, s) to problem (1.3) will be searched for in
the form

U(t, s) = e−(t−s)A(s) +
∫ t

s

e−(t−τ)A(τ)Φ(τ, s)dτ, 0 ≤ s < t ≤ T0, (2.5)

where

Φ(t, s) + Φ1(t, s) +
∫ t

s

Φ1(t, τ)Φ(τ, s)dτ = 0, (2.6)

Φ1(t, s) = (A(t)−A(s))e−(t−s)A(s). (2.7)

By virtue of Theorem 2.1 in [2] one has

‖e−τA(t)‖ ≤ Cτβ−1,
∥∥Dτe−τA(t)

∥∥ ≤ Cτβ−2, β = max {1/p, 1/(2−δ)}, (2.8)

where the norms of operators are to be meant in L(Lp(Ω)), p ∈ (1, 2).
Consider now the following identities (cf. assumption H10), where M1(t)u

= m1(·, t)u and r, s, t ∈ [0, T0]:

(A(t)−A(s))A(r)−1 = (L(t)M1(t)−1 − L(s)M1(s)−1)M1(r)L(r)−1

= [L(t)L(r)−1]L(r)[M1(t)−1 −M1(s)−1]M1(r)L(r)−1

+[(L(t)− L(s))L(r)−1]L(r)M1(s)−1M1(r)L(r)−1. (2.9)

First we observe that, according to assumption H10, each operator M1(t), t ∈
[0, T0], is uniformly bounded and invertible with a bounded inverse operator
M1(t)−1 such that the function t → M1(t)−1 belongs to Cρ([0, T0];L(W 2,p(Ω)
∩W 1,p

0 (Ω))).
Then we observe that, according to the existence and uniqueness result in

[4], the family of linear elliptic operators {L(t)}t∈[0,T0] endowed with Dirichlet
boundary conditions consists of invertible operators.

Consequently, from (2.9), H11 and well known results we obtain the esti-
mate

‖(A(t)−A(s))A(r)−1‖ ≤ C|t− s|ρ, r, s, t ∈ [0, T0]. (2.10)
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As is easily seen, for 0 ≤ s < t ≤ T0, we get

‖Φ1(t, s)‖ =
∥∥(A(t)−A(s))A(s)−1A(s)e−(t−s)A(s)

∥∥ ≤ C(t− s)ρ+β−2. (2.11)

Hence, if 0 ≤ s < t ≤ T0,

‖Φ(t, s)‖ ≤ C(t− s)ρ+β−2, (2.12)

and∥∥∥∥
∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

∥∥∥∥ ≤ C

∫ t

s

(t−τ)β−1(τ−s)ρ+β−2dτ = C(t−s)ρ+2β−2.

(2.13)
For 0 ≤ s < t ≤ T0 set

G(t, s) = A(t)e−(t−s)A(t) −A(s)e−(t−s)A(s)

= − 1
2πi

∫

Γ

λeλ(t−s)
(
(λ + A(t))−1 − (λ + A(s))−1

)
dλ, (2.14)

It follows from (2.2) and (2.3) that
∥∥(λ + A(t))−1 − (λ + A(s))−1

∥∥

=
∥∥(λ + A(t))−1(A(t)−A(s))A(s)−1A(s)(λ + A(s))−1

∥∥

≤ C|λ|−β(t− s)ρ|λ|1−β = C(t− s)ρ|λ|1−2β , 0 ≤ s < t ≤ T0. (2.15)

Hence one derives

‖G(t, s)‖ ≤ C

∫

Γ

|λ|eReλ(t−s)(t− s)ρ|λ|1−2β |dλ|

= C(t− s)ρ

∫

Γ

|λ|2−2βe−Reλ(t−s)|dλ|

= C(t− s)ρ(t− s)2β−3 = C(t− s)ρ+2β−3, 0 ≤ s < t ≤ T0. (2.16)

Also using (2.15) it is easy to show that

‖e−τA(t) − e−τA(s)‖ ≤ C(t− s)ρτ2β−2, τ > 0, 0 ≤ s < t ≤ T0. (2.17)

Let now 0 ≤ s < τ < t ≤ T0. Since

A(s)(e−(t−s)A(s) − e−(τ−s)A(s)) = −
∫ t

τ

A(s)2e−(r−s)A(s)dr

= − 1
2πi

∫ t

τ

dr

∫

Γ

λ2eλ(r−s)(λ + A(s))−1dλ,

∥∥∥∥
1

2πi

∫

Γ

λ2eλ(r−s)(λ + A(s))−1dλ

∥∥∥∥

≤ C

∫

Γ

|λ|2eReλ(r−s)|λ|−β |dλ| ≤ C(r − s)β−3,
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one has
∥∥∥A(s)(e−(t−s)A(s) − e−(τ−s)A(s))

∥∥∥

≤ C

∫ t

τ

(r − s)β−3 dr ≤ C(τ − s)β−1

∫ t

τ

(r − s)−2dr

= C(τ − s)β−1 t− τ

(τ − s)(t− s)
= C

t− τ

t− s
(τ − s)β−2. (2.18)

Therefore, from the following identities, where 0 ≤ s < τ < t ≤ T0,

Φ1(t, s)− Φ1(τ, s)

= (A(t)−A(τ))e−(t−s)A(s) + (A(τ)−A(s))(e−(t−s)A(s) − e−(τ−s)A(s))

= (A(t)−A(τ))A(s)−1A(s)e−(t−s)A(s)

+ (A(τ)−A(s))A(s)−1A(s)(e−(t−s)A(s) − e−(τ−s)A(s)),

one deduces

‖Φ1(t, s)− Φ1(τ, s)‖ ≤ C
{

(t− τ)ρ(t− s)β−2 +
t− τ

t− s
(τ − s)ρ+β−2

}
. (2.19)

Moreover, if v0 ∈ D0, from the identity

[Φ1(t, s)− Φ1(τ, s)]v0 = (A(t)−A(τ))A(s)−1e−(t−s)A(s)A(s)v0

+(A(τ)−A(s))A(s)−1(e−(t−s)A(s) − e−(τ−s)A(s))A(s)v0

one deduces

‖[Φ1(t, s)− Φ1(τ, s)]v0‖ ≤ C‖v0‖D0

{
(t− τ)ρ(t− s)β−1 +

t− τ

t− s
(τ − s)ρ+β−1

}
.

(2.20)
By the way, it is possible to prove also that the solution Φ to equation

(3.2) is Hölder continuous in its first variable as well other properties of use
in the sequel only. Such properties are stated in the following Lemmata 2.1
and 2.2, whose proofs are postponed to the end of this Section, not to break
our discussion.

LEMMA 2.1 For any ρ ∈ (1 − β, 1), ν ∈ (0, ρ + β − 1) and 0 ≤ s < t1 <
t2 ≤ T0 function Φ satisfies the estimate

‖Φ(t2, s)− Φ(t1, s)‖ ≤ C(T0)(t2 − t1)ν(t1 − s)ρ+β−2−ν . (2.21)

LEMMA 2.2 For any ρ ∈ (1− β, 1), ν ∈ (0, ρ + β − 1) function Φ satisfies
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the estimates

‖Φ(t, s)A(s)−1‖ ≤ C(T0)(t− s)ρ+β−1, 0 ≤ s < t ≤ T0, (2.22)

‖[Φ(t2, s)− Φ(t1, s)]A(s)−1‖
≤ C(T0)(t2 − t1)ν(t2 − s)ρ+β−1−ν , 0 ≤ s < t1 < t2 ≤ T0. (2.23)

Going on, note that for 0 ≤ s < t− ε < t one gets

Dt

∫ t−ε

s

e−(t−τ)A(τ)Φ1(τ, s)dτ = e−εA(t−ε)Φ1(t− ε, s)

−
∫ t−ε

s

A(τ)e−(t−τ)A(τ) (Φ1(τ, s)− Φ1(t, s)) dτ +
∫ t−ε

s

G(t, τ)dτΦ1(t, s)

− (e−εA(t) − e−(t−s)A(t))Φ1(t, s)

= e−εA(t−ε)(Φ1(t− ε, s)− Φ1(t, s)) + (e−εA(t−ε) − e−εA(t))Φ1(t, s)

+ e−(t−s)A(t)Φ1(t, s)−
∫ t−ε

s

A(τ)e−(t−τ)A(τ) (Φ1(τ, s)− Φ1(t, s)) dτ

+
∫ t−ε

s

G(t, τ)dτΦ1(t, s). (2.24)

By virtue of (2.24) together with H11, (2.8), (2.19), (2.16) and

‖e−εA(t−ε) − e−εA(t)‖ ≤ Cερ+2β−2, (2.25)

which follows from (2.17),
∫ t

s
e−(t−τ)A(τ)Φ1(τ, s)dτ is differentiable in L(Lp(Ω))

with respect to t ∈ (s, T0] and

Dt

∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ = e−(t−s)A(t)Φ1(t, s)

−
∫ t

s

A(τ)e−(t−τ)A(τ) (Φ1(τ, s)− Φ1(t, s)) dτ +
∫ t

s

G(t, τ)dτΦ1(t, s). (2.26)

Estimating the norm of each term of the right-hand side in (2.26) one obtains
∥∥∥∥Dt

∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

∥∥∥∥ ≤ C(t− s)β−1(t− s)ρ+β−2

+ C

∫ t

s

(t− τ)β−2

{
(t− τ)ρ(t− s)β−2 +

t− τ

t− s
(τ − s)ρ+β−2

}
dτ

+ C

∫ t

s

(t− τ)ρ+2β−3dτ(t− s)ρ+β−2 ≤ C
{
(t− s)ρ+2β−3 + (t− s)2ρ+3β−4

}

≤ C(t− s)ρ+2β−3, 0 ≤ s < t ≤ T0. (2.27)
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Set now

W (t, s) =
∫ t

s

e−(t−τ)A(τ)Φ(τ, s)dτ. (2.28)

Then
U(t, s) = e−(t−s)A(s) + W (t, s), (2.29)

and, in view of (2.8) and (2.12), one gets

‖W (t, s)‖ ≤ C(t− s)ρ+2β−2, 0 ≤ s < t ≤ T0. (2.30)

By virtue of (2.6) one has

W (t, s) = −
∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ−
∫ t

s

∫ t

σ

e−(t−τ)A(τ)Φ1(τ, σ)dτ Φ(σ, s)dσ.

(2.31)
Hence, in view of H11, (2.13) and (2.27) W (t, s) is differentiable with respect
to t ∈ (s, T0] and

DtW (t, s) = −Dt

∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

−
∫ t

s

Dt

∫ t

σ

e−(t−τ)A(τ)Φ1(τ, σ)dτ Φ(σ, s)dσ. (2.32)

As a consequence

‖DtW (t, s)‖ ≤ C(t− s)ρ+2β−3, 0 ≤ s < t ≤ T0. (2.33)

From (2.8), (2.30) and (2.33) it follows that

‖U(t, s)‖ ≤ C(t− s)β−1, ‖DtU(t, s)‖ ≤ C(t− s)β−2, 0 ≤ s < t ≤ T0.
(2.34)

Then, if we assume that v0 ∈ D0, we can show that

‖DtW (t, s)v0‖ ≤ C(t− s)ρ+2β−2‖v0‖D0 , v0 ∈ D0, 0 ≤ s < t ≤ T0. (2.35)

For this purpose it suffices to take estimates (2.20), (2.22), (2.23), with ν +
β − 1 > 0, into account and to repeat the same procedure followed to deduce
estimate (2.33).

LEMMA 2.3 For f ∈ Lp(Ω) one has
∫ t

s
e−(t−τ)A(t)fdτ ∈ D(A(t)) for all

t ∈ [0, T0] and s ∈ [0, t) and the following formula holds:

A(t)
∫ t

s

e−(t−τ)A(t)fdτ = {I − e−(t−s)A(t)}f, 0 ≤ s < t ≤ T0. (2.36)
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Proof. We follow the idea of E. Sinestrari [3; Proposition 1.2]. Let λ be an
element in the resolvent set ρ(A(t)) of A(t). Then, for 0 < ε < t− s, we have

A(t)(λ + A(t))−1

∫ t−ε

s

e−(t−τ)A(t)fdτ

= (λ + A(t))−1

∫ t−ε

s

A(t)e−(t−τ)A(t)fdτ

= (λ + A(t))−1

∫ t−ε

s

∂

∂τ
e−(t−τ)A(t)fdτ

= (λ + A(t))−1{e−εA(t) − e−(t−s)A(t)}f
= e−εA(t)(λ + A(t))−1f − (λ + A(t))−1e−(t−s)A(t)f.

Letting ε → 0+, we get

λ(λ + A(t))−1

∫ t

s

e−(t−τ)A(t)fdτ −
∫ t

s

e−(t−τ)A(t)fdτ

= A(t)(λ + A(t))−1

∫ t

s

e−(t−τ)A(t)fdτ

= (λ + A(t))−1f − (λ + A(t))−1e−(t−s)A(t)f.

This shows that
∫ t

s
e−(t−τ)A(t)fdτ ∈ D(A(t)), 0 ≤ s < t ≤ T0, and (2.36)

holds.

As is easily seen for 0 < ε < t− s

A(t)
∫ t−ε

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

=
∫ t−ε

s

Φ1(t, τ)Φ1(τ, s)dτ +
∫ t−ε

s

A(τ)e−(t−τ)A(τ)(Φ1(τ, s)− Φ1(t, s))dτ

−
∫ t−ε

s

G(t, τ)Φ1(t, s)dτ + A(t)
∫ t−ε

s

e−(t−τ)A(t)Φ1(t, s)dτ. (2.37)

Hence
∫ t−ε

s

e−(t−τ)A(τ)Φ1(τ, s)dτ = A(t)−1

∫ t−ε

s

Φ1(t, τ)Φ1(τ, s)dτ

+A(t)−1

∫ t−ε

s

A(τ)e−(t−τ)A(τ)(Φ1(τ, s)− Φ1(t, s))dτ

−A(t)−1

∫ t−ε

s

G(t, τ)Φ1(t, s)dτ +
∫ t−ε

s

e−(t−τ)A(t)Φ1(t, s)dτ.
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Letting ε → 0+, one deduces
∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ = A(t)−1

∫ t

s

Φ1(t, τ)Φ1(τ, s)dτ

+A(t)−1

∫ t

s

A(τ)e−(t−τ)A(τ)(Φ1(τ, s)− Φ1(t, s))dτ

−A(t)−1

∫ t

s

G(t, τ)Φ1(t, s)dτ +
∫ t

s

e−(t−τ)A(t)Φ1(t, s)dτ, 0 ≤ s < t ≤ T0.

This equality and Lemma 2.3 imply that
∫ t

s
e−(t−τ)A(τ)Φ1(τ, s)dτ ∈ D(A(t))

for all t ∈ [s, T0] and

A(t)
∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

=
∫ t

s

Φ1(t, τ)Φ1(τ, s)dτ +
∫ t

s

A(τ)e−(t−τ)A(τ)(Φ1(τ, s)− Φ1(t, s))dτ

−
∫ t

s

G(t, τ)Φ1(t, s)dτ + {I − e−(t−s)A(t)}Φ1(t, s). (2.38)

Similarly to (2.27) one gets
∥∥∥∥A(t)

∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

∥∥∥∥ ≤ C(t− s)ρ+2β−3, 0 ≤ s < t ≤ T0. (2.39)

It follows from (2.31) and (2.39) that

‖A(t)W (t, s)‖ ≤ C(t− s)ρ+2β−3, 0 ≤ s < t ≤ T0. (2.40)

From (2.26) and (2.38) it follows that

Dt

∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ + A(t)
∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

= Φ1(t, s) +
∫ t

s

Φ1(t, τ)Φ1(τ, s)dτ, 0 ≤ s < t ≤ T0. (2.41)

With the aid of (2.31), (2.32), (2.41) and (2.6) we obtain

DtW (t, s) + A(t)W (t, s) = −Dt

∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

−
∫ t

s

Dt

∫ t

σ

e−(t−τ)A(τ)Φ1(τ, σ)dτΦ(σ, s)dσ

−A(t)
∫ t

s

e−(t−τ)A(τ)Φ1(τ, s)dτ

−
∫ t

s

A(t)
∫ t

σ

e−(t−τ)A(τ)Φ1(τ, σ)dτΦ(σ, s)dσ
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= −Φ1(t, s)−
∫ t

s

Φ1(t, τ)Φ1(τ, s)dτ

−
∫ t

s

{
Φ1(t, σ) +

∫ t

σ

Φ1(t, τ)Φ1(τ, σ)dτ
}

Φ(σ, s)dσ

= −Φ1(t, s)−
∫ t

s

Φ1(t, τ)Φ1(τ, s)dτ −
∫ t

s

Φ1(t, σ)Φ(σ, s)dσ

−
∫ t

s

Φ1(t, τ)
∫ τ

s

Φ1(τ, σ)Φ(σ, s)dσdτ

= −Φ1(t, s)−
∫ t

s

Φ1(t, τ)Φ1(τ, s)dτ −
∫ t

s

Φ1(t, σ)Φ(σ, s)dσ

−
∫ t

s

Φ1(t, τ){−Φ(τ, s)− Φ1(τ, s)}dτ = −Φ1(t, s), 0 ≤ s < t ≤ T0. (2.42)

Using (2.7), (2.29) and (2.42) we easily conclude

DtU(t, s) + A(t)U(t, s) = 0, 0 ≤ s < t ≤ T0. (2.43)

Moreover, the following inequality follows from (2.34) and (2.43):

‖A(t)U(t, s)‖ ≤ C(t− s)β−2, 0 ≤ s < t ≤ T0. (2.44)

We summarize the properties of operator function U in the following The-
orem.

THEOREM 2.1 Under assumptions H2, H10, H11 and ρ ∈ (1 − β, 1)
operator U satisfies estimates (2.34), (2.44) and solves equation (2.43).

We prove now Lemmata 2.1 and 2.2.

Proof of Lemma 2.1. From equation (2.6) we easily deduce the following
identity, where 0 ≤ s < t1 < t2 ≤ T0:

Φ(t2, s)− Φ(t1, s) = −[Φ1(t2, s)− Φ1(t1, s)]−
∫ t2

t1

Φ1(t2, τ)Φ(τ, s)dτ

−
∫ t1

s

[Φ1(t2, τ)− Φ1(t1, τ)]Φ(τ, s)dτ =:
3∑

j=1

Φ̃j(t2, t1, s). (2.45)

Then we rewrite estimate (2.19) in the more convenient form

‖Φ1(t2, s)− Φ1(t1, s)‖ ≤ C
{

(t2 − t1)ρ(t2 − s)β−2 +
t2 − t1
t2 − s

(t1 − s)ρ+β−2
}

≤ C
{

(t2 − t1)ν(t2 − t1)ρ−ν(t2 − s)β−2 +
( t2 − t1

t2 − s

)ν

(t1 − s)ρ+β−2
}
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≤ C(t2 − t1)ν
{

(t2 − s)ρ+β−2−ν + (t1 − s)ρ+β−2−ν
}

≤ C(t2 − t1)ν(t1 − s)ρ+β−2−ν , ∀ν ∈ (0, ρ]. (2.46)

We conclude the proof by observing that estimate (2.21) is implied by (2.46)
and the following inequalities, since ρ ∈ (1− β, 1) and ν ∈ (0, ρ + β − 1):

‖Φ̃2(t2, t1, s)‖ ≤ C

∫ t2

t1

(t2 − τ)ν(t2 − τ)ρ+β−2−ν(τ − s)ρ+β−2 dτ

≤ C(t2 − t1)ν

∫ t2

s

(t2 − τ)ρ+β−2−ν(τ − s)ρ+β−2 dτ

≤ C(t2 − t1)ν(t2 − s)2ρ+2β−3−ν ,

‖Φ̃3(t2, t1, s)‖ ≤ C(t2 − t1)ν

∫ t1

s

(t1 − τ)ρ+β−2−ν(τ − s)ρ+β−2 dτ

≤ C(t2 − t1)ν(t1 − s)2ρ+2β−3−ν .

Proof of Lemma 2.2. First we notice that estimate (2.22) easily follows
from the estimate

‖Φ1(t, s)A(s)−1‖ ≤ C(t− s)ρ+β−1, (2.47)

and the equation

Φ(t, s) = −Φ1(t, s)−
∫ t

s

Φ(t, τ)Φ1(τ, s)dτ,

that is a simple consequence of the integral equation (2.6) defining Φ, which
makes use of the identity

∫ t

s

Φ(t, τ)Φ1(τ, s)dτ =
∫ t

s

Φ1(t, τ)Φ(τ, s)dτ.

Then from the definition (2.12) of Φ1 and the identity

[Φ1(t, s)− Φ1(τ, s)]A(s)−1

= (A(t)−A(τ))A(s)−1e−(t−s)A(s)

+ (A(τ)−A(s))A(s)−1(e−(t−s)A(s) − e−(τ−s)A(s)),

and the inequality
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‖e−(t−s)A(s) − e−(τ−s)A(s)‖ =
∥∥∥∥
∫ t

τ

Dre
−(r−s)A(s)dr

∥∥∥∥ ≤ C

∫ t

τ

(r − s)β−2dr

≤ C
{

(τ − s)β−1 − (t− s)β−1
}

= C(τ − s)β−1
{

1−
(τ − s

t− s

)1−β}

≤ C(τ − s)β−1
(
1− τ − s

t− s

)
= C(τ − s)β−1 t− τ

t− s

≤ C(τ − s)β−1
( t− τ

t− s

)ν

≤ C(t− τ)ν(τ − s)β−1−ν , ∀ν ∈ (0, 1],

we easily deduce (cf. (2.10)) the following estimates, where ρ ∈ (1− β, 1) and
ν ∈ (0, ρ + β − 1):

‖[Φ1(t2, s)− Φ1(t1, s)]A(s)−1‖
≤ C(t2 − t1)ρ(t2 − s)β−1 + C(t2 − t1)ν(t1 − s)ρ+β−1−ν

≤ C(t2 − t1)ν(t2 − s)ρ+β−1−ν . (2.48)

Observe now that estimate (2.23) is a consequence of (2.22), (2.48) and the
following identity (cf. (2.6)), where 0 ≤ s ≤ t1 < t2 ≤ T :

Φ(t2, s)− Φ(t1, s) = −[Φ1(t2, s)− Φ1(t1, s)]

−
∫ t2

t1

Φ1(t2, τ)Φ(τ, s)dτ −
∫ t1

s

[Φ1(t2, τ)− Φ1(t1, τ)]Φ(τ, s)dτ. (2.49)

3 Existence of the solution to the Cauchy problem (2.1)

Let f ∈ Cρ([0, T0]; Lp(Ω)), ρ ∈ (1− β, 1). The argument by which we derived
(2.26) yields that t → ∫ t

0
e−(t−s)A(s)f(s)ds is differentiable in (0, T0] and

Dt

∫ t

0

e−(t−s)A(s)f(s)ds = e−tA(t)f(t)

−
∫ t

0

A(s)e−(t−s)A(s)[f(s)− f(t)]ds +
∫ t

0

G(t, s)f(t)ds, t ∈ (0, T0].

In view of H11, (2.30) and (2.33) t → ∫ t

0
W (t, s)f(s)ds is differentiable in

(0, T0] and

Dt

∫ t

0

W (t, s)f(s)ds =
∫ t

0

DtW (t, s)f(s)ds, t ∈ (0, T0].
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Hence t → ∫ t

0
U(t, s)f(s)ds is differentiable in (0, T0], and

Dt

∫ t

0

U(t, s)f(s)ds = e−tA(t)f(t)

−
∫ t

0

A(s)e−(t−s)A(s)[f(s)− f(t)]ds

+
∫ t

0

G(t, s)f(t)ds +
∫ t

0

DtW (t, s)f(s)ds, t ∈ (0, T0]. (3.1)

For 0 < ε < t− s we have

A(t)
∫ t−ε

0

e−(t−s)A(s)f(s)ds =
∫ t−ε

0

A(t)e−(t−s)A(s)f(s)ds

=
∫ t−ε

0

Φ1(t, s)f(s)ds +
∫ t−ε

0

A(s)e−(t−s)A(s)(f(s)− f(t))ds

−
∫ t−ε

0

G(t, s)f(t)ds +
∫ t−ε

0

A(t)e−(t−s)A(t)f(t)ds. (3.2)

With the aid of the argument by which we derived (2.38) from (2.37) and
(3.2) we obtain that

∫ t

0
e−(t−s)A(t)f(t)ds ∈ D(A(t)) for all t ∈ (0, T0] and

A(t)
∫ t

0

e−(t−s)A(s)f(s)ds =
∫ t

0

Φ1(t, s)f(s)ds

+
∫ t

0

A(s)e−(t−s)A(s)(f(s)− f(t))ds−
∫ t

0

G(t, s)f(t)ds + {I − e−tA(t)}f(t).

In view of (2.40) we see that
∫ t

0
W (t, s)f(s)ds ∈ D(A(t)) for all t ∈ (0, T0] and

A(t)
∫ t

0

W (t, s)f(s)ds =
∫ t

0

A(t)W (t, s)f(s)ds.

Hence one observes that
∫ t

0
U(t, s)f(s)ds ∈ D(A(t)) for all t ∈ (0, T0] and

A(t)
∫ t

0

U(t, s)f(s)ds

=
∫ t

0

Φ1(t, s)f(s)ds +
∫ t

0

A(s)e−(t−s)A(s)[f(s)− f(t)]ds

−
∫ t

0

G(t, s)f(t)ds + {I − e−tA(t)}f(t) +
∫ t

0

A(t)W (t, s)f(s)ds. (3.3)
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From (2.42), (3.1) and (3.3) we conclude that

Dt

∫ t

0

U(t, s)f(s)ds + A(t)
∫ t

0

U(t, s)f(s) ds = f(t) +
∫ t

0

Φ1(t, s)f(s) ds

+
∫ t

0

{DtW (t, s) + A(t)W (t, s)} f(s)ds = f(t), t ∈ (0, T0]. (3.4)

By virtue of (2.43) and (3.4) we have established the following result.

THEOREM 3.1 Let v0 ∈ Lp(Ω) and f ∈ Cρ([0, T0];Lp(Ω)), ρ ∈ (1−β, 1).
Then, under assumptions H2, H10, H11, the function v defined by

v(t) = U(t, 0)v0 +
∫ t

0

U(t, s)f(s)ds, t ∈ (0, T0], (3.5)

is differentiable in Lp(Ω) in (0, T0], belongs to D(A(t)) for 0 < t ≤ T0 and
satisfies the equation

Dtv(t) + A(t)v(t) = f(t), 0 < t ≤ T0. (3.6)

In order to obtain a sufficient condition for the initial condition v(0) = v0

to hold, we prepare the following Lemma 3.1, where the interpolation spaces
(D0, X)θ,p, 0 < θ < 1, 1 ≤ p ≤ ∞, are defined by (1.14).

LEMMA 3.1 Let {e−tA}t>0 be an infinitely differentiable semigroup in a
Banach space X satisfying an estimate of type (2.2) for some β ∈ (0, 1) in a
sector Σ ⊂ C with half-width ϕ ∈ (π/2, π). Then the following estimate holds
for all v ∈ (D0, X)θ,p, where D0 = D(A) and 0 < θ < 1, 1 ≤ p ≤ ∞:

‖e−tAv − v‖X ≤ Ctβ−θ‖v‖(D0,X)θ,p
, (3.7)

∥∥Dj
t e
−tAv

∥∥
X
≤ Ctβ−j−θ‖v‖(D0,X)θ,p

, j ∈ N\{0}. (3.8)

Proof. For v ∈ X

‖e−tAv − v‖X ≤ ‖e−tAv‖X + ‖v‖X ≤ Ctβ−1‖v‖X . (3.9)

Let v ∈ D0. Since limt→0 e−tAv = v then, one has for w ∈ Av

‖e−tAv − v‖X =
∥∥∥∥
∫ t

0

Dse
−sAvds

∥∥∥∥
X

=
∥∥∥∥
∫ t

0

Dse
−sAA−1wds

∥∥∥∥
X

=
∥∥∥∥
∫ t

0

e−sAwds

∥∥∥∥
X

≤ C

∫ t

0

sβ−1‖w‖Xds ≤ Ctβ‖w‖X .

Hence
‖e−tAv − v‖X ≤ Ctβ‖v‖D0 . (3.10)
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The inequality (3.7) follows from (3.9) and (3.10). Analogously (3.8) is a
consequence of

∥∥Dj
t e
−tAv

∥∥
X
≤

{
Ctβ−j−1‖v‖X ,

Ctβ−j‖v‖D0 ,
j ∈ N\{0}.

We can now exhibit a large enough subspace in (D0, L
p(Ω))θ,p.

LEMMA 3.2 The following inclusion holds true for θ∈ (0, 1)\{1/(2p),1/2}:
(D0, L

p(Ω))θ,p ⊃ W2θ,p
0 (Ω) =

{
v ∈ Lp(Ω) : (v/m0) ∈ W 2θ,p

0 (Ω)
}
, (3.11)

where

W 2θ,p
0 (Ω) =

{
W 2θ,p(Ω), θ ∈ (0, 1/(2p)),

{u ∈ W 2θ,p(Ω) : u = 0 on ∂Ω}, θ ∈ (1/(2p), 1).
(3.12)

Proof. First we recall (cf. H1) that

D0 = M(0)D(L(0)), A(0)v = L(0)[m−1
0 v], M(0)v(x) = m0(x)v(x), (3.13)

m0 ∈ C(Ω) being the a.e. positive function in Ω introduced in assumption H1.
We endow D0 and D(L(0)) with their own graph-norms, i.e.,

‖v‖D0 = ‖v‖Lp(Ω) + ‖L(0)(v/m0)‖Lp(Ω),

‖u‖D(L(0)) = ‖u‖Lp(Ω) + ‖L(0)u‖Lp(Ω).

Observe now that M(0) continuously maps Lp(Ω) and D(L(0)) into Lp(Ω)
and D0, respectively, and satisfies the estimates

‖M(0)v‖Lp(Ω) ≤ ‖m0‖C(Ω)‖u‖Lp(Ω), (3.14)

‖M(0)v‖D0 = ‖M(0)v‖Lp(Ω) + ‖L(0)v‖Lp(Ω)

≤ max {‖m0‖C(Ω), 1}‖v‖D(L(0)). (3.15)

Hence we deduce that M(0) ∈ L((D(L(0));Lp(Ω))θ,p; (D0; Lp(Ω))θ,p). In par-
ticular (cf. [9]), for θ 6= 1/(2p), we have proved the inclusion

M(0)W 2θ,p
0 (Ω) = M(0)(D(L(0));Lp(Ω))θ,p ⊂ (D0; Lp(Ω))θ,p. (3.16)

Finally, it is easy to check that M(0)W 2θ,p
0 (Ω) coincides with the vector

space defined in the right-hand side in (3.11).

We now go on with our discussion. Taking θ = β in (3.7) and (3.8), one
obtains

‖e−tAv − v‖X ≤ C‖v‖(D0,X)β,p
, (3.17)

∥∥Dte
−tAv

∥∥
X
≤ Ct−1‖v‖(D0,X)β,p

. (3.18)
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Applying (3.17) and (3.18) to the present case: A = A(0) = L(0)M(0)−1,
X = Lp(Ω), one has

‖e−tA(0)v − v‖Lp(Ω) ≤ C‖v‖(D0,Lp(Ω))β,p
, (3.19)

∥∥Dte
−tA(0)v

∥∥
Lp(Ω)

≤ Ct−1‖v‖(D0,Lp(Ω))β,p
. (3.20)

In view of Théorème 2.1 on p. 22 in [5], D0 is dense in (D0, L
p(Ω))β,p. This

property and (3.19) yield that

lim
t→0+

‖e−tA(0)v − v‖Lp(Ω) = 0 (3.21)

for v ∈ (D0, L
p(Ω))β,p. This, together with H5 and (2.30), implies

U(t, 0)v0 = e−tA(0)v0 + W (t, 0)v0 → v0 as t → 0+, (3.22)

for each v0 ∈ (D0, L
p(Ω))β,p. Consequently, function t → U(t, 0)v0 ∈ C([0, T ];

X) for all v0 ∈ (D0, L
p(Ω))β,p and satisfies the estimate (cf. (2.30))

‖U(t, 0)v0‖C([0,T ];X) ≤ ‖e−tA(0)v0 − v0‖Lp(Ω) + ‖v0‖Lp(Ω) + ‖W (t, 0)v0‖Lp(Ω)

≤ ‖v0‖(D0,Lp(Ω)) + ‖v0‖Lp(Ω) + C(T0)tρ+2β−2‖v0‖Lp(Ω), t ∈ [0, T0]. (3.23)

Moreover, function t → ∫ t

0
U(t, s)f(s)ds belongs to C([0, T ];X) since it is

continuously differentiable in (0, T0] and tends to 0 as t → 0+ according to
estimate (2.30). It, in turn, implies the estimate

∥∥∥
∫ t

0

U(t, s)f(s)ds
∥∥∥ ≤ C(T0)tβ‖f‖C([0,T ];X), t ∈ [0, T0]. (3.24)

Thus the following theorem has been established.

THEOREM 3.2 Let v0 ∈ (D0, L
p(Ω))β,p and f ∈ Cρ([0, T0]; Lp(Ω)), ρ ∈

(1− β, 1). Then, under assumptions H2, H10, H11, the function v defined by

v(t) = U(t, 0)v0 +
∫ t

0

U(t, s)f(s)ds, t ∈ [0, T0], (3.25)

is a solution to the initial value problem

Dtv(t) + A(t)v(t) = f(t), 0 < t ≤ T0,

v(0) = v0,
(3.26)

and satisfies the estimate

‖v(t)‖ ≤ C(T0)
[‖v0‖(D0,Lp(Ω)) + tβ‖f‖C([0,T ];X)

]
, t ∈ [0, T0]. (3.27)

Further, function w(t) = M(t)−1v(t) solves the initial value problem

Dt[M(t)w(t)] + L(t)w(t) = f(t), 0 < t ≤ T0,

M(0)w(0) = v0.
(3.28)
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4 Uniqueness of the solution
to the Cauchy problem (2.1)

To prove the uniqueness of the solution we consider problem (2.1) in the
space H−1(Ω). The restriction of L(t) to H1

0 (Ω) is denoted by L̃(t). Then,
Ã(t) = L̃(t)M(t)−1 is a single-valued linear operator in H−1(Ω), and condition
(P) in [3], p. 80, is satisfied with α = β = 1. Clearly, according to assumption
H1, D(Ã(t)) = {m(·, t)u : u ∈ H1

0 (Ω)} = {m0u : u ∈ H1
0 (Ω)} is independent

of t ∈ [0, T0].
One can also show that D(Ã(t)) is dense in H−1(Ω) replacing both Lp′(Ω)

and D(L(t)) with H1
0 (Ω) in the proof of the density of D(A(t)) in Lp(Ω). It

is easily verified that

‖(Ã(t)− Ã(s))Ã(0)−1‖L(H−1(Ω)) ≤ C|t− s|ρ, s, t ∈ [0, T0].

Therefore, using a classical result one can construct the fundamental solution
Ũ(t, s) to the problem

Dtv(t) + Ã(t)v(t) = f(t), 0 < t ≤ T0,

v(0) = v0,
(4.1)

in H−1(Ω) as follows:

Ũ(t, s) = e−(t−s)Ã(s) +
∫ t

s

e−(t−τ)Ã(τ)Φ̃(τ, s)dτ, 0 ≤ s < t ≤ T0,

where Φ̃ solves the Volterra integral equation

Φ̃(t, s) + Φ̃1(t, s) +
∫ t

s

Φ̃1(t, τ)Φ̃(τ, s)dτ = 0,

with
Φ̃1(t, s) = (Ã(t)− Ã(s))e−(t−s)Ã(s).

LEMMA 4.1 Let q ≥ 2n/(n + 2) and q ≥ p′ = p/(p − 1). Suppose that
u ∈ D(L(t)) and ũ ∈ H1

0 (Ω). Then for any w ∈ W 2,q(Ω) ∩W 1,q
0 (Ω)

(u,L(t)w) = (L(t)u,w) and (ũ,L(t)w) = (L̃(t)ũ, w).

Proof. By virtue of well-known imbedding theorems we have W 1,q(Ω) ↪→
L2(Ω), W 2,q(Ω)∩W 1,q

0 (Ω) ↪→ H1
0 (Ω) ↪→ Lq′(Ω). Let w ∈ W 2,q(Ω)∩W 1,q

0 (Ω).
Since q ≥ p′, w ∈ W 2,p′(Ω) ∩ W 1,p′

0 (Ω) = D(L(t)∗). Therefore (u,L(t)w) =
(u, L(t)∗w) = (L(t)u,w). Let {ϕk} be a sequence of elements of C∞0 (Ω) such
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that ϕk → ũ in H1
0 (Ω) ↪→ Lq′(Ω). Then, since Dxj w ∈ W 1,q(Ω) ↪→ L2(Ω),

one observes

−
∫

Ω

ũDxi(ai,jDxj
w)dx = − lim

k→+∞

∫

Ω

ϕkDxi(ai,jDxj
w)dx

= lim
k→+∞

∫

Ω

ai,jDxiϕkDxj
wdx =

∫

Ω

ai,jDxi ũDxj
wdx.

Therefore

(ũ,L(t)w) =
∫

Ω

ũ
{
−

n∑

i,j=1

Dxi(ai,jDxj
w) + aw

}
dx

=
∫

Ω

{ n∑

i,j=1

ai,jDxi ũDxj
w + auw

}
dx = (L̃(t)ũ, w).

REMARK 4.1 If p ≥ 2n/(n + 2), the statement of Lemma 4.1 is evident,
since W 2,p(Ω) ∩W 1,p

0 (Ω) ↪→ H1
0 (Ω).

COROLLARY 4.1 L(t)u = L̃(t)u for u ∈ D(L(t)) ∩H1
0 (Ω), and A(t)v =

Ã(t)v for v ∈ D(A(t)) ∩D(Ã(t)).

LEMMA 4.2 Let f ∈ Lp(Ω) ∩H−1(Ω). Then, (λM + L(t))−1f = (λM +
L̃(t))−1f for each 0 ≤ t ≤ T0.

Proof. Set u = (λM + L(t))−1f and ũ + (λM + L̃(t))−1f . Let g be an
arbitrary element of Lq(Ω), where q is the number in the previous lemma, and
let w be the solution to the Dirichlet problem for g = (λm(·, t)+L(t))w. Then
w ∈ W 2,q(Ω) ∩W 1,q

0 (Ω), and by the previous lemma (u,L(t)w) = (L(t)u,w)
and (ũ,L(t)w) = (L̃(t)ũ, w). Therefore

(u, g) = (u, (λm(·, t) + L(t))w) = λ(m(·, t)u,w) + (u,L(t)w)

= λ(m(·, t)u,w) + (L(t)u,w) = (λm(·, t)u + L(t)u,w) = (f, w), (4.2)

(ũ, g) = (ũ, (λm(·, t) + L(t))w) = λ(m(·, t)ũ, w) + (ũ,L(t)w)

= λ(m(·, t)ũ, w) + (L̃(t)ũ, w) = (λm(·, t)ũ + L̃(t)ũ, w) = (f, w). (4.3)

It follows from (4.2) and (4.3) that (u, g) = (ũ, g) for any g ∈ Lq(Ω), from
which the conclusion follows.

COROLLARY 4.2 If f ∈ Lp(Ω) ∩ H−1(Ω), then (λ + A(t))−1f = (λ +
Ã(t))−1f and U(t, s)f = Ũ(t, s)f .
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Proof. The first statement readily follows from the lemma since (λ +
A(t))−1f = M(t)(λM(t)+L(t))−1f , (λ+Ã(t))−1f = M(t)(λM(t)+L̃(t))−1f .
The second assertion is a direct consequence of the first one and the construc-
tion of U(t, s) and Ũ(t, s).

THEOREM 4.1 For v ∈ D0, U(t, s)v is differentiable with respect to s in
the strong topology of Lp(Ω) and

DsU(t, s)v = U(t, s)A(s)v. (4.4)

Proof. If v ∈ D(Ã(t)), then by virtue of Theorem 2.1 of Chapter 5 of [5]
Ũ(t, s)v is differentiable in s in the strong topology of H−1(Ω) and (4.4) holds
with U(t, s) and A(s) replaced by Ũ(t, s) and Ã(s) respectively. Hence

Ũ(t, s)v − Ũ(t, s′)v =
∫ s

s′
Ũ(t, σ)Ã(σ)v dσ (4.5)

for 0 ≤ s′ < s < t ≤ T0. Suppose that v ∈ D(A(t)). Then M(t)−1v ∈
W 2,p(Ω)∩W 1,p

0 (Ω). Let q ≥ 2n/(n+2) and q ≥ p′ = p/(p−1) as in Lemma 3.
Then, q ≥ p′ > 2 > p, W 1,q(Ω) ↪→ L2(Ω) and W 2,q(Ω) ∩W 1,q

0 (Ω) ↪→ H1
0 (Ω).

Let {uj} be a sequence in W 2,q(Ω) ∩W 1,q
0 (Ω) such that uj → M(t)−1v in

W 2,p(Ω) ∩W 1,p
0 (Ω). Then (4.5) holds for vj = M(t)uj in place of v, since

M(t)−1vj = uj ∈ W 2,q(Ω) ∩W 1,q
0 (Ω) ↪→ H1

0 (Ω).

Hence vj ∈ D(Ã(t)) and

Ũ(t, s)vj − Ũ(t, s′)vj =
∫ s

s′
Ũ(t, σ)Ã(σ)vjdσ. (4.6)

Since uj ∈ W 2,q(Ω) ∩ W 1,q
0 (Ω) ↪→ W 2,p(Ω) ∩ W 1,p

0 (Ω) = D(L(t)), one has
vj = M(t)uj ∈ D0. Therefore, in view of Lemma 4.1, Corollary 4.1 and
Lemma 4.2 we get

Ũ(t, s)vj = U(t, s)vj , Ũ(t, s′)vj = U(t, s′)vj , Ũ(t, σ)Ã(σ)vj = U(t, σ)A(σ)vj .

Substituting this in (4.6) one gets

U(t, s)vj − U(t, s′)vj =
∫ s

s′
U(t, σ)A(σ)vjdσ. (4.7)

Since vj → v and A(σ)vj = L(σ)uj → L(σ)M(t)−1v = A(σ)v as j → +∞, we
deduce that both v and A(σ)v are in Lp(Ω). Letting j → +∞, one concludes
that (4.7) holds with v in place of vj , and the proof is complete.

THEOREM 4.2 Under assumptions H2, H10, H11 the solution v to the
Cauchy problem (2.1) is unique.
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Proof. Let u be a solution to problem (2.1). In view of Theorem 4.1 one
has

Ds[U(t, s)u(s)] = U(t, s)u′(s) + U(t, s)A(s)u(s) = U(t, s)f(s), (4.8)

if 0 ≤ s < t ≤ T0. Integration of both sides of (4.8) over (0, t− ε), 0 < ε < t,
yields

U(t, t− ε)u(t− ε)− U(t, 0)u0 =
∫ t−ε

0

U(t, s)f(s)ds. (4.9)

By virtue of (2.25) and (2.30) one gets

‖U(t, t− ε)− e−εA(t)‖ = ‖e−εA(t−ε) + W (t, t− ε)− e−εA(t)‖
≤ ‖e−εA(t−ε) − e−εA(t)‖+ ‖W (t, t− ε)‖ ≤ Cερ+2β−2.

Hence

U(t, t− ε)u(t− ε) = U(t, t− ε)(u(t− ε)− u(t))

+(U(t, t− ε)− e−εA(t))u(t) + e−εA(t)u(t) → u(t)

as ε → 0+. Therefore, letting ε → 0+ in (4.9), one observes that (3.5) holds,
and the proof is complete.

5 Regularization of the solution to problem (2.1)
up to the closed interval [0,T]

In this section we will show that under additional requirements on f and
u0 the solution u solves problem (2.1) in the closed interval [0, T ]. For this
purpose we need the following assumption:

H12 f ∈ Cρ([0, T0];X), v0 ∈ D0, A(0)v0 − f(0) ∈ (D0, L
p(Ω))β−γ,p.

THEOREM 5.1 Under assumptions H1, H2, H7, H12 and H10, H11,
both with ρ = 1, function v defined by (3.25) belongs to C1+γ([0, T0];X) ∩
Cγ([0, T0];D0) and satisfies the Cauchy problem (3.28) in the closed interval
[0, T0]. Moreover, v satisfies the estimate

‖v‖Cγ([0,T ];D0) ≤ C(T0)
[‖v0‖D0 + ‖A(0)v0 − f(0)‖(D0,X)β−γ,p

+T ρ+β−1−γ‖f‖Cρ([0,T ];X)

]
, (5.1)

‖v‖C1+γ([0,T ];X) ≤ C(T0)
[‖v0‖D0 + ‖A(0)v0 − f(0)‖(D0,X)β−γ,p

+(1 + T ρ+β−1−γ)‖f‖Cρ([0,T ];X)

]
. (5.2)
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REMARK 5.1 Observe that u is subject to a loss of regularity in time of
order ρ − γ. This fact is a strict consequence of the singularity of problem
(2.1) as shown by the generation estimates (1.12) and (2.2).

To prove Theorem 5.1 we need the following Lemmata, whose proofs are
postponed to the end of this Section.

LEMMA 5.1 For any ρ ∈ (1− β, 1), γ ∈ (0, ρ + β − 1) the linear operator

Q2f(t) =
∫ t

0

G(t, s)f(t)ds (5.3)

maps Cρ([0, T ]; X) into Cγ([0, T ];X) and satisfies the following estimate for
any T ∈ (0, T0]:

‖Q2f‖Cγ([0,T ];X) ≤ C(T0)T ρ+β−1−γ‖f‖Cρ([0,T ];X). (5.4)

LEMMA 5.2 For any β ∈ (1/2, 1), ρ ∈ (1− β, 1), γ ∈ (0,min {2β − 1, ρ})
the linear operator

Q3f(t) = [I − e−tA(t)][f(t)− f(0)] (5.5)

maps Cρ([0, T ]; X) into Cγ([0, T ];X) and satisfies the following estimate for
any T ∈ (0, T0]:

‖Q3f‖Cγ([0,T ];X) ≤ C(T0)T ρ+2β−1−γ‖f‖Cρ([0,T ];X). (5.6)

LEMMA 5.3 For any β ∈ (1/2, 1), γ ∈ (0, 2β−1) and 0 ≤ s < t1 < t2 ≤ T
the following estimates hold:

‖A(t2)W (t2, s)−A(t1)W (t1, s)‖ ≤ C(t2 − t1)γ(t1 − s)2β−2−γ , (5.7)

‖A(t2)W (t2, s)w0 −A(t1)W (t1, s)w0‖
≤ C(t2 − t1)γ(t2 − s)2β−1−γ‖w0‖D0 . (5.8)

Proof of Theorem 5.1. We recall that v is the solution to the Cauchy
problem

v′(t) + A(t)v(t) = f(t), v(0) = v0 0 < t ≤ T0. (5.9)

Hence from (3.1) we get

v′(t) = DtU(t, 0)w0 + Dt

∫ t

0

U(t, s)f(s)ds

= DtU(t, 0)w0 + e−tA(t)f(t)−
∫ t

0

A(s)e−(t−s)A(s)[f(s)− f(t)]

+
∫ t

0

G(t, s)f(t)ds +
∫ t

0

DtW (t, s)f(s)ds, 0 < t ≤ T0.
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Consequently,

A(t)v(t) = f(t)− v′(t) = f(t)−DtU(t, 0)v0 − e−tA(t)f(t)

+
∫ t

0

A(s)e−(t−s)A(s)[f(s)− f(t)] ds−
∫ t

0

G(t, s)f(t)ds

−
∫ t

0

DtW (t, s)f(s)ds, t ∈ (0, T ].

Since

DtU(t, 0)v0 = Dt[e−tA(0) + W (t, 0)]v0

= −A(0)e−tA(0)v0 + DtW (t, 0)v0 = −e−tA(0)A(0)v0 + DtW (t, 0)v0,

we get

A(t)v(t) = f(t) + e−tA(0)[A(0)v0 − f(t)]−DtW (t, 0)v0

−[e−tA(t) − e−tA(0)]f(t) +
∫ t

0

A(s)e−(t−s)A(s)[f(s)− f(t)] ds

−
∫ t

0

G(t, s)f(t)ds−
∫ t

0

DtW (t, s)f(s)ds =:
7∑

j=1

vj(t).

We begin by estimating v2. From the equality

v2(t) = e−tA(0)[A(0)v0 − f(0)]− e−tA(0)[f(t)− f(0)],

assumption H12 and (3.7) one observes

‖e−tA(0)[A(0)v0 − f(0)]‖
≤ ‖e−tA(0)[A(0)v0 − f(0)]− [A(0)v0 − f(0)]‖+ ‖A(0)v0 − f(0)‖
≤ Ctγ‖A(0)v0 − f(0)‖(D0,X)β−γ,p

+ ‖A(0)v0 − f(0)‖.

From this and

‖e−tA(0)[f(t)− f(0)]‖ ≤ Ctβ−1+ρ|f |Cρ([0,T ];X)

we immediately deduce the estimate

‖v2‖C([0,T ];X)

≤ C(T0)‖A(0)v0 − f(0)‖(D0,X)β−γ,p
+ T ρ−1+β |f |Cρ([0,T ];X). (5.10)

Copyright © 2006 Taylor & Francis Group, LLC



Degenerate inverse and direct problems of parabolic type 223

To estimate the increments of v2 first we observe that

‖[e−t2A(0) − e−t1A(0)][A(0)v0 − f(0)]‖ =
∥∥∥∥
∫ t2

t1

Dre
−rA(0)[A(0)v0 − f(0)] dr

∥∥∥∥

=
∥∥∥∥
∫ t2

t1

A(0)e−rA(0)[A(0)v0 − f(0)] dr

∥∥∥∥

≤ C

∫ t2

t1

rγ−1‖A(0)v0 − f(0)‖(D0,X)β−γ,p
dr

≤ C(t2 − t1)γ‖A(0)v0 − f(0)‖(D0,X)β−γ,p
, 0 < t1 < t2 ≤ T.

With the aid of the inequality

‖e−t2A(0) − e−t1A(0)‖ =
∥∥∥∥
∫ t2

t1

Dre
−rA(0)dr

∥∥∥∥ ≤ C

∫ t2

t1

rβ−2dr = C
tβ−1
1 − tβ−1

2

1− β

=
C

1− β
tβ−1
1

[
1−

( t1
t2

)1−β]
≤ C

1− β
tβ−1
1

(
1− t1

t2

)
=

C

1− β
tβ−1
1

t2 − t1
t2

we get

‖e−t2A(0)[f(t2)− f(0)]− e−t1A(0)[f(t1)− f(0)]‖
= ‖e−t2A(0)[f(t2)− f(t1)] + [e−t2A(0) − e−t1A(0)][f(t1)− f(0)]‖

≤ C(T0)|f |Cρ([0,T ];X)

[
tβ−1
2 (t2 − t1)ρ + tβ−1

1

t2 − t1
t2

tρ1

]

≤ C(T0)|f |Cρ([0,T ];X)

[( t2 − t1
t2

)1−β

(t2 − t1)ρ−1+β + tρ+β−1
1

( t2 − t1
t2

)ρ−1+β]

= C(T0)|f |Cρ([0,T ];X)

[( t2 − t1
t2

)1−β

+
( t1

t2

)ρ+β−1]
(t2 − t1)ρ−1+β

≤ C(T0)(t2 − t1)ρ−1+β |f |Cρ([0,T ];X).

Since ρ > 1− β + γ, we have shown that

|v2|Cγ([0,T ];X) ≤ C(T0)[‖A(0)v0 − f(0)‖(D0,X)β−γ,p
+ T ρ−1+β−γ |f |Cρ([0,T ];X)].

We now estimate v3. From the formula (cf. (2.42))

v3(t) = −DtW (t, 0)v0 = A(t)W (t, 0)v0 + Φ1(t, 0)v0

it follows

‖v3(t2)− v3(t1)‖
= ‖A(t2)W (t2, 0)v0 −A(t1)W (t1, 0)v0 − Φ1(t2, 0)v0 + Φ1(t1, 0)v0‖ .
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With the aid of the following inequalities, where γ ∈ (0, 2β − 1),

‖ [A(t2)W (t2, s)−A(t1)W (t1, s)] v0‖ ≤ C(t2 − t1)γ(t2 − s)2β−1−γ‖v0‖D0 ,

‖[Φ1(t2, s)− Φ1(t1, s)]v0‖ ≤ C(t2 − t1)γ(t2 − s)β−γ‖v0‖D0

(cf. Lemma 5.1 and Lemma 2.2, with ρ = 1 and ν = γ), we easily obtain the
estimate

|v3|Cγ([0,T ];X) ≤ C‖v0‖D0(T
2β−1−γ + T β−γ)

proving the continuity of v3 in [0, T ]. To deduce the estimate for v3 in C([0, T ], X)
it is enough to use the previous representation for v3 and estimate (2.35). We
get

‖v3‖C([0,T ];X) ≤ C‖v0‖D0T
ρ−2β−2.

We now estimate v4. In view of (2.17) with τ = t, s = 0, ρ = 1 one has

‖e−tA(t) − e−tA(0)‖ ≤ Ct2β−1.

Hence
‖v4(t)‖ ≤ Ct2β−1‖f(t)‖,

which implies
‖v4‖C([0,T ];X) ≤ T 2β−1‖f‖C([0,T ];X).

Consider next the relations

(e−t2A(t2) − e−t2A(0))− (e−t1A(t1) − e−t1A(0))

=
1

2πi

∫

Γ

et2λ{(λ + A(t2))−1 − (λ + A(0))−1}dλ

− 1
2πi

∫

Γ

et1λ{(λ + A(t1))−1 − (λ + A(0))−1}dλ

=
1

2πi

∫

Γ

et2λ{(λ + A(t2))−1 − (λ + A(t1))−1}dλ

+
1

2πi

∫

Γ

(et2λ − et1λ){(λ + A(t1))−1 − (λ + A(0))−1}dλ.

∥∥∥∥
1

2πi

∫

Γ

et2λ{(λ + A(t2))−1 − (λ + A(t1))−1}dλ

∥∥∥∥

≤ C

∫

Γ

et2Reλ|λ|−β(t2 − t1)|λ|1−β |dλ| = C(t2 − t1)
∫

Γ

et2Reλ|λ|1−2β |dλ|

≤ C(t2 − t1)t22β−2 = C
t2 − t1

t2
t2

2β−1 ≤ C

(
t2 − t1

t2

)γ

t2
2β−1

= Ct2β−1−γ
2 (t2 − t1)γ .
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∥∥∥∥

1
2πi

∫

Γ

(et2λ − et1λ){(λ + A(t1))−1 − (λ + A(0))−1}dλ

∥∥∥∥

=
∥∥∥∥

1
2πi

∫

Γ

∫ t2

t1

λerλdr{(λ + A(t1))−1 − (λ + A(0))−1}dλ

∥∥∥∥

=
∥∥∥∥

1
2πi

∫ t2

t1

∫

Γ

λerλ{(λ + A(t1))−1 − (λ + A(0))−1}dλdr

∥∥∥∥

≤ C

∫ t2

t1

∫

Γ

|λ|erReλ|λ|−βt1|λ|1−β |dλ|dr = Ct1

∫ t2

t1

∫

Γ

erReλ|λ|2−2β |dλ|dr

≤ Ct1

∫ t2

t1

r2β−3dr ≤ Ct1t2
2β−1

∫ t2

t1

r−2dr = Ct1t2
2β−1 t2 − t1

t2t1

= Ct2
2β−1 t2 − t1

t2
≤ Ct2

2β−1

(
t2 − t1

t2

)γ

= Ct2
2β−1−γ(t2 − t1)γ .

Hence

‖[e−t2A(t2) − e−t2A(0)]− [e−t1A(t1) − e−t1A(0)]‖ ≤ Ct2β−1−γ
2 (t2 − t1)γ .

With the aid of this inequality one concludes

‖v4(t2)− v4(t1)‖
≤ ‖{(e−t2A(t2) − e−t2A(0))− (e−t1A(t1) − e−t1A(0))}f(t2)‖

+ ‖(e−t1A(t1) − e−t1A(0))(f(t2)− f(t1))‖
≤ Ct2

2β−1−γ(t2 − t1)γ‖f(t2)‖+ Ct2β−1
1 (t2 − t1)ρ|f |Cρ([0,T ];X).

We have thus shown the estimate

|v4|Cγ([0,T ];X) ≤ C(T0)(T 2β−1−γ + T 2β−1−γ+ρ)‖f‖Cρ([0,T ];X).

We now estimate v5. Observe that

v5(t) =
∫ t

0

A(s)e−(t−s)A(s)[f(s)− f(t)]ds = Q2f(t).

Then from Lemma 5.2 we deduce

‖v5‖Cγ([0,T ];X) ≤ C(t2 − t1)γT ρ+β−1−γ |f |Cρ([0,T ];X).

We now estimate v6. From the identity

v6(t) = −
∫ t

0

G(t, s)[f(t)− f(0)]ds−
∫ t

0

G(t, s)f(0)ds

= Q3(f − f(0))(t)−
∫ t

0

G(t, s)f(0)ds
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it follows

‖v6(t2)− v6(t1)‖ ≤ ‖Q3(f − f(0))(t2)−Q3(f − f(0))(t1)‖

+
∥∥∥∥
∫ t2

0

G(t2, s)f(0)ds−
∫ t1

0

G(t1, s)f(0)ds

∥∥∥∥ .

Then since 0 < γ < min{2β − 1, ρ}, Lemma 5.3 yields

‖Q3(f − f(0))(t2)−Q3(f − f(0))(t1)‖
≤ C(T0)(t2 − t1)γT ρ+2β−1−γ |f |Cρ([0,T ];X).

On the other hand, from (2.16), with ρ = 1, and (5.21), with ε = γ, since
0 < γ < 2β − 1, we deduce

‖v6(t)‖ ≤ C‖f‖C([0,T ];X)

∫ t

0

(t− s)2β−2ds = C‖f‖C([0,T ];X)
t2β−1

2β − 1
,

∥∥∥∥
∫ t2

0

G(t2, s)f(0)ds−
∫ t1

0

G(t1, s)f(0)ds

∥∥∥∥

=
∥∥∥∥
∫ t2

t1

G(t2, s)f(0)ds +
∫ t1

0

(G(t2, s)−G(t1, s))f(0)ds

∥∥∥∥

≤ C‖f(0)‖
{ ∫ t2

t1

(t2 − s)2β−2ds + (t2 − t1)γ

∫ t1

0

(t1 − s)2β−γ−2ds
}

= C‖f(0)‖
{ (t2 − t1)2β−1

2β − 1
+ (t2 − t1)γ t2β−γ−1

1

2β − γ − 1

}

≤ C‖f(0)‖(t2 − t1)γT 2β−γ−1.

Therefore

‖v6‖C([0,T ];X) ≤ C(T0)‖f‖C([0,T ];X)T
2β−1,

|v6|Cγ([0,T ];X) ≤ C(T0)(T ρ+2β−1−γ + T 2β−γ−1)[‖f(0)‖+ |f |Cρ([0,T ];X)].

Finally, we estimate v7. Since

DtW (t, s) + A(t)W (t, s) = −Φ1(t, s)

(cf. (2.42)), we get

v7(t) =
∫ t

0

A(t)W (t, s)f(s)ds +
∫ t

0

Φ1(t, s)f(s)ds.
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From the inequalities (2.40) with ρ = 1 and (5.7) it follows
∥∥∥∥
∫ t2

0

A(t2)W (t2, s)f(s)ds−
∫ t1

0

A(t1)W (t1, s)f(s)ds

∥∥∥∥

=
∥∥∥∥
∫ t2

t1

A(t2)W (t2, s)f(s)ds +
∫ t1

0

[A(t2)W (t2, s)−A(t1)W (t1, s)]f(s)ds

∥∥∥∥

≤ C‖f‖C([0,T ];X)

{ ∫ t2

t1

(t2 − s)2β−2ds + (t2 − t1)γ

∫ t1

0

(t1 − s)2β−2−γds
}

= C‖f‖C([0,T ];X)

{ (t2 − t1)2β−1

2β − 1
+ (t2 − t1)γ t2β−1−γ

1

2β − 1− γ

}
,

and from (2.11) and (2.46), with ρ = 1 and ν = γ, we get
∥∥∥∥
∫ t2

0

Φ1(t2, s)f(s)ds−
∫ t1

0

Φ1(t1, s)f(s)ds

∥∥∥∥

=
∥∥∥∥
∫ t2

t1

Φ1(t2, s)f(s)ds +
∫ t1

0

[Φ1(t2, s)− Φ1(t1, s)]f(s)ds

∥∥∥∥

≤ C‖f‖C([0,T ];X)

{ ∫ t2

t1

(t2 − s)β−1ds +
∫ t1

0

(t2 − t1)γ(t1 − s)β−1−γds
}

= C‖f‖C([0,T ];X)

{ (t2 − t1)β

β
+ (t2 − t1)γ tβ−γ

1

β − γ

}
.

Therefore

|v7|Cγ([0,T ];X) ≤ C(T 2β−1−γ + T β−γ)‖f‖C([0,T ];X).

Likewise, from (2.11) and (2.40), both with ρ = 1, we get

‖v7‖C([0,T ];X) ≤ C(T 2β−1 + T β)‖f‖C([0,T ];X).

Summing up, we have proved that A(·)v ∈ Cγ([0, T0];X) and can be esti-
mated by the right-hand side in (5.1). Likewise, owing to formula (5.9) we can
show that v′ ∈ Cγ([0, T0];X) and can be estimated by the right-hand side in
(5.2).

We conclude the proof by observing that the estimate of v in C([0, T0]; X)
was proved in Theorem 3.2 (cf. estimate (3.27)).

Proof of Lemma 5.1. From the definition (5.24) of operator Q2 and estimate
(2.8) we easily deduce the inequality

‖Q2f(t)‖ ≤ C‖f‖Cρ([0,T ];X)

∫ t

0

(t− s)ρ+β−2 ds

≤ CT ρ+β−1‖f‖Cρ([0,T ];X). (5.11)
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To estimate the increments of Q2f we need the following identities

Q2f(t2)−Q2f(t1) =
∫ t2

t1

A(s)e−(t2−s)A(s)[f(s)− f(t2)] ds

+
∫ t1

0

[A(s)e−(t2−s)A(s) −A(s)e−(t1−s)A(s)][f(s)− f(t1)] ds

+
∫ t1

0

A(s)e−(t2−s)A(s)[f(t1)− f(t2)] ds =:
3∑

j=1

Q2,j(t1, t2). (5.12)

Observe now that
t2 − t1
t2 − s

(t1 − s)ρ+β−2 ≤ (t2 − t1)γ(t1 − s)ρ+β−2−γ , 0≤ s < t1 < t2≤ T. (5.13)

The assertion now follows from (2.17), with (τ, t) = (t1, t2), (5.13) and the
inequality γ ∈ (0, ρ + β − 1). Indeed, we get

‖Q2,1(t1, t2)‖ ≤ C‖f‖Cρ([0,T ];X)

∫ t2

t1

(t2 − s)γ(t2 − s)ρ+β−2−γ ds

≤ C(t2 − t1)γ‖f‖Cρ([0,T ];X)

∫ t2

0

(t2 − s)ρ+β−2−γ ds

≤ C(t2 − t1)γT ρ+β−1−γ‖f‖Cρ([0,T ];X), (5.14)

‖Q2,2(t1, t2)‖ ≤ C‖f‖Cρ([0,T ];X)(t2 − t1)γ

∫ t1

0

(t1 − s)ρ+β−2−γ ds

≤ C(t2 − t1)γT ρ+β−1−γ‖f‖Cρ([0,T ];X), (5.15)

‖Q2,3(t1, t2)‖ ≤ (t2 − t1)γ‖f‖Cρ([0,T ];X)

∫ t1

0

(t2 − s)β−2(t2 − t1)ρ−γ ds

≤ (t2 − t1)γ‖f‖Cρ([0,T ];X)

∫ t1

0

(t2 − s)ρ+β−2−γ ds

≤ (t2 − t1)γT ρ+β−1−γ‖f‖Cρ([0,T ];X). (5.16)

Proof of Lemma 5.2. Let 0 ≤ s < t ≤ T . From (2.14) we easily deduce the
formula

DtG(t, s) = Dt[A(t)e−(t−s)A(t) −A(s)e−(t−s)A(s)]

=
1

2πi

∫

Γ

λ2eλ(t−s)
(
(λ + A(t))−1 − (λ + A(s))−1

)
dλ

+
1

2πi

∫

Γ

λeλ(t−s)
(
(λ + A(t))−1A′(t)A(t)−1A(t)(λ + A(t))−1

)
dλ. (5.17)
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Consider now the identity

A′(t)A(t)−1 = L′(t)L(t)−1 − L(t)[M1(t)−1M ′
1(t)]L(t)−1 (5.18)

and note that, according to assumptions H1 and H4,

‖A′(t)A(t)−1‖ ≤ C(T0), t ∈ [0, T0]. (5.19)

Then from (5.17), (5.19) and (2.15), with ρ = 1, we deduce the estimates

‖DtG(t, s)‖ = ‖Dt[A(t)e−(t−s)A(t) −A(s)e−(t−s)A(s)]‖

≤ C(T0)(t− s)
∫

Γ

|λ|3−2βe(t−s)Re λ |dλ|+ C(T0)
∫

Γ

|λ|2−2βe(t−s)Re λ |dλ|

≤ C(T0)(t− s)2β−3. (5.20)

Whence, for any ε ∈ R+, we easily deduce the estimates

‖G(t2, s)−G(t1, s)‖ ≤
∫ t2

t1

‖DtG(t, s)‖ dt ≤ C(T0)
∫ t2

t1

(t− s)2β−3 dt

≤ C(T0)(t1 − s)2β−ε−2

∫ t2

t1

(t− s)ε−1 dt

= C(T0)(t1 − s)2β−ε−2(t2 − t1)ε. (5.21)

Moreover, since β ∈ (1/2, 1) and γ ∈ (0,min{2β − 1, ρ}) (cf. H7), we get

∥∥∥∥
∫ t2

t1

G(t2, s)f(t2)ds

∥∥∥∥ ≤ C(T0)
∫ t2

t1

(t2 − s)2β−2‖f(t2)‖ ds

= C(T0)
(t2 − t1)2β−1

2β − 1
‖f(t2)− f(0)‖ ≤ C(T0)

(t2 − t1)2β−1

2β − 1
tρ2|f |Cρ([0,T ];X)

= C(T0)
(t2 − t1)γ(t2 − t1)2β−1−γ

2β − 1
tρ2|f |Cρ([0,T ];X)

≤ C(T0)(t2 − t1)γT ρ+2β−1−γ |f |Cρ([0,T ];X),
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∥∥∥∥
∫ t1

0

[G(t2, s)−G(t1, s)]f(t1)ds

∥∥∥∥

≤ C(T0)
∫ t1

0

(t2 − t1)γ(t1 − s)2β−2−γds ‖f(t1)− f(0)‖

≤ C(T0)(t2 − t1)γ t2β−1−γ
1

2β − 1− γ
tρ1|f |Cρ([0,T ];X)

≤ C(T0)(t2 − t1)γT ρ+2β−1−γ |f |Cρ([0,T ];X), (5.22)
∥∥∥∥
∫ t1

0

G(t2, s)[f(t2)− f(t1)]ds

∥∥∥∥ ≤ C(T0)
∫ t1

0

(t2 − s)2β−2ds (t2 − t1)ρ|f |Cρ([0,T ];X)

≤ C(T0)
t2β−1
2

2β − 1
(t2 − t1)γ(t2 − t1)ρ−γ |f |Cρ([0,T ];X)

≤ C(T0)(t2 − t1)γT ρ+2β−1−γ |f |Cρ([0,T ];X). (5.23)

Finally, the assertion of the lemma easily follows from (5.22)-(5.23) and the
inequalities

‖Q3f(t)‖ ≤
∫ t

0

‖G(t, s)‖ ds ‖f(t)‖ ≤ C(T0)‖f(t)− f(0)‖
∫ t

0

(t− s)2β−2 ds

≤ C(T0)
t2β−1

2β − 1
tρ|f |Cρ([0,T ];X) ≤ C(T0)T ρ+2β−1|f |Cρ([0,T ];X),

‖Q3f(t2)−Q3f(t1)‖ ≤
∫ t2

t1

‖G(t2, s)‖ ds ‖f(t2)‖

+
∫ t1

0

‖G(t2, s)−G(t1, s)‖ ds ‖f(t1)‖+
∫ t1

0

‖G(t2, s)‖ ds ‖f(t2)− f(t1)‖

≤ C(T0)(t2 − t1)γT ρ+2β−1−γ |f |Cρ([0,T ];X), t ∈ [0, T ].

Proof of Lemma 5.3. Recalling that W (t, s) is defined by (2.28), we can
show analogously to (2.38) that function A(t)W (t, s) is represented by the
following formula, where 0 < s < t < T :

A(t)W (t, s) =
∫ t

s

Φ1(t, τ)Φ(τ, s)dτ +
∫ t

s

A(τ)e−(t−τ)A(τ)[Φ(τ, s)− Φ(t, s)] dτ

−
∫ t

s

G(t, τ) dτ Φ(t, s) + [I − e−(t−s)A(t)]Φ(t, s) =:
4∑

j=1

Wj(t, s). (5.24)
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Taking Lemma 3.1 and the definitions of operators Wj , j = 1, . . . , 4, into
account, we easily derive the identities

W1(t2, s)−W1(t1, s)

=
∫ t2

t1

Φ1(t2, τ)Φ(τ, s)dτ +
∫ t1

s

[Φ1(t2, τ)− Φ1(t1, τ)]Φ(τ, s)dτ,

W2(t2, s)−W2(t1, s) =
∫ t2

t1

A(τ)e−(t2−τ)A(τ)[Φ(τ, s)− Φ(t2, s)] dτ

+
∫ t1

s

A(τ)e−(t2−τ)A(τ)[Φ(t1, s)− Φ(t2, s)] dτ

+
∫ t1

s

[
A(τ)e−(t1−τ)A(τ) −A(τ)e−(t2−τ)A(τ)

]
[Φ(t1, s)− Φ(τ, s)] dτ, (5.25)

W3(t2, s)−W3(t1, s) =
∫ t2

t1

G(t2, τ) dτ Φ(t2, s)

+
∫ t1

s

[G(t2, τ)−G(t1, τ)] dτ Φ(t2, s)

+
∫ t1

s

G(t1, τ) dτ
[
Φ(t2, s)− Φ(t1, s)

]
, (5.26)

W4(t2, s)−W4(t1, s) = [e−(t1−s)A(t1) − e−(t2−s)A(t2)]Φ(t1, s)

+[I − e−(t2−s)A(t2)]
[
Φ(t2, s)− Φ(t1, s)

]
. (5.27)

From (5.25)-(5.27) and (2.11), (2.12), (2.46), (2.21), (2.18), (2.16), (5.21) and
the inequalities

‖e−(t2−s)A(t2) − e−(t1−s)A(t1)‖ ≤
∫ t2

t1

‖Dte
−(t−s)A(t)‖ dt

≤ C(T0)
∫ t2

t1

(t− s)β−2 dt ≤ C(T0)(t1 − s)β−1−γ

∫ t2

t1

(t− s)γ−1 dt

≤ C(T0)(t1 − s)β−1−γ(t2 − t1)γ , (5.28)

we easily derive the following estimates, where β ∈ (1/2, 1), γ ∈ (0, 2β − 1),
ν ∈ (1− β + γ, β):
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‖W1(t2, s)−W1(t1, s)‖ ≤ C(T0)
∫ t2

t1

(t2 − τ)γ(t2 − τ)β−1−γ(τ − s)β−1 dτ

+C(T0)(t2 − t1)γ

∫ t1

s

(t1 − τ)β−1−γ(τ − s)β−1dτ

≤ C(T0)(t2 − t1)γ
2∑

j=1

∫ tj

s

(tj − τ)β−1−γ(τ − s)β−1 dτ

= C(T0)(t2 − t1)γ
2∑

j=1

(tj − s)2β−1−γ ≤ C(T0)(t2 − t1)γ(t2 − s)2β−1−γ , (5.29)

‖W2(t2, s)−W2(t1, s)‖ ≤ C(T0)
{ ∫ t2

t1

(t2 − τ)β−2+ν(τ − s)β−1−ν dτ

+(t2 − t1)γ(t1 − s)β−1−ν

∫ t1

s

(t2 − τ)β−2(t2 − t1)ν−γ dτ

+(t2 − t1)γ

∫ t1

s

(t1 − τ)β−2−γ(t1 − τ)ν(τ − s)β−1−ν dτ
}

≤ C(T0)(t2 − t1)γ
{ ∫ t2

t1

(t2 − τ)β−2+ν−γ(τ − s)β−1−ν dτ

+ (t1 − s)β−1−ν

∫ t1

s

(t2 − τ)β−2−γ+ν dτ

+
∫ t1

s

(t1 − τ)β−2−γ+ν(τ − s)β−1−ν dτ
}
≤ C(T0)(t2 − t1)γ

{
(t2 − s)2β−2−γ

+ (t1 − s)β−1−ν

∫ t1

s

(t1 − τ)β−2−γ+ν dτ + (t1 − s)2β−2−γ
}

≤ C(T0)(t2 − t1)γ(t1 − s)2β−2−γ , (5.30)

‖W3(t2, s)−W3(t1, s)‖ ≤ C(T0)
{

(t2 − s)β−1

∫ t2

t1

(t2 − τ)γ(t2 − τ)2β−2−γ dτ

+ (t2 − t1)γ
[
(t2 − s)β−1

∫ t1

s

(t1 − τ)2β−γ−2 dτ

+ (t1 − s)β−1−γ

∫ t1

s

(t1 − τ)2β−2 dτ
]}

≤ C(T0)(t2 − t1)γ
{

(t2 − s)β−1

∫ t2

s

(t2 − τ)2β−2−γ dτ

+ (t1 − s)2β−γ−1(t2 − s)β−1 + (t1 − s)2β−1(t1 − s)β−1−γ
}
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≤ C(T0)(t2 − t1)γ
2∑

j=1

(tj − s)3β−2−γ ≤ C(T0)(t2 − t1)γ(t1 − s)3β−2−γ , (5.31)

‖W4(t2, s)−W4(t1, s)‖ ≤ C(t2 − t1)γ(t1 − s)2β−2−γ . (5.32)

From identities (5.24), (5.25)–(5.27) and estimates (5.29)–(5.32) we easily
derive (5.7). The inequality (5.8) can be shown analogously using (2.22) and
(2.23) instead of (2.12) and (2.21).

6 An equivalent identification problem
and proof of Theorem 1.1

Throughout this section we will use the estimates from Section 2 with ρ = 1.
To find an identification problem equivalent to (1.6)–(1.9) first we consider
the equation

g′′(t) = Ψ[Dt(m(t)w(t))] + Ψ
[
D2

t m(t)
(
u0 +

∫ t

0

w(s) ds
)]

+Ψ[Dtm(t)w(t)], t ∈ [0, T ]. (6.1)

Assume that

χ−1 := Ψ[B(0)u0] 6= 0, (6.2)

Applying functional Ψ to both sides in (1.6) we derive the following equation
for k:

k(t) = χ{Ψ[Dtf(t)]− g′′(t)}+ χΨ
[
D2

t m(t)
(
u0 +

∫ t

0

w(s) ds
)]

+χΨ[(Dtm(t)− L(t))w(t)]− χΨ
[
L′(t)

(
u0 +

∫ t

0

w(s) ds
)
(x)

]

−χ

∫ t

0

k(t− s)Ψ[B(s)w(s)] ds

−χ

∫ t

0

k(t− s)Ψ
[
B′(s)

(
u0 +

∫ s

0

w(r) dr
)
ds

]
. (6.3)

Introduce the new unknown

z(t) = L(t)w(t) ⇐⇒ w(t) = L(t)−1z(t), 0 ≤ t ≤ T, (6.4)

Then, according to the Theorem 3.2, we easily deduce that the initial and
boundary value problem (1.6)–(1.8) is equivalent to the following operator
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equation:

z(t) = A(t)M(t)w(t)

= z0(t)−Q[L1z + L2k + B2(z, k)](t)− L3k(t),

= z0(t) + N1(z, k)(t), t ∈ (0, T ). (6.5)

Here we have set

z0(t) = A(t)
{

U(t, 0)w0 +
∫ t

0

U(t, s)[f ′(s)− L′(s)u0] ds
}

, (6.6)

Qf(t) = A(t)
∫ t

0

U(t, s)f(s) ds (6.7)

L1z(t) =
∫ t

0

L′(t)L(s)−1z(s) ds, (6.8)

L2k(t) =
∫ t

0

k(t− s)B′(s)u0 ds, (6.9)

L3(k)(t) =
∫ t

0

k(s)A(t)U(t, s)B(0)u0 ds, (6.10)

B2(z, k)(t) =
∫ t

0

k(t− s)
(
B(s)L(s)−1z(s) + B′(s)

∫ s

0

L(r)−1z(r) dr
)
ds. (6.11)

After some simple computations, from system (6.3), (6.5) we derive the
following equation for k:

k(t) = k0(t) + N2(z, k)(t), t ∈ [0, T ], (6.12)

where we have set

k0(t) = χ{Ψ[Dtf(t)]− g′′(t)}+ χΨ[D2
t m(t)u0]

+χΨ[(Dtm(t)L(t)−1 − 1)z0(t)]− χΨ[L′(t)u0], (6.13)

N2(z, k)(t) = χΨ[L4z(t)] + χΨ[(Dtm(t)L(t)−1 − 1)N1(z, k)(t)]

−χΨ[L1z(t)]− χΨ[L2k(t)]− χΨ[B2(z, k)(t)], t ∈ [0, T ],(6.14)

and

L4z(t) = D2
t m(t)

∫ t

0

L(s)−1z(s) ds. (6.15)

Observe that system (6.5), (6.12) is equivalent to system (6.3), (6.5) via (6.4).
Our main task consists in showing that the fixed point-system (6.5), (6.12)

is solvable in Cγ([0, T ]; X) ×Cγ([0, T ];R) for some γ satisfying H7.
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To estimate N1 it is convenient to estimate in Cγ([0, τ ];X), τ ∈ (0, T ] first
the linear operator Q. From Theorem 5.1, with u0 = f(0) = 0, we easily
deduce the estimate

‖Qf‖Cγ([0,T ];X) ≤ C(T0)T ρ+β−1−γ‖f‖Cρ([0,T ];X). (6.16)

REMARK 6.1 We stress that applying operator Q causes a loss in regu-
larity of order ρ − γ, at most. Therefore our basic task consists in restoring
regularity.

In order to estimate the nonlinear operator N1 (cf. (6.5)) we need the fol-
lowing lemmata 6.1-6.5. The proofs of the first three will be postponed to the
end of this Section.

LEMMA 6.1 The linear operator L1 and L4 defined by (6.8) and (6.15)
map C([0, T ];X) into Cρ([0, T ];X) and Cγ([0, T ];X), respectively, and satisfy
the estimates

‖L1z‖Cρ([0,T ];X) ≤ C(T0)T 1−ρ‖z‖C([0,T ];X), (6.17)

‖L4z‖Cγ([0,T ];X) ≤ C(T0)T 1−γ‖z‖C([0,T ];X). (6.18)

LEMMA 6.2 Operators B2 and L2 defined by (6.11) and (6.9) map
Cρ−γ([0, T ];X)×Cγ([0, T ];R) and Cγ([0, T ];X), respectively, into Cρ([0, T ];
X) and satisfy the following estimates for any T ∈ (0, T0]:

‖B2(z, k)‖Cρ([0,T ];X) ≤ C(T0)T (1−γ)(1+γ−ρ)‖z‖Cρ−γ([0,T ];X)‖k‖Cγ([0,T ];R),

‖L2k‖Cρ([0,T ];X) ≤ C(T0)T (1−γ)(1+γ−ρ)‖k‖Cγ([0,T ];R).

LEMMA 6.3 Under assumption H9 the linear operator

L3k(t) =
∫ t

0

k(s)A(t)U(t, s)B(0)u0 ds (6.19)

maps C([0, T ];R) into Cγ([0, T ]; X) and satisfies the following estimates:

‖L3k‖Cγ([0,T ];X) ≤ C(T0)T β−θ−γ‖k‖C([0,T ];R)‖B(0)u0‖(D0,X)θ,p
, (6.20)

D0 and (D0, X)θ,p being defined by (1.10) and (1.14), respectively.

Finally, our last lemma ensures that functions z0 and k0 defined by (6.6)
and (6.13), respectively, belong to Cγ([0, T ]; X).

LEMMA 6.4 Let assumptions H1–H9 hold and let w0 = L(0)u0 − f(0) ∈
D0, A(0)w0 − f ′(0) + L′(0)u0 ∈ (D0, X)β−γ,p. Then z0 ∈ Cγ([0, T ];X) and
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satisfies the estimate

‖z0‖Cγ([0,T ];X) ≤ C(T0)
[‖w0‖D0 + ‖A(0)w0 + L′(0)u0 − f ′(0)‖(D0,X)β−γ,p

+T ρ+β−1−γ‖f ′ − L′u0‖Cρ([0,T ];R)

]
.

LEMMA 6.5 Under assumptions H1–H9 function k0 defined by formula
(6.13) actually belongs to Cγ([0, T ]; X) and satisfies the estimate

‖k0‖Cγ([0,T ];R) ≤ C(T0)
[‖u0‖+ ‖w0‖D0

+‖A(0)w0 + L′(0)u0 − f ′(0)‖(D0,X)β−γ,p
+ ‖g′′‖Cρ([0,T ];R)

+T ρ+β−1−γ‖f ′ − L′u0‖Cρ([0,T ];X) + T ρ−γ‖f ′‖Cρ([0,T ];X)

]
.

Proof of Lemma 6.4. It immediately follows from Theorem 5.1. replacing
(f, v0) with (f ′ − L′u0, L(0)u0 − f(0)).

Proof of Lemma 6.5. It immediately follows from formula (6.13) and Lemma
6.4.

Proof of Theorem 1.1. First we estimate in Cγ([0, T ];X) and Cγ([0, T ];R),
respectively, the nonlinear operators N1 and N2 defined in (6.5) and (6.14)
and their increments with respect to (z, k) ∈ Cρ−γ([0, T ];X) × Cγ([0, T ];R)
(recall that γ < ρ owing to H7).

Set now

X1 = X, X2 = R. (6.21)

From definitions (6.5), (6.14), assumption H7, implying ρ − γ ≤ γ, from
Theorem 5.1, with f(0) = u0 = 0, and from Lemmata 6.1, 6.2 we easily
deduce the following estimates:

‖QL1z‖Cγ([0,T ];X) ≤ C(T0)T ρ+β−1−γ‖L1z‖Cρ([0,T ];X)

≤ C(T0)T β−γ‖z‖C([0,T ];X),

‖QB2(z, k)‖Cγ([0,T ];X) ≤ C(T0)T ρ+β−1−γ‖B2(z, k)‖Cρ([0,T ];X)

≤ C(T0)T ρ+β−1−γ+(1−γ)(1+γ−ρ)‖z‖Cρ−γ([0,T ];X)‖k‖Cγ([0,T ];R)

≤ C(T0)T β−γ‖z‖Cγ([0,T ];X)‖k‖Cγ([0,T ];R),

since ρ + β − 1− γ + (1− γ)(1 + γ − ρ) > β − γ.
Analogously

‖QL2k‖Cγ([0,T ];X) ≤ C(T0)T ρ+β−1−γ‖L2k‖Cρ([0,T ];X)

≤ C(T0)T ρ+β−1−γ+(1−γ)(1+γ−ρ)‖k‖Cγ([0,T ];R) ≤ C(T0)T β−γ‖k‖Cγ([0,T ];R).
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In conclusion, if γ ∈ (0,min {2β − 1, ρ + β − 1}) and θ ∈ (0, β − γ), we get

‖N1(z, k)‖Cγ([0,T ];X) ≤ C(T0)‖k‖C([0,T ];R)T
β−θ−γ‖B(0)u0‖(D0;X)θ,p

+C(T0)T β−γ‖k‖Cγ([0,T ];R) + C(T0)T β−γ‖z‖C([0,T ];X)

+C(T0)T β−γ‖z‖Cγ([0,T ];X)‖k‖Cγ([0,T ];R) ≤ C(T0)T β−θ−γ

×{‖z‖C([0,T ];X) + ‖k‖Cγ([0,T ];R) + ‖z‖Cγ([0,T ];X)‖k‖Cγ([0,T ];R)

}
. (6.22)

To estimate N2 take first the following estimate into account:

‖DtmL−1N1(z, k)‖Cγ([0,T ];X) ≤ C(T0)‖N1(z, k)‖Cγ([0,T ];X), (6.23)

‖L1z‖Cγ([0,T ];X) ≤ C(T0)T 1−γ‖z‖C([0,T ];X), (6.24)

‖B2(z, k)‖Cγ([0,T ];X) ≤ C(T0)T 1−γ‖k‖Cγ([0,T ];R)‖z‖C([0,T ];X). (6.25)

From (6.29), (6.23) and Lemmata 5.7, 5.8 we easily deduce the following
estimates for N2, if γ ∈ (0, min {2β − 1, ρ + β − 1}) and θ ∈ (0, β − γ):

‖N2(z, k)‖Cγ([0,T ];X) ≤ C(T0)
{‖L4z‖Cγ([0,T ];X)

+ ‖Dtm · L−1N1(z, k)‖Cγ([0,T ];X) + ‖N1(z, k)‖Cγ([0,T ];X)

+ ‖L1z‖Cγ([0,T ];X) + ‖L2k‖Cγ([0,T ];X) + ‖B2(z, k)‖Cγ([0,T ];X)

}

≤ C(T0)T β−θ−γ
{‖z‖C([0,T ];X) + ‖k‖Cγ([0,T ])

+ ‖z‖Cγ([0,T ];X)‖k‖Cγ([0,T ];X)

}
. (6.26)

Then from definitions (6.5) and (6.7) we deduce the following identities
that hold for any t ∈ [0, T ] and any pair (z1, k1), (z2, k2) ∈ Cρ−γ([0, T ];X)×
Cγ([0, T ];R):

N1(z2, k2)(t)−N1(z1, k1)(t) = −L3(k2 − k1)(t)−QL2(k2 − k1)(t)

−QL1(z2 − z1)(t)−QB2(z2 − z1, k2)(t)−QB2(z1, k2 − k1)(t), (6.27)

N2(z2, k2)(t)−N2(z1, k1)(t) = χΨ[L4(z2 − z1)(t)]

+ χΨ[(Dtm(t)L(t)−1 − 1)(N1(z2, k2)−N1(z1, k1))(t)]

− χΨ[L1(z2 − z1)(t)]− χΨ[L2(k2 − k1)(t)]

− χΨ[B2(z2 − z1, k2)(t)]− χΨ[B2(z1, k2 − k1)(t)]. (6.28)

Hence, from (6.27), (6.28), (6.29), (6.30) we easily obtain the following esti-
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mates, where j = 0, 1:

‖Nj(z2, k2)−Nj(z1, k1)‖Cγ([0,T ];Xj)

≤ T β−γ−θC(T0)
(‖z2 − z1‖C([0,T ];X) + ‖k2 − k1‖Cγ([0,T ];R) + ‖k2‖Cγ([0,T ];R)

× ‖z2 − z1‖Cγ([0,T ];X) + ‖z1‖Cγ([0,T ];X)‖k2 − k1‖Cγ([0,T ];R)

)
. (6.29)

To solve the fixed-point system (6.13) and (6.14) let us now introduce the
following Banach space

Y = Cγ([0, T ]; X)× Cγ([0, T ];R) (6.30)

endowed with the norm

‖(z, k)‖Y = ‖z‖Cγ([0,T ];X) + ‖k‖Cγ([0,T ];R). (6.31)

Then, according to (6.29), the vector operator N = (N1, N2) maps Y into
itself.

Let us now introduce the family of closed balls

E(r) = {(z, k) ∈ Y : ‖(z, k)‖Y ≤ r}, ∀r ∈ (r0, +∞), (6.32)

where

‖(z0, k0)‖Y ≤ r0, z0(t) = A(t)w̃(t), t ∈ [0, T ]. (6.33)

From (6.29), (6.29), (6.32) and (6.33) we easily deduce the estimates

‖N(z, k)‖Y ≤ T β−γ−θC(T )(r + r2) (6.34)

‖N(z2, k2)−N(z1, k1)‖Y

≤ T β−γ−θC(T0)(1 + r)
(‖z2 − z1‖Cγ([0,T ];X) + ‖k2 − k1‖Cγ([0,T ];R)

)
, (6.35)

From (6.34) and (6.35) we deduce that operator Ñ(z, k) = (z0, k0)+N(z, k) is
a contraction mapping from E(r) into itself whenever the pair (T, r) satisfies
the system of inequalities

{
r0 + T β−γ−θC(T0)(r + r2) ≤ r,

T β−γ−θC(T0)(1 + r) < 1.
(6.36)

Observe that system (6.36) is solvable for small enough T and any r ∈
(r0,+∞), since the left sides in (6.36) converge, as T → 0+, to r0 and 0,
respectively. Consequently, system (6.3), (6.5) admits, for such T ’s, a unique
solution (z, k) ∈ Cγ([0, T ];X) × Cγ([0, T ];R). Then function w defined by
(6.4) belongs to Cγ([0, T ];D0) and solves the direct problem (1.6)–(1.8). Since
the right-hand side in (1.6) belongs to Cγ([0, T ];X), from the regularity re-
sults proved in Section 5 for the Cauchy problem (3.28) we conclude that
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C1+γ([0, T ];X) ∩ Cγ([0, T ]; D0). Since problem (1.6)–(1.8), is equivalent to
the direct problem (1.1)–(1.3) via formula (1.5), we conclude that function u
defined by (1.5) belongs to C1+γ([0, T ];X)∩Cγ([0, T ]; D0) and solves problem
(1.1)–(1.3).

Finally, since problem (1.1)–(1.4) is equivalent to the fixed-point system
(6.3) (6.5), we deduce that the pair (u, k) solves our identification problem
(1.1)–(1.4).

We conclude this Section by proving Lemmata 6.1, 6.2, 6.3.

Proof of Lemma 6.1. The estimates for operators L1 and L4 can be deduced
from the corresponding ones for operators

L̃jz(t) = Hj(t)
∫ t

0

L(s)−1z(s) ds, ∀t ∈ [0, T ], j = 1, 4, (6.37)

where Hj , j = 1, 4, satisfies the following inequalities, where δ1 = ρ and
δ2 = γ:

‖Hj(t)‖ ≤ C, 0 ≤ s ≤ t ≤ T, (6.38)

‖Hj(t2)−Hj(t1)‖ ≤ C(t2 − t1)δj , 0 ≤ s ≤ t1 ≤ t2 ≤ T. (6.39)

From the inequality

‖L̃jz(t)‖ ≤ CT‖z‖C([0,T ];X), ∀t ∈ [0, T ], (6.40)

we immediately deduce

‖L̃jz‖C([0,T ];X) ≤ CT‖z‖C([0,T ];X). (6.41)

Likewise, the identity

L̃jz(t2)− L̃jz(t1)

= Hj(t2)
∫ t2

t1

L(s)−1z(s) ds + [Hj(t2)−Hj(t1)]
∫ t1

0

L(s)−1z(s) ds (6.42)

implies the inequalities

‖L̃jz(t2)− L̃jz(t1)‖
≤ C(t2 − t1)‖z‖C([0,T ];X) + C(t2 − t1)δj T‖z‖C([0,T ];X)

≤ C(t2 − t1)δj T 1−δj (1 + T δ
j )‖z‖C([0,T ];X), 0 ≤ t1 ≤ t2 ≤ T, (6.43)

that concludes the proof of the lemma.

To prove quickly Lemma 6.2 we premise the following Lemma 6.6 concerning
convolutions.
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LEMMA 6.6 For any g ∈ Cγ([0, T ];R) and f ∈ Cν([0, T ]; X) with γ, ν ∈
(0, 1), γ + ν 6= 1, the following estimates hold:

‖g ∗ f‖Cγ+ν([0,T ];X)

≤ T (1−γ)(1−ν)(1 + T ν)1−γ(1 + T + T 1−ν)γ‖f‖Cν([0,T ];X)‖g‖Cγ([0,T ];R).(6.44)

Proof of Lemma 6.6. Associate with any fixed f ∈ Cν([0, T ];X) the linear
operator Mf (g) = g ∗ f . Observe now that the following formulae hold for
j = 0, 1 and g ∈ Cj([0, T ];R), where νh,k denotes the Kronecker delta:

Dj
t (g ∗ f)(t) = ν1,jg(0)f(t) + (Dj

t g) ∗ f(t), t ∈ [0, T ], (6.45)

Dj
t (g ∗ f)(t2)−Dj

t (g ∗ f)(t1)

= ν1,jg(0)[f(t2)− f(t1)] +
∫ t2

t1

Dj
t g(s)f(t2 − s) ds

+
∫ t1

0

Dj
t (g(s))[f(t2 − s)− f(t1 − s)] ds, 0 ≤ t1 ≤ t2 ≤ T. (6.46)

From (6.45) and (6.46) we easily deduce the following estimates that hold for
g ∈ C([0, T ];R) and g ∈ C1([0, T ];R), respectively:

‖Mf (g)‖Cν([0,T ];X) ≤ (T + T 1−ν)‖g‖C([0,T ];R)‖f‖Cν([0,T ];X), (6.47)

‖Mf (g)‖C1+ν([0,T ];X) ≤ T‖g‖C([0,T ];R)‖f‖Cν([0,T ];X) + |g(0)|‖f‖Cν([0,T ];X)

+(T + T 1−ν)‖g′‖C([0,T ];R)‖f‖Cν([0,T ];X)

≤ (1 + T + T 1−ν)‖g‖C1([0,T ];R)‖f‖Cν([0,T ];X). (6.48)

Consequently, we have shown that Mf maps continuously C([0, T ];R) and
C1([0, T ];R) into Cν([0, T ];X) and C1+ν([0, T ];X), respectively.

Using interpolation, we easily conclude that the convolution operator Mf ,
with a fixed f ∈ Cν([0, T ];X), maps continuously Cγ([0, T ];R) into Cγ+ν([0, T ];X)
and satisfies estimate (6.44).

Proof of Lemma 6.2. Lemmata 6.1 and 6.6, with ν = ρ − γ, imply that
B2(k, z), L2(k) ∈ Cρ([0, T ]; X) for any (z, k) ∈ Cρ−γ([0, T ];X)×Cγ([0, T ];X),
since H7 implies ρ > γ and B′(·)u0 ∈ Cρ−γ([0, T ]; X).
Moreover, from Lemma 6.6 we deduce the following estimates that conclude
the proof:

‖B2(z, k)‖Cρ([0,T ];X) ≤ C(T0)T (1−γ)(1−ν)‖z‖Cρ−γ([0,T ];X)‖k‖Cγ([0,T ];R),

‖L2k‖Cρ([0,T ];X) ≤ C(T0)T (1−γ)(1−ν)‖k‖Cγ([0,T ];R), (6.49)

C being a positive function continuous up to T = 0.
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Proof of Lemma 6.3. Recall that assumptions H7 and H9 imply γ < 2β−1,
β > θ + γ and w1 = B(0)u0 ∈ (D0; X)θ,p.

Consider first the following estimates, where we make use of estimate (3.8),
with j = 2, in Lemma 3.1:

‖A(s)
[
e−(t2−s)A(s) − e−(t1−s)A(s)

]
w1‖ =

∥∥∥∥A(s)
∫ t2

t1

Dre
−(r−s)A(s)w1dr

∥∥∥∥

=
∥∥∥∥
∫ t2

t1

D2
re−(r−s)A(s)B(0)u0dr

∥∥∥∥ ≤ C(T0)
∫ t2

t1

(r − s)β−θ−2‖w1‖(D0,X)θ,p
dr

=
C(T0)

1− β + θ
{(t1 − s)β−θ−1 − (t2 − s)β−θ−1}‖w1‖(D0,X)θ,p

= C1(T0)(t1 − s)β−θ−1
{

1−
( t1 − s

t2 − s

)1−β+θ}
‖w1‖(D0,X)θ,p

≤ C1(T0)(t1 − s)β−θ−1
(
1− t1 − s

t2 − s

)
‖w1‖(D0,X)θ,p

= C1(T0)(t1 − s)β−θ−1 t2 − t1
t2 − s

‖w1‖(D0,X)θ,p
, 0 ≤ t1 < t2 ≤ T0, (6.50)

since θ < β implies 0 < 1− β + θ < 1.
Reasoning as in the proof of Lemma 2.3, we obtain the estimate

‖A(t)W (t, s)w1‖ ≤ C(T0)(t− s)2β−θ−1‖w1‖(D0,X)θ,p
, (6.51)

operator W being defined by (2.28).
Likewise, taking advantage of (6.50), we deduce that the estimate

‖ (A(t2)W (t2, s)−A(t1)W (t1, s)) w1‖ ≤ C(T0)(t2 − t1)γ‖w1‖(D0,X)θ,p

× {
(t2 − s)2β−θ−1−γ + (t1 − s)2β−θ−1−γ

}
(6.52)

holds if γ < 2β − 1, θ < β. Indeed, the inequality ‖(A(t) − A(s))A(r)−1‖ ≤
C(T0)|t−s|ρ, (cf. (2.10)) holds with ρ = 1, since A(·)A(s)−1 ∈ C1([0, T ];L(X)).

From identity (2.29), estimates (6.51), (6.52) and the inclusion (D0;X)θ,p ↪→
(D0; X)θ,∞ we get

‖A(t)U(t, s)w1‖ ≤ ‖A(t)A(s)−1A(s)e−(t−s)A(s)w1‖+ ‖A(t)W (t, s)w1‖
≤ C(T0)(t− s)β−θ−1‖w1‖(D0;X)θ,p

+ C(T0)(t− s)2β−θ−1‖w1‖(D0,X)θ,p

≤ C(T0)(t− s)β−θ−1‖w1‖(D0;X)θ,p
,

‖A(t2)U(t2, s)w1 −A(t1)U(t1, s)w1‖
≤ ‖[A(t2)−A(t1)]A(s)−1A(s)e−(t2−s)A(s)w1‖

+ ‖A(t1)A(s)−1A(s)
[
e−(t2−s)A(s)) − e−(t1−s)A(s)

]
w1‖

+ ‖A(t2)W (t2, s)w1 −A(t1)W (t1, s)w1‖
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≤ C(T0)(t2 − t1)(t2 − s)β−θ−1‖w1‖(D0;X)θ,p

+ C(T0)
t2 − t1
t2 − s

(t1 − s)β−θ−1‖w1‖(D0;X)θ,p

+ C(T0)(t2 − t1)γ
{
(t2 − s)2β−θ−1−γ + (t1 − s)2β−θ−1−γ

} ‖w1‖(D0,X)θ,p

≤ C(T0)(t2 − t1)γ(t2 − s)β−θ−γ‖w1‖(D0;X)θ,p

+ C(T0)(t2 − t1)γ(t1 − s)β−θ−1−γ‖w1‖(D0;X)θ,p

+ C(T0)(t2 − t1)γ
{
(t2 − s)2β−θ−1−γ + (t1 − s)2β−θ−1−γ

}‖w1‖(D0,X)θ,p

≤ C(T0)(t2 − t1)γ(t1 − s)β−θ−1−γ‖w1‖(D0;X)θ,p
,

since (tj − s)2β−θ−1−γ ≤ T0(tj − s)β−θ−1−γ ≤ T0(t1 − s)β−θ−1−γ , j = 1, 2.
Therefore

‖L3k(t)‖ =
∥∥∥

∫ t

0

k(s)A(t)U(t, s)w1 ds
∥∥∥

≤ C(T0)
∫ t

0

|k(s)|(t− s)β−θ−1‖w1‖(D0;X)θ,p
ds

≤ C(T0)‖k‖C([0,T ])T
β−θ‖w1‖(D0;X)θ,p

.

2Analogously

‖L3k(t2)− L3k(t1)‖ ≤
∫ t2

t1

|k(s)|‖A(t2)U(t2, s)w1‖ ds

+
∫ t1

0

|k(s)|‖A(t2)U(t2, s)−A(t1)U(t1, s)]w1‖ ds

≤ C(T0)
∫ t2

t1

|k(s)|(t2 − s)β−θ−1‖w1‖(D0;X)θ,p
ds

+ C(T0)
∫ t1

0

|k(s)|(t2 − t1)γ(t1 − s)β−θ−1−γ‖w1‖(D0;X)θ,p
ds

≤ C(T0)‖k‖C([0,T ])‖w1‖(D0;X)θ,p

[
(t2 − t1)β−θ + (t2 − t1)γtβ−θ−γ

1

]

≤ C(T0)(t2 − t1)γ‖k‖C([0,T ])‖w1‖(D0;X)θ,p
T β−θ−γ .

Hence

|L3k|Cγ([0,T ];X) ≤ C(T0)‖k‖C([0,T ])T
β−θ−γ‖w1‖(D0;X)θ,p

.

The proof is complete.
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Existence results for a phase

transition model based

on microscopic movements

Fabio Luterotti, Giulio Schimperna
and Ulisse Stefanelli

Abstract This note deals with a nonlinear system of PDEs accounting for
phase transition phenomena with viscosity terms. The existence of solutions to a
Cauchy-Neumann problem is established in the one dimensional space setting, us-
ing a regularization – a priori estimates – passage to limit procedure. An asymp-
totic analysis is performed when the viscosity coefficient tends to 0, recovering a
– previously investigated – nonlinear system modelling phase changes.

1 Introduction and preliminaries

In this paper we study a Cauchy-Neumann problem related to the following
system

∂tθ + θ∂tχ− ∂xxθ = (∂tχ)2 + k(∂xtχ)2 in Q , (1.1)

∂tχ− k∂xxtχ− ∂xxχ + β(χ) 3 θ − θc in Q , (1.2)

for Q :=]0, `[×]0, T [, `, T > 0, where k and θc are positive constants, and β is
a maximal monotone graph in R×R.

The above system can describe a one-dimensional phase transition process
with strong dissipation. We refer to the model proposed by Frémond [9], where
the thermal evolution of a two-phase material is ruled by two state variables,
i.e., the absolute temperature θ and the order parameter χ. The main feature
of such a model relies on the consideration that the microscopic movements
of the particles give rise to macroscopic effects and this ansatz is taken into
account in the structure of the energy balance (in the present investigation
(1.1) above) which turns out to be highly nonlinear. Moreover, in [9] the field χ
plays the role of a phase proportion, hence 0 ≤ χ ≤ 1, where χ = 0 (resp. χ =
1) stands for, e.g., the pure solid (resp. liquid) phase and 0 < χ < 1 denotes
the presence of a mixture. The device chosen to represent the constraint is
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the introduction of the indicator function I[0,1] of the interval [0, 1]; it yields
the presence of its subdifferential ∂I[0,1] which is, in particular, a maximal
monotone graph on R × R (see the term β in (1.2) above). Although not
addressed in the present contribution, we remark that Frémond’s model can
also deal with the irreversible evolution of the phase χ; from the mathematical
point of view it means the presence of a further maximal monotone graph in
(1.2) acting on ∂tχ (e.g., ∂I[0,+∞[).

We are going to complement the system (1.1)–(1.2) with the boundary
conditions

∂xθ(0, ·) = ∂xθ(`, ·) = 0, ∂xχ(0, ·) = ∂xχ(`, ·) = 0,

k∂xtχ(0, ·) = k∂xtχ(`, ·) = 0 a.e. in (0, T ), (1.3)

and with the initial conditions

θ(·, 0) = θ0 χ(·, 0) = χ0 in Ω . (1.4)

We point out that most of the physical constants in the reference system
(1.1)–(1.2) have been normalized to 1; we only kept the dissipation coefficient
k and the temperature of phase transition θc. On the other hand, in view
of different dynamics, we will be able to deal with a quite general maximal
monotone graph β in place of ∂I[0,1].

As for the well posedness of Cauchy-Neumann problems related to Frémond’s
system of phase transition, global in time existence of solutions has been
proved only under some restrictions on data or equations: no diffusion in
[8] and [14], some kind of small perturbations assumption in [5], [6], [12], an a
priori maximum speed of phase change in [13], or assuming one dimensional
setting [10], [11], [17]. The “full problem” (i.e., without the aforementioned
restrictions and simplifications) has only been shown to be locally solvable
in time [15]. Of course, the highly nonlinear structure and, in particular, the
quadratic terms in (1.1) are responsible for this drawback.

The aim of this paper is twofold. First, to prove a global existence result
for the problem in one space dimension. Second, to connect the latter exis-
tence result with the (reversible) nondissipation case of [11] by means of an
asymptotic analysis as k ↓ 0.

The plan of the paper is as follows. In the rest of this Section we provide
the general setting and state the main results. In the next Section we consider
a family of regularized problems and prove their local well posedness through
a fixed point procedure of Schauder type. The a priori estimates of the subse-
quent Section allow the extension to the whole time interval. Moreover, since
they hold independently of the regularization parameter, we can deduce the
proper weak and strong convergences to the solution of the original problem
(1.1)–(1.4). Finally, a closely related argument leads to an asymptotic analysis
for k ↓ 0, recovering in the limit the problem studied in [11].

We go on fixing some notation. We set

Ω :=]0, `[, Qt :=]0, `[×]0, t[ ∀t ∈]0, T ], Q := QT .

Copyright © 2006 Taylor & Francis Group, LLC



Phase transition model based on microscopic movements 247

Next, we let

H := L2(Ω), V := H1(Ω),

W := {u ∈ H2(Ω) such that u′(0) = u′(`) = 0}, (1.5)

and we identify H with its dual space H ′, so that

V ⊂ H ⊂ V ′,

with dense, compact and continuous embeddings. Besides, we let the symbol
‖ · ‖ denote the standard norm of H, while ‖ · ‖E stands for the norm of the
generic normed space E. Moreover, we denote by < ·, · > the duality pairing
between V ′ and V , by (·, ·) the scalar product in H, and by J : V → V ′ the
Riesz isomorphism of V onto V ′.

We note that, thanks to the one dimensional framework of our problems,
we have the continuous injections

L1(Ω) ⊂ V ′, V ⊂ L∞(Ω). (1.6)

Hence, there exist two positive constants c1 and c2 such that the following
relations hold

‖u‖V ′ ≤ c1‖u‖L1(Ω) , ∀u ∈ L1(Ω),
‖u‖L∞(Ω) ≤ c2‖u‖V , ∀u ∈ V. (1.7)

Now, we recall an elementary inequality which will be useful in the sequel

ab ≤ (δ/2)a2 + (2δ)−1b2 ∀a, b ∈ R , δ > 0 . (1.8)

Finally, we also remark that there exists a positive constant c3 depending
only on T such that the following estimate holds for any u ∈ H1(0, T ; H)

‖u‖2L2(0,t;H) ≤ c3

(
‖u(0)‖2 +

∫ t

0

‖∂tu‖2L2(0,s;H)ds

)
∀t ∈ (0, T ]. (1.9)

We give here the precise statement of our problem, introducing the following
assumptions on the data.

θc, θ
∗ > 0 are assigned constants, (1.10)

ϕ : R → [0,+∞] is proper, convex and lower semicontinuous,

ϕ(0) = 0, and there exist c4, c5 > 0 such that

ϕ(r) ≥ c4r
2 − c5 ∀r ∈ D(ϕ) and β := ∂ϕ , (1.11)

θ0 ∈ V and θ0 ≥ θ∗ in Ω, (1.12)

χ0 ∈ W, (1.13)

χ0 ∈ D(β) a.e. in Q, and β0(χ0) ∈ H, (1.14)
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where D(ϕ) and D(β) denote the effective domains of ϕ and β, respectively,
∂ represents as usual the subdifferential in the sense of Convex Analysis and
β0(χ0) stands for the element of minimal norm of the set β(χ0) (cf. [7, p. 28]).

Let us now introduce the functionals

Φ(u) :=

{∫
Ω

ϕ(u(x)) dx if u ∈ H and ϕ(u) ∈ L1(Ω) ,

+∞ if u ∈ H and ϕ(u) /∈ L1(Ω) ,
(1.15)

ΦV (u) := Φ(v) , ∀v ∈ V . (1.16)

Moreover we denote by βV,V ′ := ∂ΦV : V → 2V ′ the corresponding subdiffer-
ential. On the other hand, we readily have that [3, Prop. 2.8, p. 61]

v ∈ ∂Φ(u) ⇐⇒ u ∈ H and v ∈ β(u) a.e. in Ω (1.17)

so that we will use the same symbol β for ∂Φ with no ambiguity.
Hence, we are in a position to state the following

Problem (P). Find a triplet (θ, χ, η) such that

θ ∈ H1(0, T ; V ′) ∩ C0([0, T ]; H) ∩ L2(0, T ; V ), (1.18)

χ ∈ W 1,∞(0, T ;V ), (1.19)

η ∈ L∞(0, T ; V ′), (1.20)

< ∂tθ + θ ∂tχ, v > +(∂xθ, ∂xv) =< (∂tχ)2 + k(∂xtχ)2, v >

∀v ∈ V a.e. in ]0, T [, (1.21)

< ∂tχ + η, v > +(k∂xtχ + ∂xχ, ∂xv) =< θ − θc, v >

∀v ∈ V a.e. in ]0, T [, (1.22)

η ∈ βV,V ′(χ) a.e. in ]0, T [, (1.23)

∃θ∗ > 0 such that θ ≥ θ∗ a.e. in QT , (1.24)

θ(·, 0) = θ0, χ(·, 0) = χ0 a.e. in Ω. (1.25)

REMARK 1.1 Let us stress that the coercivity assumption on ϕ in (1.11)
is perfectly motivated in our framework since I[0,1](r) ≥ r2−1 for all r ∈ [0, 1].

Now, we are able to state the main result of the paper.

THEOREM 1.1 Let assumptions (1.10)–(1.14) hold. Then Problem (P)
admits at least a solution.
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REMARK 1.2 In order to prove Thm. 1.1 one could indeed weaken (1.12)
by requiring θ0 ∈ H only. Nevertheless, we should need θ0 ∈ V to establish the
well-posedness of the approximating problems and to carry out the asymptotic
analysis. Hence, for the sake of simplicity we assume θ0 ∈ V in the whole paper
instead of considering some suitable approximation.

The proof of this result will be carried out throughout the remainder of the
paper by exploiting an approximation procedure. Indeed, we replace β with
its Yosida approximation βε and solve locally (in time) the regularized prob-
lem by the means of fixed point techniques. Then, global a priori estimates
independent of ε are established and the passage to the limit is obtained via
compactness and monotonicity arguments.

As mentioned above, we will be in a position to prove the convergence as
k ↓ 0 of the global solution to Problem (P) to a corresponding suitable solution
to the same problem with k = 0. For the sake of clarity, we shall state this
convergence result as follows.

THEOREM 1.2 Let (θk, χk, ηk) be a solution to the Problem (P). Then
there exists a triplet (θ0, χ0, η0) such that

θ0 ∈ H1(0, T ;H) ∩ C0([0, T ]; V ) ∩ L2(0, T ;W ), (1.26)

χ0 ∈ W 1,∞(0, T ;H) ∩H1(0, T ; V ) ∩ L∞(0, T ; W ), (1.27)

η0 ∈ L∞(0, T ; H), (1.28)

∂tθ
0 + θ0 ∂tχ

0 − ∂xxθ0 = (∂tχ
0)2 a.e. in Q, (1.29)

∂tχ
0 + η0 − ∂xxχ0 = θ0 − θc a.e. in Q, (1.30)

η0 ∈ β(χ0) a.e. in Q, (1.31)

∃θ∗ > 0 such that θ0 ≥ θ∗ a.e. in Q, (1.32)

θ0(·, 0) = θ0, χ0(·, 0) = χ0 a.e. in Ω (1.33)

and the following convergences hold

θk⇀∗θ0 in H1(0, T ; V ′) ∩ L∞(0, T ; H) ∩ L2(0, T ;V ), (1.34)

χk⇀∗χ0 in W 1,∞(0, T ; H) ∩H1(0, T ;V ), (1.35)

k1/2χk⇀∗0 in W 1,∞(0, T ; V ) ∩ L∞(0, T ; W ), (1.36)

ηk⇀∗η0 in L∞(0, T ; V ′). (1.37)
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2 Approximation

In order to prove Theorem 1.1, we apply a regularization procedure to the
maximal monotone graph β. Namely, we let βε be the Yosida approximation
of β (we refer to [7] for details) and, consequently, denote by ϕε the unique
primitive of βε verifying ϕε(0) = 0. We note that (see [7, p. 28]) one has

|βε(r)| ≤ |β0(r)| for all ε > 0 and r ∈ D(β). (2.1)

Moreover, it is well known that ϕε is given by

ϕε(r) = min
s∈D(ϕ)

(
1
2ε
|r − s|2 + ϕ(s)

)
. (2.2)

Thus, we readily have that

ϕε(r) ≤ ϕ(r) , ∀r ∈ D(ϕ). (2.3)

Moreover, the function ϕε is defined in all of R and, taking into account the
coercivity assumption in (1.11), it turns out to be coercive as well. Namely,
we have

ϕε(r) ≥ c4

2
r2 − c5 , ∀r ∈ R, ∀ε ∈ (0, (2c4)−1). (2.4)

Indeed, let us consider r ∈ R, s ∈ D(ϕ) and ε ∈ (0, (2c4)−1). Then

c4

2
r2 ≤ c4|r − s|2 + c4s

2 ≤ 1
2ε
|r − s|2 + c4s

2 − c5 + c5

≤ 1
2ε
|r − s|2 + ϕ(s) + c5,

from which (2.4) follows.
Finally, we will use the notation

Φε(u) :=
∫

Ω

ϕε(u(x)) dx ∀u ∈ H,

Φε
V (v) := Φε(v) ∀v ∈ V

(which are of course convex, proper, and lower semicontinuous on H and V ,
respectively) and observe that [3, Prop. 2.8, p. 61]

v ∈ ∂Φε(u) ⇐⇒ u ∈ H and v ∈ βε(u) a.e. in Ω. (2.5)

Owing to the latter remark we will use the same symbol βε for ∂Φε without
ambiguity. Before going on, let us recall the analysis in [4] and let us observe
that

∂Φε
V (v) = βε(v) ∀v ∈ V. (2.6)
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Let us introduce the approximating problems (the regularization parameter
ε > 0 being fixed).

Problem (Pε). Find a pair (θε, χε) such that

θε ∈ H1(0, T ; H) ∩ C0([0, T ];V ) ∩ L2(0, T ; W ), (2.7)

χε ∈ H2(0, T ; W ), (2.8)

∂tθε + θε∂tχε − ∂xxθε = (∂tχε)2 + k(∂xtχε)2, a.e. in QT (2.9)

∂tχε − k∂xxtχε − ∂xxχε + βε(χε) = θε − θc, a.e. in QT (2.10)

∃θ∗ > 0 independent of ε such that θε > θ∗ a.e. in QT , (2.11)

θε(·, 0) = θ0, χε(·, 0) = χ0 a.e. in Ω. (2.12)

THEOREM 2.1 Let assumptions (1.10)–(1.14) hold. Then Problem (Pε)
admits one and only one solution.

Without any loss of generality we will take k = 1 in the remainder of this
Section.

We start with the proof of the existence part of Theorem 2.1. To this aim, we
apply the Schauder theorem to a suitable operator T that will be constructed
below. For the sake of brevity we will not detail the whole procedure.

For R > 0, let us denote by Y (τ,R) the closed ball of H1(0, τ ; W 1,4(Ω))
with center 0 and radius R, i.e.,

Y (τ,R) = {v ∈ H1(0, τ ;W 1,4(Ω)) such that ‖v‖H1(0,τ ;W 1,4(Ω)) ≤ R} , (2.13)

where τ ∈]0, T ] will be determined later in such a way that T : Y (τ, R) →
Y (τ, R) turns out to be a compact and continuous operator.

We consider the following auxiliary problems whose well-posedness is guar-
anteed by standard arguments (hence, for the sake of brevity, we omit any
detail).

Let χ̂ ∈ Y (τ,R) be fixed and let θ := T1(χ̂) be the unique solution to the
following

Problem 1. Given χ̂ ∈ Y (τ, R), find θ such that

θ ∈ [W 1,1(0, τ ;H) + H1(0, τ ;V ′)] ∩ C0([0, τ ]; H) ∩ L2(0, τ ; V ) , (2.14)

< ∂tθ, v > +(θ∂tχ̂, v) + (∂xθ, ∂xv) = ((∂tχ̂)2 + (∂xtχ̂)2, v)

∀v ∈ V a.e. in ]0, τ [ , (2.15)

θ(·, 0) = θ0 a.e. in Ω . (2.16)

Now, given such a θ, let χ, with χ := T2(θ), be the unique solution of the
following
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Problem 2. Given θ satisfying the regularity in (2.14), find χ such that

χ ∈ H1(0, τ ;W ) , (2.17)

∂tχ− ∂xxtχ− ∂xxχ + βε(χ) = θ − θc a.e. in Qτ , (2.18)

χ(·, 0) = χ0 a.e. in Ω . (2.19)

Finally, we define the operator T as the composition T2 ◦ T1. Our aim is to
show that, at least for small times, the Schauder theorem applies to the map
T from Y (τ, R) into itself. Namely, we will prove that there exists τ > 0 such
that T satisfies the following properties

T maps Y (τ, R) into itself;
T is compact;
T is continuous.

We start by deriving some a priori bounds on θ and χ. We warn that in the
proofs we employ the same symbol c for different constants (independent of
τ and R , but possibly depending on ε), even in the same formula, in regard
to simplicity. In particular, we stress that all constants do not blow up as τ
becomes small. Now, in order to obtain a priori bounds on θ, we choose v = θ
in (2.15) and integrate from 0 to t, with 0 < t < τ . Owing to (1.8), the Hölder
inequality and the continuous injection V ↪→ L4(Ω), we have

1
2
‖θ(t)‖2 + ‖∂xθ‖2L2(0,t;H) ≤

1
2
‖θ0‖2

+ c

∫ t

0

‖θ(s)‖L4(Ω)‖∂tχ̂(s)‖L4(Ω)‖θ(s)‖ ds

+
∫ t

0

(
‖∂tχ̂(s)‖2L4(Ω) + ‖∂xtχ̂(s)‖2L4(Ω)

)
‖θ(s)‖ ds

≤ 1
2
‖θ0‖2 + c

∫ t

0

(
‖∂tχ̂(s)‖L4(Ω)‖θ(s)‖V

+ ‖∂tχ̂(s)‖2L4(Ω) + ‖∂xtχ̂(s)‖2L4(Ω)

)
‖θ(s)‖ ds . (2.20)

Next, in order to recover the full V -norm of θ in the left-hand side, we add to
(2.20) ‖θ‖2L2(0,t;H). Then, we use (1.8) and get

1
2
‖θ(t)‖2 + ‖θ‖2L2(0,t;V ) ≤

1
2
‖θ0‖2 +

1
2
‖θ‖2L2(0,t;V )

+ c

∫ t

0

(
1 + ‖∂tχ̂(s)‖2L4(Ω)

)
‖θ(s)‖2 ds

+ c

∫ t

0

(
‖∂tχ̂(s)‖2L4(Ω) + ‖∂xtχ̂(s)‖2L4(Ω)

)
‖θ(s)‖ ds . (2.21)

Copyright © 2006 Taylor & Francis Group, LLC



Phase transition model based on microscopic movements 253

Recalling that, by the definition of Y (τ, R), the functions ‖∂tχ̂‖2L4(Ω) and(‖∂tχ̂‖2L4(Ω) + ‖∂xtχ̂‖2L4(Ω)

)
belong to L1(0, τ), we can apply to (2.21) a gen-

eralized version of the Gronwall lemma introduced in [2] and we deduce that
there exists a positive constant c depending on T , Ω and R such that

‖θ‖L∞(0,τ ;H)∩L2(0,τ ;V ) ≤ c . (2.22)

Finally, the definition of Y (τ, R) and a comparison in (2.15) yield the regu-
larity in (2.14).

Next, in order to obtain a priori bounds on χ, we multiply (2.18) by ∂tχ and
integrate over Qt. Using the Lipschitz continuity of βε, the Hölder inequality
and relations (1.8), (1.9), we have

‖∂tχ‖2L2(0,t;H) + ‖∂xtχ‖2L2(0,t;H) +
1
2
‖∂xχ(t)‖2

≤ 1
2
‖∂xχ0‖2 + c

∫

Qt

(|χ|+ 1)|∂tχ|+
∫

Qt

|(θ − θc)∂tχ|

≤ c +
1
2
‖∂xχ0‖2 + c

∫ t

0

‖∂tχ‖2L2(0,s;H)ds

+ c‖θ − θc‖2L2(0,t;H) +
1
2
‖∂tχ‖2L2(0,t;H) . (2.23)

Thanks to (2.22), we deduce that there exists a positive constant c such
that

‖χ‖H1(0,τ ;V ) ≤ c . (2.24)

On account of (1.6), from (2.24) it follows

‖χ‖L∞(Qτ ) ≤ c . (2.25)

Next, we multiply (2.18) by −∂xxtχ, we integrate over Qt and, thanks to the
Lipschitz continuity of βε, we obtain

‖∂xtχ‖2L2(0,t;H) + ‖∂xxtχ‖2L2(0,t;H) +
1
2
‖∂xxχ(t)‖2

≤ 1
2
‖∂xxχ0‖2 +

∫

Qt

|βε(χ)∂xxtχ|+
∫

Qt

|(θ − θc)∂xxtχ|

≤ 1
2
‖∂xxχ0‖2 + c(‖χ‖2L∞(Ω) + 1)

+ c‖θ − θc‖2L2(0,t;H) +
1
2
‖∂xxtχ‖2L2(0,t;H) . (2.26)

Thus, on account of (2.22) and (2.25) from (2.26) we deduce the further
bound

‖χ‖H1(0,τ ;W ) ≤ c . (2.27)
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Next, taking the H-norm of both sides of (2.18), we get J∂tχ = ∂xxχ −
βε(χ) + θ − θc (J being the Riesz isomorphism between V and V ′). Thus,
evaluating the H-norm, using (2.24), (2.25), (2.22), and taking the supremum
w.r.t. time, we have the bound

‖χ‖W 1,∞(0,τ ;W ) ≤ c . (2.28)

Finally, we differentiate with respect to t both sides of (2.18); thanks to
(2.27), (2.14) and the Lipschitz continuity of βε, a comparison in the resulting
relations gives the bound

‖∂ttχ‖L1(0,τ ;V ) ≤ c . (2.29)

Now, our aim is to find τ > 0 such that the operator T : Y (τ, R) → Y (τ,R)
turns out to be welldefined. Exploiting the previous estimates (cf. (2.28)), we
have

‖χ‖W 1,∞(0,τ ;W 1,4(Ω)) ≤ c . (2.30)

Thus, by the Hölder inequality, we find

‖χ‖H1(0,τ ;W 1,4(Ω)) ≤ c
√

τ‖χ‖W 1,∞(0,τ ;W 1,4(Ω)) ≤ c
√

τ . (2.31)

Hence, we can take τ so small that

c
√

τ ≤ R , (2.32)

which ensures that χ belongs to Y (τ,R).
Next, we observe that the above arguments (cf. (2.27) and (2.29)) lead to

‖χ‖W 2,1(0,τ ;V )∩W 1,∞(0,τ ;W ) ≤ c , (2.33)

for some positive constant c independent of the choice of χ̂ in Y (τ, R), which
guarantees that T is a compact operator. Hence, in order to apply the Schauder
theorem, it remains to show that T is continuous with respect to the natural
topology induced in Y (τ, R) by H1(0, τ ; W 1,4(Ω)). To this aim, we consider a
sequence χ̂n in Y (τ, R) such that

χ̂n → χ̂ in Y (τ, R) , (2.34)

as n → +∞. Now, we denote by θn the sequence of the solutions to Problem
1 once χ̂ is substituted by χ̂n, i.e.,

θn := T1(χ̂n). (2.35)

Arguing as in the derivation of (2.22), we can find a positive constant c not
depending on n such that

‖θn‖L∞(0,τ ;H)∩L2(0,τ ;V ) ≤ c . (2.36)
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By wellknown compactness results, there exists a subsequence of n, still de-
noted by n for the sake of brevity, such that

θn⇀∗θ in L∞(0, τ ; H) ∩ L2(0, τ ; V ) , (2.37)

as n → +∞. In order to show that θ in (2.37) is the solution to Problem 1
related to χ̂, i.e., θ = T1(χ̂), we can pass to the limit in (2.15) written at the
step n as n → +∞. We remark, in particular, that for the nonlinear term we
have θn∂tχ̂n ⇀ θ∂tχ̂ in L2(0, τ ; H), thanks to (2.34) and (2.37). Moreover,
thanks to the uniqueness of solution to Problem 1, we deduce that the whole
sequence θn converges to θ, as n → +∞.

As a second step we consider the sequence χn of the solutions to Problem
2 once θ is substituted by θn, i.e., we have

χn := T2(θn) = T2 ◦ T1(χ̂n) = T (χ̂n). (2.38)

Repeating the estimates (cf. (2.27) and (2.29)), we find a positive constant c
independent of n such that

‖χn‖W 2,1(0,τ ;V )∩W 1,∞(0,τ ;W ) ≤ c . (2.39)

Hence, there exists a subsequence of n, again not relabeled, such that

χn⇀∗χ in W 1,∞(0, τ ;W ) (2.40)

as n → +∞. Moreover, by compactness (see [18, Thm. 4, Cor. 5]) from (2.39),
we can deduce that

χn → χ in H1(0, τ ;W 1,4(Ω)) . (2.41)

The above convergences, (2.37) and the Lipschitz continuity of βε allow us
to pass to the limit in the relation (2.18). Thus, thanks to the uniqueness
result holding for Problem 2, we have that the whole sequence χn converges
to T2(θ) = T2 ◦ T1(χ̂) = T (χ̂) and we can identify χ with T (χ̂). Namely, by
(2.41), we have proved that

T (χ̂n) → T (χ̂) in H1(0, τ ; W 1,4(Ω)) (2.42)

which concludes the proof of the continuity of the operator T . Thus, by
Schauder’s fixed point theorem, T has a fixed point in Y (τ, R), i.e., there
exists at least a local in time solution of the system (2.9)–(2.12), defined on
the interval ]0, τ [. Note that, at the moment, (2.9) is satisfied only in a weak
sense (cf. (2.15)). However, performing some standard parabolic estimates and
taking advantage of (1.12) and (2.17), we can prove the further regularity for
θ specified in (2.7) so that (2.9) is satisfied a.e. in Qτ .

Now, we have to discuss the extension of the latter solution to the whole
interval ]0, T [. This will eventually follow from a set of global in time a priori
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estimates which are detailed in the next Section. The latter will entail, in
particular, that the solution is indeed global on ]0, T [. Hence, without loss
of generality we will simplify the forthcoming estimates by assuming at once
that we are given solutions to Problem (Pε) which are defined on all of ]0, T [.

The lower bound (1.24) for the temperature stems from a straightforward
application of [16, Thm. 1]).

3 A priori estimates and passage to the limit

Since we are also interested in an asymptotic analysis when k ↓ 0, we are
going to deduce some a priori estimates for (θε, χε) independent of the regu-
larization parameter ε, paying attention to the role of the dissipation terms.
Henceforth, let C denote any constant, possibly depending on the data, but
neither on ε nor on k. Of course, C may vary from line to line.

3.1 First estimate

Let us integrate (2.9) over Qt. Moreover, we multiply (2.10) by ∂tχε and
integrate over Qt. Taking the sum of the resulting expressions and performing
some cancellations, we obtain∫

Ω

θε(t) +
1
2
‖∂xχε(t)‖2 +

∫

Ω

ϕε(χε(t))

≤
∫

Ω

θ0 +
1
2
‖∂xχ0‖2 +

∫

Ω

ϕε(χ0) + θc

∣∣∣∣
∫

Ω

(
χε(t)− χ0

)∣∣∣∣

≤
∫

Ω

ϕ(χ0) + θc‖χε(t)‖L1(Ω) + C, (3.1)

where we have also used assumptions (1.12), (1.13) and property (2.3). In
order to control the right hand side of (3.1) it suffices to recall (1.14) and
observe that (see (2.4))

θc‖χε(t)‖L1(Ω) ≤
c4

4
‖χε(t)‖2 + C ≤ 1

2

∫

Ω

ϕε(χε(t)) + C,

whenever ε is small enough.
Hence, moving from (2.11), we readily deduce that

‖θε‖L∞(0,T ;L1(Ω)) ≤ C, (3.2)
‖χε‖L∞(0,T ;V ) ≤ C, (3.3)

‖ϕε(χε)‖L∞(0,T ;L1(Ω)) ≤ C, (3.4)

at least for sufficiently small ε.
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3.2 Second estimate

Let us multiply equation (2.9) by the function −θ−1
ε . The latter choice turns

out to be admissible since, by (2.11), −θ−1
ε ∈ L∞(QT ). Moreover, we integrate

on Qt, and exploit (1.12) and (3.2) in order to get

−
∫

Ω

ln
(
θε(t)

)
+

∫

Qt

(
(∂xθε)2

θ2
ε

+
∂tχ

2
ε

θε
+

k(∂xtχε)2

θε

)

= −
∫

Ω

ln(θ0) +
∫

Qt

∂tχε ≤ −
∫

Ω

ln(θ0) +
1
2

∫

Qt

(
∂tχ

2
ε

θε
+ θε

)

≤ C +
1
2

∫

Qt

∂tχ
2
ε

θε
.

Of course the first term in the above left-hand side is bounded from below
by virtue of (3.2). Thus, the bound (3.2) and the continuity of the inclusion
W 1,1(Ω) ⊂ L∞(Ω) entail in particular that

∫ T

0

‖θε‖L∞(Ω) =
∫ T

0

‖θ1/2
ε ‖2L∞(Ω) ≤ C

∫ T

0

(
‖∂x(θ1/2

ε )‖2L1(Ω) + ‖θε‖2L1(Ω)

)

≤ C

(
1 +

∫ T

0

(∫

Ω

∣∣∣∣
∂xθε

θ
1/2
ε

∣∣∣∣
)2

)
≤ C

(
1 +

∫ T

0

(
‖∂xθε/θε‖ ‖θ1/2

ε ‖
)2

)

≤ C

(
1 +

∫ T

0

‖∂xθε/θε‖2
)
≤ C. (3.5)

Hence,
‖θε‖L1(0,T ;L∞(Ω)) ≤ C, (3.6)

and finally, by interpolation with (3.2),

‖θε‖L2(0,T ;H) ≤ C. (3.7)

3.3 Third estimate

Taking (3.7) into account, it is now a standard matter to multiply (2.10) by
∂tχε, integrate on Qt, exploit the relation of βε = ∂Φε and obtain the bound

‖χε‖H1(0,T ;H)∩L∞(0,T ;V ) +
√

k‖χε‖H1(0,T ;V ) ≤ C. (3.8)

3.4 Fourth estimate

We multiply (2.9) by θε + ∂tχε; we differentiate (2.10) with respect to t and
multiply the result by ∂tχε. We add the resulting equations and we integrate
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over Qt; thanks to some cancellations, we obtain

1
2
‖θε(t)‖2 + ‖∂xθε‖2L2(0,T ;H) +

1
2
‖∂tχε(t)‖2

+‖∂xtχε‖2L2(0,T ;H) +
k

2
‖∂xtχε(t)‖2 +

∫ t

0

∫

Ω

β′ε(χε)(∂tχε)2

=
1
2
‖θ0‖2 +

1
2
‖∂tχε(0)‖2 +

k

2
‖∂xtχε(0)‖2 +

9∑

i=5

Ii(t) , (3.9)

where

I5(t) := k

∫

Qt

(∂xtχε)2θε , I6(t) := −
∫

Qt

(θε)2∂tχε , I7(t) :=
∫

Qt

(∂tχε)3 ,

I8(t) := k

∫

Qt

(∂xtχε)2∂tχε , I9(t) := −
∫

Qt

∂xθε∂xtχε .

We set t = 0 in (2.10), obtaining

∂tχε(0)− k∂xxtχε(0) = θ0 − θc + ∂xxχ0 − βε(χ0). (3.10)

We multiply (3.10) by ∂tχε(0) and integrate over Ω; we obtain that

1
2
‖∂tχε(0)‖2 + k‖∂xtχε(0)‖2 ≤ 1

2
‖θ0 − θc + ∂xxχ0 − βε(χ0)‖2. (3.11)

Using also (1.10), (1.12), (1.13) and (1.14), we then get that the first three
terms in the right-hand side of (3.9) are bounded by a constant independent
of ε. As for the integrals terms, using Hölder inequality and (1.7), we have

|I5(t)| ≤ k

∫ t

0

‖∂xtχε‖2‖θε‖L∞(Ω) ; (3.12)

|I6(t)| ≤
∫ t

0

‖θε‖2‖∂tχε‖L∞(Ω) ≤ c2

∫ t

0

‖θε‖2‖∂tχε‖V

≤ 1
8
‖∂tχε‖2L2(0,t;V ) + c

∫ t

0

‖θε‖2‖θε‖2 ; (3.13)

|I7(t)| ≤
∫ t

0

‖∂tχε‖2‖∂tχε‖L∞(Ω) ≤ c2

∫ t

0

‖∂tχε‖2‖∂tχε‖V

≤ 1
8
‖∂tχε‖2L2(0,t;V ) + c

∫ t

0

‖∂tχε‖2‖∂tχε‖2 ; (3.14)

|I8(t)| ≤ k

∫ t

0

‖∂xtχε‖2‖∂tχε‖L∞(Ω) ≤ kc2

∫ t

0

‖∂xtχε‖2‖∂tχε‖V ; (3.15)

|I9(t)| ≤ 1
2
‖∂xtχε‖2L2(0,t;H) +

1
2
‖∂xθε‖2L2(0,t;H) . (3.16)
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Thanks to (3.8) and (3.6), we have that k‖∂xtχε‖2L2(0,T ;H) is bounded inde-
pendently of ε, ‖θε‖L∞(Ω) ∈ L1(0, T ), ‖θε‖ ∈ L2(0, T ) and ‖∂tχε‖ ∈ L2(0, T ).
Hence, we can apply an extended version of Gronwall lemma to the function
‖θε(t)‖2 + ‖∂tχε(t)‖2 + k‖∂xtχε(t)‖2 and obtain

‖θε‖L∞(0,T ;H)∩L2(0,T ;V ) ≤ C, (3.17)

and

‖χε‖H1(0,T ;V )∩W 1,∞(0,T ;H) +
√

k‖χε‖W 1,∞(0,T ;V ) ≤ C. (3.18)

3.5 Fifth estimate

Multiplying (2.10) by −∂xxχε, integrating on Qt and exploiting the mono-
tonicity of βε, we obtain the bound

‖χε‖L2(0,T ;W ) +
√

k‖χε‖L∞(0,T ;W ) ≤ C. (3.19)

3.6 Sixth estimate

By comparison in (2.10) and in (2.9), we also obtain

‖βε(χε)‖L∞(0,T ;V ′) ≤ C , (3.20)

‖θε‖H1(0,T ;V ′) ≤ C . (3.21)

3.7 Passage to the limit

We sketch here the passage to the limit as ε ↓ 0. Let us, however, detail a
technical point. In the forthcoming limit procedure we will indeed use the
following

βε converge to βV,V ′ in the sense of graphs in V × V ′. (3.22)

Namely, for all u ∈ V , v ∈ V ′ such that v ∈ βV,V ′(u) there exist uε ∈ V ,
vε ∈ V ′, with vε ∈ βε(uε), strongly converging to u, v, respectively, as ε goes
to 0. The convergence (3.22) follows from (2.6) and the two easy facts:

lim
ε↓0

Φε
V (v) = ΦV (v) , ∀v ∈ V, (3.23)

ΦV (v) ≤ lim inf
ε↓0

Φε
V (vε) , ∀vε ⇀ v in V, (3.24)

and [1, Thm. 3.66, p. 373].
Taking into account well-known compactness results, the bounds (3.17)–

(3.21) allow us to deduce the existence of a triplet of functions (θ, χ, η) such
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that (possibly passing to not relabeled subsequences) the following conver-
gences hold

θε⇀
∗θ in H1(0, T ; V ′) ∩ L2(0, T ;V ) ∩ L∞(0, T ;H), (3.25)

χε⇀
∗χ in W 1,∞(0, T ; V ) ∩ L2(0, T ; W ), (3.26)

βε(χε)⇀η in L2(0, T ;V ′). (3.27)

Moreover, from (3.21), (3.17), (3.18), and the generalized Ascoli theorem (see,
e.g., [18, Cor. 4]), we may also infer the strong convergences

θε −→ θ in C0([0, T ];V ′) ∩ L2(0, T ;H), (3.28)

χε −→ χ in C0([0, T ];H) ∩ L2(0, T ;V ). (3.29)

Let us stress that, owing to (2.11), the convergence (3.28) entails that (1.24)
holds.

Hence, we can pass to the limit in (2.10), and see that the properties (1.18)–
(1.20) along with (1.22) are fulfilled by the triplet (θ, χ, η).

In order to prove (1.23), we multiply (2.10) by χε in the duality pairing
between V ′ and V and integrate from 0 to t. Thanks to (3.27) and (3.29), we
find

lim
ε↓0

∫ t

0

< βε(χε), χε >=
∫ t

0

< η, χ > , (3.30)

which, in view of [3, Prop. 1.1, p. 42] and of the graph convergence (3.22),
implies (1.23).

Our next goal is to pass to the limit in (2.9). We remark that, from (3.25),
(3.26) and (3.28), we achieve that

θε ∂tχε ⇀∗ θ ∂tχ in L∞(0, T ; H).

The critical terms are (∂tχε)2 and k(∂xtχε)2. In order to prove that

lim
ε↓0

∫

QT

(∂tχε)2 + k(∂xtχε)2 =
∫

QT

(∂tχ)2 + k(∂xtχ)2 (3.31)

(i.e., that ∂tχε actually converges strongly in L2(0, T ; V ) thanks to (3.26)),
one has only to show that

lim sup
ε↓0

∫

QT

(∂tχε)2 + k(∂xtχε)2 ≤
∫

QT

(∂tχ)2 + k(∂xtχ)2 . (3.32)

The procedure is analogous to the one performed in [6, Sec. 4] and for the sake
of brevity we omit the details. We only want to outline that the key point is
to multiply both sides of (2.10) by ∂tχε and then exploit – besides the other
convergences – (3.30). This completes the proof of Theorem 1.1.
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3.8 Asymptotic analysis

We shall not give here a full proof of Thm. 1.2. Indeed the latter follows by
observing that the above detailed estimates hold independently of both ε and
k. Namely we are in a position to obtain (1.34)–(1.37) by standard compact-
ness techniques and the passage to the limit in (2.9)–(2.10) can be eventually
performed as above (the limits as ε ↓ 0 and k ↓ 0 being independent). As soon
as a solution to (1.21)–(1.25) with k = 0 is obtained, the assertion of Thm. 1.2
follows from a comparison in (1.22) and standard parabolic estimates for the
temperature. Analogously, further (formal, but easily justifiable) estimates
in (1.30) yield the third of (1.27) as well as (1.28). In this connection, we
also obtain the stronger inclusion (1.31), instead of (1.23), which holds as a
consequence of (1.28) and [4, Prop. 2.5].
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Smoothing effect and strong

L2-wellposedness in the complex

Ginzburg-Landau equation

Noboru Okazawa1

Abstract The complex Ginzburg-Landau equation is a complex-valued non-
linear heat equation. The exact form is obtained by normalizing the coefficient
in front of the time derivative of the unknown function. The strong solvability
in L2(Ω), Ω ⊂ RN , depends on the complex coefficient κ + iβ (κ > 0) of the
nonlinear term |u|q−2u with q ≥ 2. If κ−1|β| ≤ 2

√
q − 1/(q− 2), then monotonic-

ity methods are available, without any upper bound on q. On the other hand, if
κ−1|β| > 2

√
q − 1/(q − 2), then either compactness or contraction methods are

required, as its consequence q has to be bounded above: q ≤ 2 + 4/N .

1 Introduction

The complex Ginzburg-Landau equation (CGLeq) is a semilinear parabolic
partial differential equation. In this lecture we are concerned with the strong
L2-wellposedness of initial-boundary value problems for (CGLeq):

(CGL)





∂tu− (λ + iα)∆u + (κ + iβ)|u|q−2u− γu = 0 on Ω×R+,

u = 0 on ∂Ω×R+,

u(x, 0) = u0(x), x ∈ Ω.

Here R+ := (0,∞) and Ω ⊂ RN is a (bounded or unbounded) domain with
boundary ∂Ω. Since i :=

√−1, the unknown u is a complex-valued function
with respect to (x, t) ∈ Ω × [0,∞), with ∂tu := ∂u/∂t. (CGLeq) is intro-
duced to describe dissipative physical systems (cf. Aranson-Kramer [4]) while
the (real) Ginzburg-Landau equation is already well known in connection
with the superconductivity (cf. Mielke [24]). That is, the adjective “complex”
symbolizes the difference between two kinds of Ginzburg-Landau equations

1Partly supported by Grant-in-Aid for Scientific Research (No.(C)17540172), Japan Society
for the Promotion of Science.

265

Copyright © 2006 Taylor & Francis Group, LLC



266 N. Okazawa

though the term “complex” is absent in the pioneering works on the L2-
wellposedness of problem (CGL) (see, e.g., [34, Section IV-5], [36]). (CGLeq)
may be regarded as a parabolic evolution equation in L2(Ω) = L2(Ω,C) since
we assume as usual that λ, κ ∈ R+. As for other parameters we assume that
α, β, γ ∈ R and q ∈ [2,∞). By the parabolicity we may expect the strong
solvability of (CGL) and its smoothing effect on L2-initial data and more.

On the one hand, (CGLeq) is known as an amplitude equation derived by re-
duction from the fundamental systems of equations describing several physical
phenomena. On the other hand, one glance at the form tells us that (CGLeq)
is simply a nonlinear complex heat equation and contains as a particular case
(λ = κ = 1, α = β = γ = 0) the nonlinear (real) heat equation

(NLHeq)+ ∂tu−∆u + |u|q−2u = 0 on Ω×R+.

Equation (NLHeq)+ with |u|q−2u replaced with −|u|q−2u (that is, (CGLeq)
with “κ = −1”) has been holding the attention of research workers to study
blow-up of local solutions of this new equation (NLHeq)−, while in (CGL) the
uniqueness of solutions for large |β| (even if κ > 0) has not yet been solved
satisfactorily. This may be explained from the fact that (CGLeq) is actually
a strongly coupled system in the real product space L2(Ω,R) × L2(Ω,R):

∂

∂t

(
v
w

)
−

(
λ −α
α λ

)
∆

(
v
w

)
+

(
κ −β
β κ

)∣∣∣v2 + w2
∣∣∣
(q−2)/2

(
v
w

)
− γ

(
v
w

)
=

(
0
0

)
.

In particular, the case with large |β| is most complicated.
The investigation for the existence of (weak) solutions to (CGL) began with

Temam [34], Yang [36] at the end of 1980s. In the middle of 1990s systematic
studies were done by Levermore-Oliver [20], [21] and Ginibre-Velo [12], [13].
The purpose of this lecture is to report the main results in [29] and [30]. In
[29] the smoothing effect on L2-initial data (which had been folklore for a
long time) was first established for (CGL) even though a strong restriction
is imposed on the complex coefficient κ + iβ in front of the nonlinear term
(see Theorem 1.1 below). In the latest [30] the strong L2-wellposedness (in-
cluding smoothing effect) has been proved for (CGL) with bounded Ω and
arbitrary coefficient κ+ iβ (see Theorem 1.2). Here the L2-wellposedness con-
tains continuous dependence of solutions on L2-initial data. In this connection
it should be noted that if N = 2, then the uniqueness of (weak) solutions
to (CGL) has already been shown by Ogawa-Yokota [25] (see also [13] and
Machihara-Nakamura [23] for the case of Ω = RN ).

Since we have assumed that λ, κ ∈ R+, the nonlinear Schrödinger equation

(NLSeq) ∂tu− i∆u + i|u|q−2u = 0 on Ω×R+

is not a particular case of (CGLeq) with α = β = 1. Nevertheless, the following
“singular perturbation (or inviscid limit) problem” seems to be important:

(NLS) = lim
λ↓0
κ↓0

(CGL)? (1.1)
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Here (NLS) means the initial-boundary value problem for (NLSeq) in the
same way as in the case of (CGL). Concerning the convergence (1.1) the
investigation is in rapid progress especially in the case of Ω = RN (cf. [6],
[23], [25] and [35]). However, we shall not consider the problem (1.1) and the
detailed properties of solutions to (CGL) such as their large time behavior
(cf. [15]), their regularity (cf. [17]) and the existence of global attractors (cf.
[10] and [34]).

In order to state the results we need the following

DEFINITION 1.1 Let Y = L2(Ω) or Hs(Ω) (s < 0). Then u ∈ C([0,∞);
Y ) is a strong solution to (CGL) with initial value u0 ∈ Y if u has the following
four properties:

(a) u(t) ∈ H2(Ω) ∩H1
0 (Ω) ∩ L2(q−1)(Ω) a.a. t > 0;

(b) u ∈ W 1,1
loc (R+; L2(Ω)) (=⇒ u is strongly differentiable a.e. on R+);

(c) u satisfies (CGLeq) in L2
loc(R+; L2(Ω));

(d) u(0) = u0.

According to the local existence theory developed in [21] (CGL) with u0 ∈
Hs(Ω) (s < 0) on [0,∞) may be regarded as a new (CGL) with initial value
u(ε) ∈ L2(Ω) on [ε,∞) for any ε > 0.

In what follows we assume for simplicity that ∂Ω is bounded and of class
C2. In the first theorem monotonicity methods apply to give a strong result
in the sense that

(i) there is no restriction on the power q ≥ 2 of the nonlinearity;

(ii) there is an extension to the quasi-linear case if Ω is bounded.

THEOREM 1.1 ([29, Theorem 1.3 with p = 2]). Let q ≥ 2. For the coeffi-
cient κ + iβ assume that

κ−1|β| ∈ Iq :=





[0,∞) (q = 2),
[
0,

2
√

q − 1
q − 2

]
(2 < q < ∞).

(1.2)
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Then for any initial value u0 ∈ L2(Ω) there exists a unique strong solution
u(t) = u(x, t) to (CGL) such that u ∈ C([0,∞); L2(Ω)),

u ∈ C
0,1/2
loc (R+; H1

0 (Ω)) ∩ C
0,1/q
loc (R+;Lq(Ω)),

∂tu, ∆u, |u|q−2u ∈ L∞loc(R+;L2(Ω)),

u(t) ∈ H2(Ω) ∩H1
0 (Ω) ∩ L2(q−1)(Ω), ∀ t > 0.

The family {U(t)}t≥0 of solution operators U(t), defined by

(U(t)u0)(x) := u(t, x), ∀ t ≥ 0, a.a. x ∈ Ω,

forms a semigroup of quasi-contractions on L2(Ω):

‖U(t)u0 − U(t)v0‖L2 ≤ eγt‖u0 − v0‖L2 , t ≥ 0, u0, v0 ∈ L2(Ω). (1.3)

In the second theorem there is no restriction on the complex coefficient
κ+ iβ, while a strong restriction is imposed on the power q. Thus, the second
theorem makes sense when κ−1|β| /∈ Iq (q ≥ 2). The proof may be regarded
as a combination of compactness methods and local Lipschitz continuity of
the nonlinear term.

THEOREM 1.2 ([30, Theorem 1.1]). Assume that Ω is bounded, and

2 ≤ q ≤ 2 +
4
N

. (1.4)

Then for any initial value u0 ∈ L2(Ω) there exists a unique strong solution
u(t) = u(x, t) to (CGL), with norm bound

‖u(t)‖L2 ≤ eγt‖u0‖L2 ∀ t ≥ 0, (1.5)

such that u ∈ C([0,∞); L2(Ω)),

u ∈ C
0,1/2
loc (R+; L2(Ω)) ∩ C(R+; H1

0 (Ω)),

∂tu, ∆u, |u|q−2u ∈ L2
loc(R+; L2(Ω)).

Moreover, the family {U(t)}t≥0 of solution operators forms a semigroup of
locally Lipschitz continuous operators on L2(Ω): for u0, v0 ∈ BM ,

‖U(t)u0 − U(t)v0‖L2 ≤ LM,T eK1t‖u0 − v0‖L2 , 0 ≤ t ≤ T. (1.6)

Here log (LM,T ) := K2M
2e2γ+T (γ+ := γ ∨ 0) and

BM := {u ∈ L2(Ω); ‖u‖L2 ≤ M} (M > 0).
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The constants Kj, j = 1, 2, depend only on λ, κ, β, γ, q, N .

REMARK 1.1 Theorems 1.1 and 1.2 are respectively the consequences of
two kinds of abstract theorems ([29, Theorem 5.2] and [30, Theorem 2.2]).
These abstract theorems will be unified in a forthcoming paper [31] (see the
concluding remark in Section 5). In the unified theorem for (CGL) we shall
eliminate the boundedness of Ω assumed in Theorem 1.2.

REMARK 1.2 It follows from (1.5) and (1.6) with γ ≤ 0 that {U(t)} is
a concrete example of Lipschitz semigroup on BM in the sense of Kobayashi-
Tanaka [19]: U(t) leaves BM invariant, with

‖U(t)u0 − U(t)v0‖L2 ≤ eK2M2
eK1t‖u0 − v0‖L2 ∀ t ≥ 0, ∀ u0, v0 ∈ BM .

In this connection the resolvent problem is discussed in [27].

Next, let N = 1 and Ω = I := (a, b) in (CGL). Then, combining Theorems
1.1 and 1.2 with the idea of Levermore-Oliver [21] to construct local solutions
to (CGL) with distribution-valued initial data (i.e., u0 ∈ Hs(I), s < 0), we
obtain

COROLLARY 1.1 ([30]). Let N = 1, Ω = I. For the exponent “ s ∈
[−2, 0)” of Hs(I) assume that the power “ q ∈ [2, 6)” satisfies the following
constraint :

2 ≤ q < g(s) :=





1− 2
s

if − 2 ≤ s ≤ −1,

1 +
6

1− 2s
if − 1 ≤ s ≤ −1

2
,

2 +
4

1− 2s
if − 1

2
≤ s < 0.

(1.7)

Then for any u0 ∈ Hs(I) there exists a unique strong solution u(t) = u(x, t)
to (CGL) such that u ∈ C([0,∞); Hs(I)),

u ∈ C
0,1/2
loc (R+;L2(I)) ∩ C(R+; H1

0 (I)),

∂tu,∆u, |u|q−2u ∈ L2
loc(R+;L2(I)).

EXAMPLE 1.1 Let 0 ∈ I and δ be the Dirac measure. Then δ ∈ Hs(I) if
s < −1/2. Therefore (1.7) guarantees that we can choose u0 = δ if q ∈ [2, 4)
(for the real space case see Brézis-Friedman [9]).
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Let g ∈ C[−2, 0) be as in (1.7). Then g(s) is an upper bound for admissible
powers of the nonlinear term. Therefore, if N = 1 then g is extended to a
continuous function on [−2, 0] if we define g(0) := 6. In fact, if s = 0, that is,
u0 ∈ L2(I), then the upper bound is 2 + 4/N = 6 for N = 1 (see (1.4)).

After the completion of [30] Professor Herbert Amann informed the author
of his contribution to (CGL) in Lp(Ω) (private communication):

PROPOSITION 1.1 Assume that Ω is bounded, κ ∈ R and

2 ≤ q ≤ 2 +
2p

N
, 1 ≤ p < ∞. (1.8)

Then for any initial value u0 ∈ Lp(Ω) there exists a unique local C1-solution
u(t) = u(x, t) to (CGL), that is, there exists T = Tmax > 0 such that

u ∈ C([0, T ); Lp(Ω)) ∩ C1((0, T ); Lp(Ω)).

The proof is based on his local theory for semilinear parabolic problems
developed in [1]–[3].

REMARK 1.3 As a consequence of Proposition 1.1 with p = 2, we can
assert in Theorem 1.2 that u ∈ C([0,∞); L2(Ω)) ∩ C1(R+; L2(Ω)).

2 Preliminaries

Our strategy for the proofs of Theorems 1.1 and 1.2 is to rewrite (CGLeq)
as an abstract evolution equation in a complex Hilbert space X. Defining the
m-accretive (maximal monotone) operators S, B in X := L2(Ω) = L2(Ω,C)
as (for S see Brézis [8, Théorème IX.25]):

Su := −∆u, D(S) := H1
0 (Ω) ∩H2(Ω), (2.1)

Bu := |u|q−2u, D(B) := L2(q−1)(Ω) ∩ L2(Ω), (2.2)

(CGL) is formulated in the form of initial value problems for ordinary dif-
ferential equations with operator-coefficients, which will simply be called the
abstract Cauchy problem:

(ACP)





Dtu + (λ + iα)Su(t) + (κ + iβ)Bu(t)− γu(t) = 0, a.e. on R+,

u(0) = u0.
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Here Dtu := du/dt and we call u ∈ C([0,∞); X) a strong solution to (ACP)
with u0 ∈ X if u has the following four properties:

(a) u(t) ∈ D(S) ∩D(B) a.a. t > 0;

(b) u ∈ W 1,1
loc (R+; X) (=⇒ u is strongly differentiable a.e. on R+);

(c) u satisfies (ACPeq) in L2
loc(R+; X);

(d) u(0) = u0.

In the proof of Theorem 1.1 we shall apply the celebrated Kōmura-Kato
generation theorem for semigroups of nonlinear contractions on Hilbert spaces
(this theorem is generalized to the Crandall-Liggett theorem). In other words,
the solvability of (ACP) is reduced to the abstract stationary problem:

(AStP) u + (λ + iα)Su + (κ + iβ)Bu = v.

To show that (λ + iα)S + (κ + iβ)B is m-accretive in X, we may adopt the
approximate stationary problem:

(AStP)ε uε + (λ + iα)Sεuε + (κ + iβ)Buε = v,

where Sε is the Yosida approximation of S: Sε := ε−1(1 − (1 + εS)−1). It is
worth noticing that (λ + iα)S is m-accretive in X for every λ ≥ 0 and α ∈ R
because S is actually nonnegative selfadjoint. Since (λ+ iα)Sε is bounded and
accretive, (AStP)ε is uniquely solvable if the m-accretivity of B is preserved
under the multiplication by κ+ iβ. (The operator (λ+ iα)S +(κ+ iβ)Bε also
works similarly.)

In the proof of Theorem 1.2 we start with the approximate evolution prob-
lem (ACP)ε, which is defined as (ACP) with B replaced with its Yosida
approximation Bε. Since Bε is Lipschitz continuous on X, (ACP)ε is always
uniquely solvable in X.

Next, we have to pay attention to the aspect of S, B and Bε as subdifferential
operators in X. Namely, it is well known that S = ∂ϕ and B = ∂ψ, where ϕ
and ψ are proper lower semi-continuous convex functions on X:

ϕ(u) :=

{
(1/2)‖∇u‖2L2 if u ∈ H1

0 (Ω),

+∞ otherwise,

ψ(u) :=

{
(1/q)‖u‖q

Lq if u ∈ Lq(Ω) ∩ L2(Ω),

+∞ otherwise.

In order to understand Bε it is indispensable to start with Moreau-Yosida
regularization of ψ:

ψε(v) := inf
{
ψ(w) +

1
2ε
‖w − v‖2; w ∈ L2(Ω)

}
, ε > 0.
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In fact, it can be shown that

ψε(v) = ψ((1 + εB)−1v) + (ε/2)‖Bεv‖2 ≤ ψ(v), ∀ v ∈ L2(Ω),

ψε is a convex function of class C1 with Fréchet derivative ∂(ψε), which is
equal to Bε:

∂ψε := ∂(ψε) = ψ ′
ε = Bε = (∂ψ)ε (2.3)

(cf. [5], [7] and [32]). This viewpoint is essential when we try to prove smooth-
ing effect of the solution operators, that is, U(t)u0 = u(t) ∈ D(S) ∩ D(B)
(a.a. t > 0) even if u0 ∈ X. Thus, in the proof of Theorem 1.2 we adopt the
approximate Cauchy problem:

(ACP)ε





Dtuε + (λ + iα)∂ϕ(uε(t)) + (κ + iβ)∂ψε(uε(t))− γuε(t) = 0
a.e. on R+,

uε(0) = u0.

3 Proof of Theorem 1.1

In this section we first give a sufficient condition guaranteeing the m-accretivity
of the linear combination of two m-accretive operators (S and B in X as in
Section 2) with complex coefficients and then take into account the character
of S and B as subdifferential operators. Namely, we begin by showing that
A + γ is m-accretive in X when we define

A := (λ + iα)S + (κ + iβ)B − γ, D(A) := D(S) ∩D(B). (3.1)

We have to answer to the following questions:

(i) the accretivity of (κ + iβ)B;

(ii) the maximality of A + γ.

Now let B be a nonlinear operator in a complex Hilbert space X. Then B
is said to be sectorially-valued in the sense of Kato [18, Section V.3.10] if

|Im (Bu1 −Bu2, u1 − u2)X | ≤ (tan ωq)Re (Bu1−Bu2, u1 − u2)X

∀ u1, u2 ∈ D(B). (3.2)

(We assume for simplicity that B is single-valued, with 0 < ωq < π/2.) It is
easy to see that (3.2) is equivalent to the following condition:

Re (eiθ(Bu1 −Bu2), u1 − u2)X ≥ 0 ∀ θ with |θ| ≤ ω ′
q := π/2− ωq. (3.3)

Here we can state two abstract theorems which lead us to Theorem 1.1. The
first theorem is concerned with the solvability of (ACP) with u0 ∈ D(A).
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THEOREM 3.1 ([28]). Let S be a nonnegative selfadjoint operator in X,
B an m-accretive operator in X, satisfying (3.2). Assume that D(S)∩D(B) 6=
∅. Assume further that

|Im (Sεu,Bu)X | ≤ (tan ωq)Re (Sεu, Bu)X , ∀ u ∈ D(B), ∀ ε > 0. (3.4)

If κ−1|β| ≤ 1/ tan ωq, then (λ+ iα)S +(κ+ iβ)B is m-accretive in X, so that
−A defined as (3.1) generates a quasi-contraction semigroup {U(t)} (of type
γ) on D(A) :

‖U(t)u− U(t)v‖X ≤ eγt‖u− v‖X , ∀ t ≥ 0, ∀ u, v ∈ D(A), (3.5)

where D(A) is the closure of D(A). In particular, if u0 ∈ D(A), then u(t) :=
U(t)u0 is the unique strong solution to (ACP), with property U(t)u0 ∈ D(A)
for every t ≥ 0.

The second theorem is concerned with (ACP) with u0 ∈ X.

THEOREM 3.2 ([29]). Under the setting of Theorem 3.1 assume that B
is given by the form of subdifferential : B = ∂ψ (and regard S = ∂ϕ), in which
ψ satisfies homogeneity of degree q :

∃ q ∈ [2,∞); ψ(ζu) = |ζ|qψ(u) ∀ u ∈ D(ψ), ∀ ζ ∈ C with Re ζ > 0.

Then the semigroup {U(t)} has smoothing effect on the initial data:

U(t)D(A) ⊂ D(A), ∀ t > 0,

and u(t) := U(t)u0 for u0 ∈ D(A) is the unique strong solution to (ACP).

REMARK 3.1 In [29] we have actually replaced (3.4) with

|Im (Su, ∂ψε(u))X | ≤ (tan ωq)Re (Su, ∂ψε(u))X , ∀ u ∈ D(S), ∀ ε > 0. (3.6)

Under condition (3.2) it is not so difficult to show that (3.4) is equivalent to
(3.6) (for a proof see [31]).

OUTLINE OF PROOFS It follows from the sectorial-valuedness of B
that if κ−1|β| ≤ 1/ tan ωq (κ > 0), then (κ + iβ)B is accretive in X:

Re((κ + iβ)(Bu1 −Bu2), u1 − u2)X

= κ Re(Bu1 −Bu2, u1 − u2)X − β Im(Bu1 −Bu2, u1 − u2)X

≥
( κ

tan ωq
− |β|

)
|Im(Bu1 −Bu2, u1 − u2)X | ≥ 0.
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As for the maximality of (κ + iβ)B (i.e., R(1 + (κ + iβ)B) = X, which is
equivalent to that of B) it suffices to note that the m-accretivity of B is
reduced to that of the mapping z 7→ |z|q−2z on C (cf. [28, Lemma 3.1]).
Thus, as mentioned in Section 2, for every v ∈ X there is a unique solution
uε ∈ D(B) to (AStP)ε. Next, it follows from (3.4) that

λ‖Sεu‖X ≤ ‖(λ + iα)Sεu + (κ + iβ)Bu‖X , ∀ u ∈ D(B), λ > 0,

while the boundedness of {uε} follows from the condition D(S) ∩ D(B) 6=
∅. In this way (AStP)ε yields the boundedness of {Sεuε}: λ‖Sεuε‖X ≤
‖v‖X + ‖uε‖X , so that we can show that {uε} satisfies Cauchy condition
for convergence. Since both of {Sεuε} and {Buε} converge weakly as ε ↓ 0,
u := limε↓0 uε is proved to be a unique solution to (AStP) (the weak closed-
ness of S and the demi-closedness of B in X). This concludes the m-accretivity
of A + γ = (λ + iα)S + (κ + iβ)B and the generation of the corresponding
semigroup {U(t)} on D(A).

However, Theorem 3.1 guarantees the existence of unique strong solutions
to (ACP) just for initial values from D(A) = D(S) ∩D(B) (usual theory of
nonlinear (quasi-)contraction semigroups).

Now, under the setting of Theorem 3.2, we consider the sequence {un(·)} =
{U(·)u0,n} of solutions to (ACP) with initial value {u0,n} ⊂ D(A), where
{u0,n} is an approximate sequence for u0 ∈ D(A):

(ACP)n





Dtun + (λ + iα)(Sun)(t) + (κ + iβ)∂ψ(un(t))− γun(t) = 0
a.e. on R+,

un(0) = u0,n.

We see from (3.5) that U(·)u0 = lim
n→∞

un(·) in C([0, T ]; X) for every T > 0.
The proof of the smoothing effect U(t)u0 = lim

n→∞
un(t) ∈ D(A) (t > 0) is

based on the equality:

Dt(ψ ◦un)(t) = Re
(
∂ψ(un(t)), Dtun(t)

)
X

, for a.e. on (0,∞).

Setting η := (λ2 + α2)−1λκ, we can show that {Sun}, {∂ψ(un)} are bounded
in L2(T−1, T ;X) for all T > 1:

∫ T

T−1
(‖(Sun)(t)‖2X + η‖∂ψ(un(t))‖2X) dt ≤ MT (1 + T 2)ekT ‖u0,n‖2X ,

where M > 0 and k > 2γ+ := 2 max{γ, 0} are two constants. In view of
(ACPeq)n, {Dtun} is also bounded in L2(T−1, T ; X). Therefore U(t)u0, the
limit of un(t), satisfies (ACPeq) a.e. on (T−1, T ). In fact, Dt and S are weakly
closed, while ∂ψ is demi-closed in L2(T−1, T ; X). Since T > 1 is arbitrary,
U(t)u0 is a strong solution to (ACP). But, what we have proved is

U(t)u0 ∈ D(A) for a.e. on (0,∞), ∀ u0 ∈ D(A). (3.7)
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Nevertheless, we can remove the term “a.e.” in (3.7). In fact, we can choose
t0 > 0 in “U(t0)u0 ∈ D(A)” as small as possible so that we can take U(t0)u0

as a new initial value in Theorem 3.1 to conclude that U(t)u0 ∈ D(A) (t ≥ t0).

In what follows we shall verify the inequalities (3.4) and (3.2) when S, B
are given by (2.1), (2.2), respectively.

Verification of (3.4). Let z, y ∈ C with z 6= y. Then in [22, Lemma 2.2]
Liskevich-Perelmuter derived the following remarkable inequality (a simpler
proof is given in [29, Lemma 2.1]):

|Im (z − y)(|z|q−2z − |y|q−2y)|
Re (z − y)(|z|q−2z − |y|q−2y)

≤ |q − 2|
2
√

q − 1
, 1 < q < +∞.

Setting z := v(x), y := w(x) and integrating it on Ω, we have a new inequality
for complex-valued functions: for v, w ∈ Lq(Ω) (v 6= w)

|Im 〈v − w, |v|q−2v − |w|q−2w〉Lq,Lq′ |
Re 〈v − w, |v|q−2v − |w|q−2w〉Lq,Lq′

≤ |q − 2|
2
√

q − 1
,

1
q

+
1
q ′

= 1; (3.8)

note that |v|q−2v ∈ Lq ′(Ω) ∀ v ∈ Lq(Ω). Next, we utilize the m-accretive
realization Aq of the minus Laplacian (with Dirichlet condition) in Lq(Ω):

Aq := −∆ with D(Aq) := W 2,q(Ω) ∩W 1,q
0 (Ω), 1 < q < ∞.

Then we can show that Aq is sectorial of type S(tan ω),

ω := tan−1
( |q − 2|

2
√

q − 1

)
,

in the sense of Goldstein [14, Definition 1.5.8, p. 37] (cf. Henry [16, p. 32]; see
also [26]): for all u ∈ D(Aq),

|Im〈Aqu, |u|q−2u〉Lq,Lq′ | ≤ |q − 2|
2
√

q − 1
Re〈Aqu, |u|q−2u〉Lq,Lq′ . (3.9)

It seems to be a surprise that the constant in (3.8) and (3.9) coincides. Such
a coincidence will be explained as a proof of (3.4) in the rest of this section.

Now we want to prove (3.9) with Aq replaced with its Yosida approximation
Aq, ε: for all v ∈ Lq(Ω),

|Im〈Aq, εv, |v|q−2v〉Lq,Lq′ | ≤ |q − 2|
2
√

q − 1
Re〈Aq, εv, |v|q−2v〉Lq,Lq′ . (3.10)

The proof of (3.10) is simply performed by combining (3.8) with (3.9). Noting
that (1 + εAq)−1v ∈ Lq(Ω) for every v ∈ Lq(Ω), we can express the pairing
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〈Aq, εv, |v|q−2v〉Lq,Lq′ as follows:

〈Aq, εv, |v|q−2v〉Lq,Lq′

= 〈Aq(1 + εAq)−1v, |(1 + εAq)−1v|q−2(1 + εAq)−1v〉Lq,Lq′

+ ε−1〈v − (1 + εAq)−1v, |v|q−2v − |(1 + εAq)−1v|q−2(1 + εAq)−1v〉Lq,Lq′ ,

where we have used the definition of Yosida approximation. Here we interpret
one and the same element (1+εAq)−1v on the right-hand side in two different
ways, namely as u := (1 + εAq)−1v ∈ D(Aq) in the first term and as w :=
(1 + εAq)−1v ∈ Lq(Ω) in the second term. In this way we can write down the
pairing as follows:

〈Aq, εv, |v|q−2v〉Lq,Lq′

= 〈Aqu, |u|q−2u〉Lq,Lq′ + ε−1〈v − w, |v|q−2v − |w|q−2w〉Lq,Lq′ .

Applying (3.9) and (3.8) to the first and second terms on the right-hand side,
respectively, we can obtain (3.10).

Finally, let u ∈ D(B), q ≥ 2. Then we have

(Sεu,Bu)L2 = 〈Aq, εu, |u|q−2u〉Lq,Lq′ , ∀ u ∈ D(B). (3.11)

In fact, noting that D(B) = L2(Ω) ∩ L2(q−1)(Ω) ⊂ Lq(Ω), we can conclude
that Sεu = Aq, εu ∈ L2(Ω)∩Lq(Ω) and Bu = |u|q−2u ∈ L2(Ω)∩Lq′(Ω). This
proves (3.11). By virtue of (3.10) we can obtain (3.4) with X = L2(Ω) and

tan ωq = cq :=
q − 2

2
√

q − 1
;

in this connection see also Remark 4.2 below.

Verification of (3.2). (3.2) is also derived from (3.8) in the same way as
above.

4 Proof of Theorem 1.2

Given a nonnegative selfadjoint operator S in a complex Hilbert space X, let
ϕ(v) be the proper lower semi-continuous convex function defined as

ϕ(v) :=

{
(1/2)‖S1/2v‖2X if v ∈ D(ϕ) := D(S1/2),

+∞ otherwise,
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where S1/2 is the square root of S = ∂ϕ. Then the equation in (ACP)ε is
given by

(ACPeq)ε Dtuε(t) + (λ + iα)∂ϕ(uε(t)) + (κ + iβ)∂ψε(uε(t))− γuε(t) = 0

a.e. on R+, where ψ ≥ 0 is another proper lower semi-continuous convex
function on X.

Now we introduce five conditions on ϕ and ψ (or S = ∂ϕ and ∂ψ).

(A1) {u ∈ X; ϕ(u) ≤ c} is compact in X ∀ c > 0.

(A2) ∃ q ∈ [2,∞); ψ(ζu) = |ζ|qψ(u) ∀ u ∈ D(ψ), ∀ ζ ∈ C with Re ζ > 0.

(A3) ∃ θ ∈ [0, 1]; ∀ (λ, κ, β) ∈ R+ ×R+ ×R ∃ c1 = c1(λ, κ, β) > 0 such that
for u ∈ D(S) and ε > 0,

|(Su, ∂ψε(u))X | ≤ c1ψ(Jεu)θϕ(u) +
λ

2
√

κ2 + β2
‖Su‖2X , (4.1)

where Jε := (1 + ε∂ψ)−1.

(A4) D(S) ⊂ D(∂ψ) and ∃ c2 > 0 such that

‖∂ψ(u)‖X ≤ c2(‖Su‖X + ‖u‖X) ∀ u ∈ D(S).

(A5) ∀ (λ, κ, β) ∈ R+ ×R+ ×R ∃ c3 = c3(λ, κ, β) > 0 such that

|(∂ψ(u)− ∂ψ(v), u− v)X |
≤ c3

[ψ(u) + ψ(v)
2

]θ

‖u− v‖2X +
2λ√

κ2 + β2
ϕ(u− v) (4.2)

for u, v ∈ D(∂ψ)∩D(ϕ). Here θ ∈ [0, 1] is the same constant as in (A3).

As a consequence of condition (A1) we can use compactness methods to
prove the convergence of approximate solutions to (ACP)ε. In (CGL) we
assume that Ω ⊂ Rn is bounded so that Rellich’s theorem is available.

Now we can state two abstract theorems which lead us to Theorem 1.2. The
first theorem is concerned with the existence of solutions to (ACP).

THEOREM 4.1 ([30]). Let S be a nonnegative selfadjoint operator in
X, ψ a proper lower semi-continuous convex function on X. Assume that
conditions (A1)–(A4) are satisfied. Then for any initial value u0 ∈ D(ϕ) ∩
D(ψ) there exists a strong solution u to (ACP) such that u ∈ C0,1/2([0, T ]; X)
∀ T > 0.
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In connection with (CGL) this theorem is interpreted as follows. To avoid
the restriction on the coefficient κ + iβ of the nonlinear term |u|q−2u the size
of the power q − 1 is strictly restricted in Theorem 4.1 (cf. (1.4)). To see this
θ ∈ [0, 1] in condition (A3) is a key constant. In the process to verify (A3) θ
is given by

θ = fN (q) :=
2(q − 2)

2q −N(q − 2)
, 2 ≤ q ≤ 2 +

4
N

; (4.3)

note that 0 = fN (2) ≤ fN (q) ≤ fN (2 + 4/N) = 1. To the contrary, in [29,
Theorem 4.1] there is a strong restriction on κ + iβ, whereas the power is not
restricted. Conditions (A1), (A2) are common in these theorems.

In the second theorem an additional condition (A5) guarantees the well-
posedness of (ACP).

THEOREM 4.2 ([30]). Let S and ψ be the same as in Theorem 4.1.
Assume that conditions (A1)–(A5) are satisfied. Then for any u0 ∈ X =
D(ϕ) ∩D(ψ) there exists a unique strong solution u to (ACP), with norm
bound

‖u(t)‖X ≤ eγt‖u0‖X , ∀ t ≥ 0, (4.4)

such that u ∈ C
0,1/2
loc (R+;X). In addition, solutions depend continuously on

initial data: there exists two constants k3 ∈ R, k4 ≥ 0 such that

‖u(t)− v(t)‖X ≤ M(t, u0, v0)ek3t‖u0 − v0‖X ∀ u0, v0 ∈ X. (4.5)

Here M(t, u0, v0) := exp
[
k4e

2γ+t(‖u0‖X ∨ ‖v0‖X)2
]
.

REMARK 4.1 The coefficient on the right-hand side of (4.5) seems to be a
little bit complicated. So it may be meaningful to describe a particular case of
(4.5). Suppose that γ ≤ 0, and introduce the ball BL := {v ∈ X; ‖v‖X ≤ L}.
Setting U(t)u0 := u(t) and log M := k4L

2, we have

‖U(t)u0 − U(t)v0‖X ≤ Mek3t‖u0 − v0‖X ∀ t ≥ 0, ∀ u0, v0 ∈ BL.

This implies by (4.4) that {U(t)} forms a Lipschitz semigroup on the closed
convex subset BL in the sense of Kobayashi-Tanaka [19].

OUTLINE OF PROOFS. Let u0 ∈ D(ϕ) ∩D(ψ) and ε > 0. Then under
condition (A2) there exists a unique strong solution uε to (ACP)ε such that
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for all T > 0, uε ∈ C0,1/2([0, T ]; X) ([29, Proposition 3.1(i)]). In addition we
have

‖uε(t)‖X ≤ eγt‖u0‖X ∀ t ≥ 0, (4.6)

2λ

∫ t

0

ϕ(uε(s)) ds + qκ

∫ t

0

ψ(Jεuε(s)) ds ≤ 1
2
e2γ+t‖u0‖2X , ∀ t ≥ 0; (4.7)

note that Re ((κ + iβ)∂ψε(uε), uε) ≥ κRe (∂ψ(Jεuε), Jεuε) = qκψ(Jεuε) (see
[29, Lemma 3.2]). Next, (4.7) yields under conditions (A2) and (A3) that

ϕ(uε(t)) ≤ eK(t,u0)ϕ(u0), ∀ t ≥ 0, (4.8)
∫ t

0

‖Suε(s)‖2Xds ≤ 2
λ

eK(t,u0)ϕ(u0), ∀ t ≥ 0. (4.9)

Here K(t, u0) := k1t + k2e
2γ+t‖u0‖2X , with

k1 := 2γ+ + (1− θ) c1

√
κ2 + β2, k2 := θ c1

√
κ2 + β2/(2qκ).

Therefore we see from (4.6), (4.9), (A4) and (ACPeq)ε that

{Suε}, {∂ψε(uε)}, {Dtuε} are bounded in L2(0, T ;X). (4.10)

As a consequence {uε} is equicontinuous on [0, T ]:

‖uε(t)− uε(s)‖X ≤ ‖Dtuε‖L2(0,T ;X)|t− s|1/2, ∀ t, s ∈ [0, T ]. (4.11)

In view of condition (A1) (4.8) yields that for every t ∈ [0, T ] the family
{uε(t)}ε>0 is relatively compact in X. Therefore, applying Ascoli’s theorem,
we can find a function u ∈ C([0,∞); X) as the limit of a convergent subse-
quence {uεn} selected from {uε} such that

u = lim
n→∞

uεn in C([0, T ];X), ∀ T > 0, (4.12)

with u(0) = u0 ∈ D(ϕ) ∩ D(ψ). Letting n → ∞ in (4.11) with ε replaced
with εn, we have u ∈ C0,1/2([0, T ];X) for any T > 0. Since uεn − Jεnuεn =
εn∂ψεn(uεn), (4.10) yields that

u = lim
n→∞

Jεnuεn in L2(0, T ; X), ∀ T > 0. (4.13)

Since S, Dt are weakly closed and ∂ψ is demi-closed, we see from (4.12), (4.13)
and (4.10) that Suεn

→ Su, Dtuεn
→ Dtu and

∂ψεn(uεn) = ∂ψ(Jεnuεn) → ∂ψ(u) as n →∞

weakly in L2(0, T ; X). Therefore, we can conclude that u is a strong solution
to (ACP) (for details see [29, Section 4]).
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Here we want to mention two inequalities for strong solutions u to (ACP):

2λ

∫ t

0

ϕ(u(s)) ds + qκ

∫ t

0

ψ(u(s)) ds ≤ 1
2
e2γ+t‖u0‖2X , ∀ t ≥ 0, (4.14)

tϕ(u(t)) +
λ

2

∫ t

0

s‖Su(s)‖2X ds ≤ 1
4λ

eK(t,‖u0‖X)+2γ+t‖u0‖2X , ∀ t ≥ 0, (4.15)

which will be essential in the proof of Theorem 4.2. To prove (4.15) begin
with (4.1) with ∂ψε and Jεu, respectively, replaced with ∂ψ and u (by letting
ε ↓ 0). (Then an error in the proof of (4.15) in [30] is easily corrected.)

The important role of condition (A5) in Theorem 4.2 is to derive (4.5) as
a consequence of (4.14) and to guarantee the uniqueness of strong solutions
to (ACP). The constants kj (j = 3, 4) in (4.5) are given in almost the same
form as for k1 and k2:

k3 := γ + (1− θ) c3

√
κ2 + β2, k4 := θ c3

√
κ2 + β2/(2qκ).

At the same time (4.5) enables us to extend the set of initial data from D(ϕ)∩
D(ψ) to its closure D(ϕ) ∩D(ψ) = X. The situation is completely similar to
the inference in Theorem 3.2. In fact, (4.15) implies that ‖Su‖L2(T−1,T ;X) is
bounded for all T > 1.

Finally, we shall verify (4.1) and (4.2) when S = ∂ϕ, B = ∂ψ are given by
(2.1), (2.2), respectively. First we state a formula for the derivative of the func-
tion Jεu by which we can carry out integration by parts in the computation
of (Su, ∂ψε(u))L2 .

LEMMA 4.1 For ε ∈ [0,∞) and x ∈ Ω put

uε(x) := (Jεu)(x) =

{
(1 + ε∂ψ)−1u(x), ε > 0,

u(x), ε = 0.

(a) ([29, Lemma 6.1 with p = 2]). If u ∈ H1
0 (Ω), then uε ∈ H1

0 (Ω) (as a
function of x), with

∇xuε =





1
1 + ε|uε|q−2

∇xu− ε
q − 2
Jac

|uε|q−4uεRe(uε∇xu), ε > 0,

∇xu, ε = 0,

(4.16)

where Jac := (1+ ε|uε|q−2)(1+ ε(q− 1)|uε|q−2) is the Jacobian determinant.

(b) ([31]). If u ∈ D(∂ψ), then uε ∈ C1([0, E]; L2(Ω)) ∀ E > 0 (as a function
of ε), with

∂uε

∂ε
=




− 1

1 + ε(q − 1)|uε|q−2
∂ψε(u), ε > 0,

−∂ψ(u), ε = 0.
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For a proof of (a) put uε(x) = vε(x) + iwε(x). Then, applying the implicit
(or inverse) function theorem to the simultaneous equation derived from the
real and imaginary parts of uε + ε|uε|q−2uε = u ∈ H1

0 (Ω) ∩ C1(Ω), we can
obtain the formulas for ∇xvε and ∇xwε. Therefore, Jac appears when we solve
the simultaneous equation for ∇xvε and ∇xwε. In the second step the usual
approximating procedure yields (4.16).

Verification of (4.1). Put uε = Jεu as in Lemma 4.1. Then in view of the
form of Yosida approximation ∂ψε(u) = ε−1(u − uε) we see from (4.16) that
(Su, ∂ψε(u))L2 is written as

∫

Ω

|uε|q−2

1 + ε|uε|q−2
|∇u|2 dx +

∫

Ω

q − 2
Jac

|uε|q−4(uε∇u) · Re (uε∇u) dx, (4.17)

where ∇ := ∇x. Using Hölder’s inequality, we have, for u ∈ H1
0 (Ω) ∩H2(Ω),

(q − 1)−1|(Su, ∂ψε(u))L2 | ≤
∫

Ω

|uε|q−2|∇u|2 dx ≤ ‖uε‖q−2
Lq ‖∇u‖2Lq . (4.18)

In the next step we need the inequality

‖∇u‖Lq ≤ C‖∇u‖1−a
L2 ‖∆u‖a

L2 , 0 ≤ a :=
N

2
− N

q
≤ 1. (4.19)

This is a consequence of the well known Gagliardo-Nirenberg interpolation
inequality (see (4.22) below). Let θ be as defined by (4.3). Then, applying
(4.19) and Young’s inequality, we can show that for any η > 0 there exists
C(η) > 0 such that (4.1) holds:

|(Su, ∂ψε(u))L2 | ≤ C(η)ψ(uε)θ‖S1/2u‖2L2 + η‖Su‖2L2 , uε = Jεu.

Thus we can explain the restriction on q:

θ =
q − 2

(1− a)q
≤ 1 ⇐⇒ a =

N

2
− N

q
≤ 2

q
⇐⇒ q ≤ 2 +

4
N

.

REMARK 4.2 It is worth noticing that (3.6) follows from (4.17). The
proof is fairly simple (see [29, Lemma 6.2 with p = 2]). In fact, setting

I1(u) :=
∫

Ω

|uε|q−2

1 + ε|uε|q−2
|∇u|2 dx,

I2(u) :=
∫

Ω

|uε|q−4

Jac
(uε∇u) · Re (uε∇u) dx,
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we see from (4.17) that the real and imaginary parts of (Su, ∂ψε(u))L2 have
similar expressions:

Re (Su, ∂ψε(u))L2 = I1(u) + (q − 2)Re I2(u) ≥ 0, (4.20)

Im (Su, ∂ψε(u))L2 =(q − 2)Im I2(u). (4.21)

Applying the Cauchy-Schwarz inequality to I2(u), we have

|I2(u)|2 ≤ I1(u)Re I2(u)

which can be combined with (4.20) and (4.21) as follows:

(q − 2)−2|Im (Su, ∂ψε(u))L2 |2 = |Im I2(u)|2 = |I2(u)|2 − |Re I2(u)|2

≤ I1(u)Re I2(u)− [Re I2(u)]2

= [Re (Su, ∂ψε(u))L2 − (q − 2)Re I2(u)]Re I2(u)− [Re I2(u)]2

=
1√

q − 1
Re (Su, ∂ψε(u))L2

√
q − 1 [Re I2(u)]− (q − 1)[Re I2(u)]2

≤ 1
4 (q − 1)

[Re (Su, ∂ψε(u))L2 ]2.

In the last step we have used the inequality ab = 2(a/2)b ≤ (a/2)2 + b2. Since
Re (Su, ∂ψε(u))L2 ≥ 0 as pointed out in (4.20), we obtain (3.6) with X = L2

and tan ωq = cq.

Verification of (4.2). First we prepare an inequality asserting the local
Lipschitz continuity of the mapping z 7→ |z|q−2z = ∂(|z|q/q):

∣∣|z|q−2z − |w|q−2w
∣∣

(q − 1)|z − w| ≤
∫ 1

0

|sz + (1− s)w|q−2 ds

≤
(1

2
|z|q +

1
2
|w|q

)(q−2)/q

∀ z, w ∈ C (z 6= w);

in the proof we have used the convexity of the function z 7→ |z|q, which is a
simple consequence of Hölder’s inequality (1/q + 1/q ′ = 1):

|sz + (1− s)w|q

≤ (s|z|+ (1− s)|w|)q =
(
s1/q|z| · s1/q ′ + (1− s)1/q|w| · (1− s)1/q ′

)q

≤ (s|z|q + (1− s)|w|q)q/q(s + (1− s))q/q ′ = s|z|q + (1− s)|w|q.
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Then we can prove the inequality for u, v ∈ L2(q−1)(Ω) ∩H1
0 (Ω) ⊂ Lq(Ω):

(q − 1)−1
∣∣(|u|q−2u− |v|q−2v, u− v)L2

∣∣

≤
∫

Ω

|u(x)− v(x)|2
(1

2
|u(x)|q +

1
2
|v(x)|q

)(q−2)/q

dx

≤
(1

2
‖u‖q

Lq +
1
2
‖v‖q

Lq

)(q−2)/q

‖u− v‖2Lq

=
(q

2
ψ(u) +

q

2
ψ(v)

)(q−2)/q

‖u− v‖2Lq .

This is nothing but (4.18) (in Verification of (4.1)) with ‖uε‖Lq = (qψ(uε))1/q

and ‖∇u‖Lq replaced with
[
(q/2)(ψ(u)+ψ(v))

]1/q and ‖u−v‖Lq , respectively.
From now on we can compute in the same way as in the proof of (4.1) to
conclude (4.2); in this case we can apply the Gagliardo-Nirenberg inequality
itself (see Tanabe [33, Section 3.4] or Giga-Giga [11, Section 6.1]):

‖w‖Lq ≤ C‖w‖1−a
L2 ‖∇w‖a

L2 , 0 ≤ a :=
N

2
− N

q
≤ 1. (4.22)

Therefore, the “θ” coincides with that in (4.1). This result seems to be parallel
to the fact that (3.2) and (3.4) in Theorem 3.1 hold for the same tanωq.

5 Development in the future

As a concluding remark we want to mention the possibility to unify Theorems
3.2 and 4.2 (see Remark 1.1). Now we introduce the following seven conditions
on S and ψ:

(B1) ∃ q ∈ [2,∞) such that ψ(ζu) = |ζ|qψ(u) for u ∈ D(ψ) and ζ ∈ C with
Re ζ > 0.

(B2) ∂ψ is sectorially-valued: ∃ cq > 0 such that

|Im(∂ψ(u)−∂ψ(v), u−v)| ≤ cqRe(∂ψ(u)−∂ψ(v), u−v) ∀ u, v ∈ D(∂ψ).

(B3) For the same constant cq as in (B2),

|Im(Su, ∂ψε(u))| ≤ cqRe(Su, ∂ψε(u)) ∀ u ∈ D(S).

(B4) D(S) ⊂ D(∂ψ) and ∃C1 > 0 such that ‖∂ψ(u)‖ ≤ C1(‖u‖+ ‖Su‖) for
u ∈ D(S).
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(B5) ∃ θ ∈ [0, 1]; ∀ η > 0 ∃C2 = C2(η) > 0 such that for u, v ∈ D(ϕ) ∩D(ψ)
and ε > 0,

|Im(∂ψε(u)− ∂ψε(v), u− v)| ≤ ηϕ(u− v) + C2

[ψ(u) + ψ(v)
2

]θ

‖u− v‖2.

(B6) ∀ η > 0 ∃C3 = C3(η) > 0 such that for u ∈ D(S) and ε > 0,

|Im(Su, ∂ψε(u))| ≤ η‖Su‖2 + C3ψ(u)θϕ(u),

where θ ∈ [0, 1] is the same constant as in (B5).

(B7) ∃C4 > 0 such that for u, v ∈ D(∂ψ) and ν, µ > 0,

|Im(∂ψν(u)− ∂ψµ(u), v)| ≤ C4|ν − µ|(σ‖∂ψ(u)‖2 + τ‖∂ψ(v)‖2),

where σ, τ > 0 are constants satisfying σ + τ = 1.

Using these conditions (partially or as a whole) we can assert

THEOREM 5.1 ([31]). Let λ, κ ∈ R+ and α, β, γ ∈ R.

(I) (Accretive nonlinearity) Assume that |β|/κ ∈ [0, c−1
q ] and conditions (B1)−

(B3) are satisfied. Then for any initial value u0 ∈ D(ϕ) ∩D(ψ) there exists
a unique strong solution u ∈ C([0,∞); X) to (ACP) such that

(a) u ∈ C0,1
loc (R+;X), with ‖u(t)‖ ≤ eγt‖u0‖ ∀ t ≥ 0;

(b) Su, ∂ψ(u), Dtu ∈ L∞loc(R+;X);

(c) ϕ(u), ψ(u) ∈ W 1,1
loc (R+).

Furthermore, let v be the unique strong solution to (ACP) with v(0) = v0 ∈
X. Then

‖u(t)− v(t)‖ ≤ eγt‖u0 − v0‖ ∀ t ≥ 0. (5.1)

(II) (Nonaccretive nonlinearity) Assume that |β|/κ ∈ (c−1
q ,∞) and the seven

conditions (B1)−(B7) are satisfied. Then for any u0 ∈ X = D(S) there exists
a unique strong solution u ∈ C([0,∞); X) to (ACP). Also, u has property
(c) in part (I) and

(a)′ u ∈ C
0,1/2
loc (R+; X), with ‖u(t)‖ ≤ eγt‖u0‖ ∀ t ≥ 0;

(b)′ Su, ∂ψ(u), Dtu ∈ L2
loc(R+; X).

Furthermore, let v be the unique strong solution to (ACP) with v(0) = v0 ∈
X. Then

‖u(t)− v(t)‖ ≤ eK1t+K2e2γ+t(‖u0‖∨‖v0‖)2‖u0 − v0‖ ∀ t ≥ 0, (5.2)
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where the constants K1 and K2 depend on |β| − c−1
q κ > 0:

K1 := γ + (1− θ)(|β| − c−1
q κ)C2, K2 := θ (|β| − c−1

q κ)C2/(2qκ). (5.3)

Part (I) is nothing but Theorem 3.2 (in view of Remark 3.1), while Part
(II) generalizes Theorem 4.2 to the effect that the compactness of the level
sets for ϕ is replaced with the new condition (B7) which guarantees, together
with condition (B5), the convergence of the family of solutions to (ACP)ε;
the verification of (B7) is based on Lemma 4.1 (b). Therefore the boundedness
of Ω is not required when we apply Theorem 5.1 Part (II) to problem (CGL).

REMARK 5.1 It is observed from (5.3) that K1 → γ and K2 → 0 as
|β| → c−1

q κ, that is, (5.2) coincides with (5.1) in this limit.
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Boston, 1995.

[3] H. Amann: On the strong solvability of the Navier-Stokes equations, J.
Math. Fluid Mech. 2 (2000), 16–98.

[4] I.S. Aranson and L. Kramer: The world of the complex Ginzburg-Landau
equation, Reviews of Modern Physics 74 (2002), 99–143.

[5] V. Barbu: Nonlinear semigroups and differential equations in Banach
spaces, Noordhoff International Publishing, Leyden, The Netherlands,
1976.
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1983.
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